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Preface 


Modern developments in science and technology have made it desirable, 
and almost mandatory in some cases, that students of chemistry, electrical 
engineering, metallurgy, and similar subjects take more advanced courses 
in contemporary physics than they have in the past, particularly courses in 
quantum mechanics and solid state physics. In addition, many of these 
students have found it desirable to minor in physics, especially on the 
graduate level. Unfortunately, their preparation in classical theoretical 
physics is not always sufficient to enable them to study these other subjects 
as profitably as they might. Often the usual graduate courses in physics 
are too long, too detailed, and too involved to be suitable for their 
purposes. 

My principal purpose in writing this book is to provide for the needs of 
these students by giving them the essential, although limited, background 
in classical mechanics and electromagnetism that they require, particularly 
as preparation for quantum mechanics. The greatest problem in construct- 
ing such a book is in deciding what may be omitted so that the final 
material can be covered in the usual two-semester course. Accordingly, 
I have omitted many detailed examples and special mathematical methods 
and have relied on fewer samples of theoretical calculations to demonstrate 
and to clarify the important conceptual features under discussion. 
Nevertheless, the material has been developed to where it is useful, and not 
merely superficial. As a result, this book can be profitably used as a text 
for undergraduate physics majors. I have assumed a minimal amount of 
previous preparation: calculus through partial differentiation, and an 
introductory physics course. Whatever other mathematical methods and 
tools are required are developed within the text, so that it is self-contained 
in this respect. In any event, my aim is less to stress the purely mathe- 
matical aspects of theoretical physics than to emphasize the development 
and applicability of concepts, including the importance of approximation 
methods and the limited range of validity of many commonly used 
descriptions, as in the discussion of linear dielectrics in Chapter 22. 

The first part of the book consists of a survey of the principles of classical 
mechanics. The initial emphasis here, of course, is the development 
through the Hamiltonian formulation. Then the mechanics of coupled 
systems of various types is discussed at great length so that the student can 
become familiar with the normal mode concept and the expansion of 
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mechanical states as linear combinations of the normal modes. Once 
these concepts are firmly grasped, many of the mathematical operations 
faced in beginning quantum mechanics offer no real difficulties. In 
addition, a study of normal modes and frequencies is of obvious value to 
those interested in the details of molecular structure. 

The second and third parts deal with electromagnetic fields as inde- 
pendent entities and with the interactions between these fields and matter. 
The aim here is to derive Maxwell’s equations quite quickly from a few 
fundamental experimental results and concepts of the structure of matter 
as reflected in its macroscopic electromagnetic properties. In this way, the 
physical basis of Maxwell’s theory is made very evident, and the rest of 
electromagnetism can then be treated as a study of the various classes of 
solutions of Maxwell’s equations. To a large extent, particularly in the 
discussion of units, the last two parts are independent of the first part and 
could be used as a text for a separate survey course in electromagnetic 
theory. A subsequent volume will deal with the areas of relativity, kinetic 
theory, thermodynamics, and statistical mechanics. 

I have deliberately chosen standard examples for most of the exercises; 
the primary reasons being that these familiar examples are assumed by 
everyone to be part of the background of all students of this material, and 
most of them are of the type that everyone should do at least once in his 
life. I have not always used the most compact mathematical notation as 
soon as it was possible since the introduction of a new abbreviated 
notation often coincides with the introduction of a new concept, and it is 
better to sacrifice elegance occasionally in order to prevent the possibility 
of the student’s being puzzled by more than one thing at a time. The 
caret notation for the unit vector, e.g., i, fi, etc., has been used because it is 
very commonly used in classrooms and is unambiguous in identifying unit 
vectors as such. The symbols =, ~, ~, ~, ¥ always mean, respectively: 
equal to, approximately equal to, of the order of magnitude of, propor- 
tional to, and different from. 

The organization and choice of material in this book were developed 
over a period of years in connection with a theoretical physics course 
which I taught at the U.S. Naval Ordnance Laboratory for the University 
of Maryland and, later, at the University of Arizona, and I am indebted to 
the many students who have contributed to the final formulation. I am 
also grateful to my wife, Cleo Abbott Wangsness, for her encouragement 
and invaluable assistance in all phases of the preparation of this book. 


ROALD K. WANGSNESS 


Tucson, Arizona 
March, 1963 
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Introduction 


This will be a study worthy 

your talent, and by which you will 
become well read in history, in 
love with virtue, knowing in 
goodness, improved in manners, 
brave without rashness, and cau- 
tious without cowardice. ... 


—Cervantes, Don Quixote 


It would be a rare person, indeed, who would claim that the study of 
theoretical physics would inevitably lead to all the desirable consequences 
outlined above, although one could actually devise some very good argu- 
ments in support of such a claim. 

A more modest consequence which one should hope to see result from 
a study of theoretical physics is the development of an attitude toward and 
a way of thinking about physical problems. In many respects, it is easier 
to illustrate such a mental pattern by successive specific examples than it 
is to discuss it in abstract terms. One of the purposes of this book is to 
develop and discuss the principal concepts of an old and highly organized 
portion of classical theoretical physics in sufficient detail to give a coherent 
survey of the subject, as well as to provide enough of the principal tools 
so that one can actually use them in specific applications. 

In general terms, the purpose of theoretical physics is to provide a set 
of concepts which can be used to correlate and describe the results of 
experiments performed in the past and to predict the numerical results of 
future experiments. These concepts are represented symbolically so that 
they can be dealt with by mathematical methods. Accordingly, many of 
the intermediate stages of theoretical calculations have no immediate 
experimental counterparts; the ultimate justification of any theoretical 
scheme can therefore not be experimentally obtained in every detail, but 
only indirectly by comparison of end results of the theory with experiment. 

One quickly finds that many actual problems are too involved to be 
solved exactly, so that it is important that one be able to idealize a problem 
by including only the essential features and ignoring, at least temporarily, 
other features whose effects are much less important. Similarly, in the 
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mathematical steps and in the interpretation of results, it is necessary that 
one develop a facility in approximating involved quantities or processes, 
so that again one can concentrate on the essentials of a situation without 
dissipating one’s efforts in dealing with inconsequential complications. 
The ability to make judicious approximations is justly regarded as the 
mark of an accomplished theoretical physicist. 


Selected references 


The following four books cover mechanics and electrodynamics 
thoroughly, and at a more advanced level than ours. They include many 
problems and extensive bibliographies. 


H. Goldstein, Classical Mechanics, Addison-Wesley, 1950. 

H. C. Corben and P. Stehle, Classical Mechanics (2nd. ed.), Wiley, 1960. 

W. K. H. Panofsky and M. Phillips, Classical Electricity and Magnetism 
(2nd. ed.), Addison-Wesley, 1962. 

J. D. Jackson, Classical Electrodynamics, Wiley, 1962. 


The following two books include many similar topics at about the same 
level as we do. 


J. C. Slater and N. H. Frank, (1) Mechanics, (2) Electromagnetism, 
McGraw-Hill, 1947. 


Some of the subjects we have considered are discussed in a more ele- 
mentary fashion in 


F. W. Constant, Theoretical Physics (2 vols.), Addison-Wesley, 1954. 


Mathematical methods and results appropriate to the material in this 
book are well discussed in 


H. Margenau and G. M. Murphy, The Mathematics of Physics and 
Chemistry (2nd. ed.), van Nostrand, 1956. 


They are covered much more exhaustively in 


P. M. Morse and H. Feshbach, Methods of Theoretical Physics (2 vols.), 
McGraw-Hill, 1953. 


An excellent book on the more general aspects of the methods and 
meaning of theoretical physics is 


R. B. Lindsay and H. Margenau, Foundations of Physics, Wiley, 1936, 





Part One 


Mechanics 








I Vector analysis 


We begin with a discussion of the fundamentals of vector analysis. Our 
treatment will not be complete but will provide an introduction sufficient 
for our purposes. The use of vector notation is advantageous because the 
resulting compactness and clarity of our results will enable us to use these 
results more effectively and to understand their basic physical significance 
more easily. 


1-1 Definition of a vector 


The properties of the displacement of a point provide us with the 
essentials required for our definition. If we start at some point P, and move 
in some arbitrary way to another point P:, we see from Fig. 1-1 that the 
net effect of the motion is the same as if the point were moved along the 
straight line D from P, to P, as indicated by the direction of the arrow. 
This line D is called the displacement. If we now displace our point along 
E from P, to another point Ps, we see from Fig. 1-2 that the net effect is 
the same as if the point had been given the single displacement F from P, 
to Ps. Accordingly, we can speak of F as the resultant, or sum, of the 
successive displacements D and E, and Fig. 1-2 shows, therefore, how 
displacements are combined to obtain the resultant. 

A vector is a generalization of these considerations in that it is defined 
as any quantity which has the same mathematical properties as the 
displacement of a point. Thus we see that: a vector has a magnitude; 
has a direction; and the addition of two vectors of the same intrinsic 
nature follows the rule illustrated in Fig. 1-2 (this rule is often called the 
parallelogram law of addition). Because of the first two properties, we 
can represent a vector by a directed line such as those already used for 
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Fig. 1-3 


displacements. A vector is generally printed in boldface type, thus, A; 
its magnitude will be represented by |A| or by A. 

A scalar is a quantity which has magnitude only. For example, the 
mass of a body is a scalar, whereas its weight, which is the gravitational 
force acting on the body, is a vector. 

Because of the nature of a vector as a directed quantity, it follows that 
a parallel displacement of a vector does not alter it, or, in other words, two 
vectors are equal if they have the same magnitude and direction. This is 
illustrated in Fig. 1-3, where we see that A = A’. Now we can turn to the 


question of what mathematical operations we can perform with and on 
vectors. 


1-2 Addition 


From our rule we find that, if we take A and add B, we obtain the sum 
C shown as the solid line in Fig. 1-4. We also see that, if we take B and 
then add A, we get the same vector C. Therefore addition of vectors has 
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the property that 

C=A+B=B+A (1-1) 


By proceeding in the same manner, one can establish the associative 
property of vector addition: 


D=(A+ B)+C=A+(B+C)=(A+C) +B, etc. (1-2) 


If we reverse a displacement such as D in Fig. 1-1 by retracing it in the 
opposite direction, the net effect is then no displacement; hence it is 
appropriate to define the negative of a vector as a vector of the same mag- 
nitude but reversed in direction, for then we should obtain A + (—A) = 0, 
as we would want. Then we can easily subtract a vector by adding its 
negative. 

The product of a scalar and vector, sA, is then merely the sum of s 
vectors A, or is a vector with a magnitude equal to s times the magnitude 
of A, and is in the same direction as A if s is positive, and in the opposite 
direction to A if s is negative. 

A unit vector is defined as a vector of unit magnitude and will be written 
é; thus |é| = 1. If@is chosen to have the direction of A, then we can write 
A = Aé; this point is illustrated in Fig. 1-5. 


1-3 Components 


In Fig. 1-6, we see that we can write a vector A as the sum of three 
properly chosen vectors each of which is parallel to one of the axes of a 
rectangular coordinate system; that is, 


A=A,+A,+A, (1-3) 


These three vectors are called the components of A. The term components, 
however, usually refers simply to the numerical values of A,, 4,, A,; 
hence we see that a vector can be specified by three numbers. 

The addition of vectors is easily done in terms of the rectangular 
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Fig. 1-6 


components. From Fig. 1-7, we see that the components of the sum 
C = A + Bare equal to the sum of the components, i.e., C, = A, + B,, 
etc. 

For convenience, we define three unit vectors {, j, k along the directions 
of the rectangular axes, as shown in Fig. 1-8. Since A, = 4,{, etc., we can 
write a vector in terms of its components as 


A=Ai+ 4,j+ 4,k (1-4) 





Fig. 1-7 
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and, from Fig. 1-6, we see that we can express its magnitude in terms of its 
components as 
A=|A| = (43 a A? - AS (1-5) 


We further see from Fig. 1-9 that the angle between A and the x axis, 
which we write as (A, i), is given by 


cos (A, 1) = 42 = ___4z__ (1-6) 
A (A, + A,’ + A,’) 
Similar expressions hold for the other two direction angles, so we see from 
(1-5) and (1-6) that, if we know the 
rectangular components of a vector, 
we can calculate its magnitude and 
direction. 
We now turn to multiplication; two 
types are defined. 


1-4 Scalar product 





Because of the notation the scalar 
product is also called the dot product. Fig. 1-8 
We define the scalar product of two 
vectors as the scalar equal to the product of the magnitudes of the 
vectors and the cosine of the angle between them, or 


A+B = AB cos (A, B) (1-7) 


We see from Fig. 1-10 that we can get a simple interpretation of the scalar 
product: [A cos (A, B)]B = component of A along the direction of B 
limes the magnitude of B = [Bcos (A, B)]A = component of B along A 
times magnitude of A. 
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It is clear from (1-7) that the order of the terms does not change the 
scalar product; i.e., 
A-B=B-A (1-8) 
B If we knew only the rectangular com- 
ponents of A and B, it would be incon- 
venient to calculate A+B from (1-7) since 
(A,B) this would necessitate finding the angle 
A __ between A and B. Fortunately, it is possible 
Fig. 1-10 to express A+B simply in terms of the 
rectangular components. Since the angle 
between each pair of unit vectors defined in Fig. 1-8 is 7/2, we easily find 
from (1-7) that 
i-j=j- k=k-i=0 (1-9) 
In the same way, 


f-i=j-j=k-k=1 (1-10) 


because the angle involved is zero. If we now write A and B in the form 
given by (1-4), multiply them together, use the distributive’ property 
together with (1-9) and (1-10) to simplify the resulting nine terms, we find 
that 

A+B= A,B, + A,B, + A,B, (1-11) 


From (1-7), it follows that if two vectors are perpendicular then 
A+B = 0, and conversely. 

Also, the square of a vector can be interpreted as the vector dotted with 
itself; the result is the square of its magnitude. Thus 


A-A=A?= 4? (1-12) 
1-5 Vector product 


This is also called the cross product and is written A x B. It is a vector 
perpendicular to both A and B, and its magnitude is defined as 


|A x B| = ABsin (A, B) (1-13) 


Its direction is given by the following right-hand rule: If the fingers of the 
right hand are curled in the sense necessary to rotate A through the smaller 
angle into coincidence with B, the thumb points in the direction of A x B. 
This rule is illustrated in Fig. 1-11. 

If we look at the plane containing A and B shown in Fig. 1-12, we can 
get a simple interpretation of the cross product. We see from Fig. 1-12 
and (1-13), that the magnitude of the cross product is equal to the area of 
the parallelogram with A and B as sides. 
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From the definition of the direction of a cross product shown in Fig. 
1-11, it is evident that the order is important, since it is easily seen that 


Bx A= —(A x B) (1-14) 


If A and B are parallel, then it follows from (1-13) that A x B = 0, and 
conversely. In particular, 


AxA=0 (1-15) 


For the unit vectors along the axes shown 
in Fig. 1-8, if we use (1-13), the right-hand 
rule, the facts that they are mutually per- 
pendicular and that the cross product is 
perpendicular to both vectors, we easily find 
that 





Z 





A 


Fig. 1-11 
ixj=k, jxk=i, kKxis=j (1-16) 
From (1-15), it follows that 
ixi=jxj=kxk=0 (1-17) 


The vector product can also be conveniently written in terms of the 
rectangular components. We write A and B in the form (1-4), multiply 
them together, and use the distributive property with (1-14), (1-16), and 
(1-17) to simplify the result. We find that 


Ax B= (A,B, —_~ A,B, + (A,B, ~ A,B,)j +(A,B, a A,B,)k (1-18) 


This can be written as an easily remembered determinant: 


= 


i 


j 
AxB=|4A, A, (1-19) 
B, B 


2 


SB 


x 


y 
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It will be left as exercises to verify that 


A, A, A, 
A-(B x C)=(AxB)-C= B, B, B, (1-20) 
Cy. €,, C, 
and that 
A x (B x C) = B(A- C) — C(A-B) (1-21) 


In (1-20) we see that the dot and the cross can be interchanged without 
affecting the value of this triple scalar product; hence the parentheses are 
not really needed. The triple vector product formula (1-21) can be easily 
remembered from the phrase “back minus cab”; however, the parentheses 


are important because (A x B) x C = —C x (A x B) from (1-14). 
Division of vectors is not defined. 


A(u + Au) AA 
1-6 Differentiation with respect to a scalar 
Suppose that A is a continuous function 
of some scalar variable u, so that we can 
A(u) write A = A(w). This is equivalent to the 
Fig. 1-13 three equations: 4, = A,(u), A, = A,(u), 


A, = A,{u). If u is changed to u + Au, A 
will change by the amount AA, where AA = A(u + Au) — A(u), as 
illustrated in Fig. 1-13. We can then define the derivative of the vector A 
with respect to the scalar u as follows: 


GA = tim AA = tim A@ + Aw) = AW) (1-22) 
du auwoAu — auso Au 


This process has yielded another vector from a vector. 


1-7 Gradient of a scalar 


In this differentiating process, we get a vector from a scalar. Suppose 
we have a scalar u which is a function of position so that we can write 
u = u(x, y,z). An example of this would be the temperature at each point 
in a room. At some other point, which is displaced by ds from the first, 
the value of the scalar will have changed from u to u + du (Fig. 1-14), 
In fact, 


du Ou Ou 
du =—d —d —d 1-23 
. Ox ee an , ange 
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u+du 
(x + dx, y + dy,z + dz) 
ds 
U 
(x,y,2) 
Fig. 1-14 
and we also have 
ds = dxi + dyj + deck (1-24) 


Comparing (1-23) and (1-24) with (1-11), we see that we can also write du 
as the scalar product of ds and the vector: 


Ou Ou Ou 
a eh eh + —F (1-25) 
grad u On + ay! Be 
so that 
* du = grad u-ds (1-26) 


The vector which is written in terms of its rectangular components in 
(1-25) is called the gradient of u; we can regard (1-26) as the general 
definition of grad u since it is written in a form which is independent of a 
particular coordinate system. 

In order to understand the meaning of the gradient, let us consider 
Fig. 1-15, in which we indicate the surfaces made up of the points for which 
wu has the equal values u,, ug, us,.... Now a displacement such as ds, 
which is completely on one of these surfaces does not take one to a point 
where u is changed. Therefore du, = grad u- ds, = 0. Comparing this 





Fig, 1-15 
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with (1-7), we see that grad u and ds, are perpendicular; in other words, 
grad u is perpendicular to the surfaces of constant u, as shown in Fig. 
1-15. 

Let us also consider a displacement ds’, of constant magnitude but 
varying direction. We see from (1-26) that the change in u resulting from 
this displacement is du = |grad u| ds’ cos (grad u, ds’). We now see that 
du will be a maximum when the angle between grad u and ds’ is zero so that 
they are parallel. In other words, the direction of the gradient is also 
the direction in which the scalar has its maximum rate of change. 


1-8 Other differential operations 


We see that (1-25) can also be formally written 
grad u = Vu (1-27) 


if we introduce the operator “del,” 
0 0 7] 
V=i—+j—+ke 1-28 
Ox I Oz ae 
If we treat V as a legitimate vector (which it can be proved to be), we 
can now perform two other differential operations of interest by using 
our two forms of multiplication. 
The scalar product is called the divergence. Using (1-11) and (1-28), 
we obtain 
Ox oy Oz 
This has given us a scalar from a vector. 
The vector product is called the curl. Using (1-18) and (1-28), we find 
that 
cut =e Am (2: 240) 4 (2s 24)p 4 (lr Beg 
oy Oz Oz Ox Ox Oy 


(1-30) 
This operation, which yields another vector from a vector, can be written 
more conveniently as a determinant as in (1-19): 


(1-29) 


is, $e 

On oF 0 
DA oe foe, ae 1-31 
yet Ox Oy a Bert) 


A, A, A, 
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The significance of the names “divergence” and “curl” will become 
clearer as we use them in the various contexts in which they naturally 
arise. ; 

Another operator of great interest is the Laplacian: 


2 2 2 
VaVVadiveul = +245 (1-32) 
x 
For example, 
Ou fu du 
9 OM Ew OU 
mae ax® ay? az” 


We now turn to two important integral theorems of vector analysis. 


1-9 The divergence theorem 


Consider the volume V enclosed by the surface S as illustrated in Fig. 
1-16. At the location of an element of surface area da, the vector A makes 
the angle 6 with the outward normal fi. We want to prove that 


[,Acoseaa=[A-tda=[ Avda =[ div A dv (1-33) 
s s s V 


The integrals in (1-33) are taken over the total surface S and throughout 
the volume V whose volume element is dv. We also note that we have been 
uble to introduce a vector representation of the element of area such that 
iis magnitude is equal to the area and its direction is that of the unit 
normal vector, i.e., 
da = fida (1-34) 
This is also illustrated in Fig. 1-16. 
Using (1-29), we can write the volume integral as a sum: 
| div Adv -| OAs te dy de +{ As dx dy de + | 04, 
Vv vo v oy vO 


x 


dx dy dz 
(1-35) 








z 
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Fig, 1-16 
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Each of these integrals is, of course, a triple integral, just as the surface 
integrals are double integrals. 

Consider the first integral. Our first step is to integrate over x while 
keeping y and z constant; after this is done, we can integrate over y and z. 
Thus we are integrating along the strip of cross section dy dz shown shaded 
in Fig. 1-17. Since y and z are constant on the strip, we get 


{| ote dx dy dz =| [A,(P2) — A,(P3)] dy dz (1-36) 

x 

At Po, 

dy dz = da, cos B = da,+i = da,, 
while at P,, 
dy dz = —da, cos « = —da,+i = —da, since cos « < 0. 
As indicated by the dotted line in Fig. 1-17, the elements of area can be 
paired off into “‘P, like” and “‘P, like”; the P, like areas together consti- 
tute the area S,, while S, is formed by the P, like areas. Thus we can 
write (1-36) as 
Oho de dy dz -| A, da, +{ A, da,=| A, da, (1-37) 
Vv Ox Sa Si Ss 

The last two integrals in (1-35) will clearly be found equal to 


A,da, and I A, da, 
s s 
respectively, so that, if we add these to (1-37), substitute into (1-35), and 


use (1-11), we find that 
[ div A dv -| (A, da, + A, da, + A, da,) -[a -da (1-38) 
Vv s 


which proves the theorem. 
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Fig. 1-17 
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Fig. 1-18 


We have proved this theorem only for a region bounded by a single 
surface, but we can easily extend the proof to a region bounded by several 
surfaces, such as a hollow ball. Figure 1-18 shows a volume V surrounded 
by the surfaces S, and S,; the outward normals to the volume are shown 
in both cases. By introducing the coincident surfaces ABCD and EFGH, 
we can divide V into the two volumes V, and V,; each of these is now 
bounded by a single surface. Applying (1-38) to each of these and adding, 
we obtain 


| divAdo={ A-da+] Avda + [ A-da+ | A-da 
VitPa Sy Se ABCD EFGH 

(1-39) 
However, the last integral in (1-39) is the negative of the next to the last, 


since the corresponding outward normals, fi; and fi, are oppositely directed. 
Then (1-39) becomes simply 


I div A dv -{ A-da 
VitVe2 Sit+S2 
Which is the same as (1-38), because the total volume is V, + V, and the 


total bounding surface is S, + S,. 

This proof can obviously be generalized to an arbitrary number of 
bounding surfaces by introducing as many other surfaces like ABCD as 
would be necessary. 


1-10 Stokes’ theorem 


Consider the surface S bounded by the perimeter L illustrated in Fig. 
|-19a, We want to prove that 


f A-ds -{ curl A+ da (1-40) 
; s 
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Fig. 1-19 


In this equation, ds is a displacement along the perimeter and the integral 
sign used indicates that this line integral is taken over the complete closed 
curve L. 

The sign convention shown should be carefully noted. The positive 
sense of traversal is indicated so that one goes around keeping the inside 
of the surface to the left. The direction of the normal to the surface (and 
hence of da) is then given by a right-hand rule: If the fingers of the right 
hand are curled in the sense of travel, then the thumb points in the direction 
of da. 

Stokes’ theorem (1-40) tells us that the surface integral of the curl 
depends only on the values of the vector along the perimeter; it also says 
that this integral has the same value over all surfaces with the same bound- 
ing curve, such as S, S’, and S” of Fig. 1-19b. 

Using (1-30), we find that 


0A 0A 0A 0A 
[jee . [,( de dy a.) +h(F da, dz a.) 


+ I ( daa Ths aa,) (1-41) 
s\ doy Ou 


where we have grouped the terms by components of A. 

Let us integrate the first integral on the right side of (1-41) over the strip 
shown in Fig. 1-20. This strip is in the plane parallel to the yz plane and is 
at a distance x from the origin. The axes are chosen so that both y and z 
increase as we go from P, to P,. We see then that da, = —dx dz and da, = 
dx dy. Then we can write 


0A 0A 0A 0A 
I wh AS de es Se —— oe“ “es 1-42 
om |, (Fe das — Fe dan) = ~ [ate (Gede + Seay) 1-40 
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Since x is constant on this strip, dx = 0 and the expression in the last 
parentheses in (1-42) is dA,, and (1-42) can now be written 


F fbste | de [ase dato | [A(Ps) — A,(P)]de (1-43) 


But, at Py}, dx = ds,; at P,, dx = —ds,; also, P, like points together form 
the ZL, portion of the perimeter, while P, like points together form L}. 
Then (1-43) becomes 


I, -| A,(P2) ds, +] A,(P;) ds, = f A, ds, (1-44) 
D2 Ty L 


Similarly, the last two integrals of (1-41) can be shown to have the 
respective values 


$4, ds, and ba, ds, 
Substituting these values and (1-44) into (1-41), we find that 


[jut A-da= b (A, ds, + A, ds, + A, ds,) = $ A-+ds_ (1-45) 
s L L 


which proves the theorem. 

This theorem can also be extended to the case of a surface bounded by 
more than one curve by a method similar to that we used for the divergence 
theorem. We would divide it into surfaces bounded by a single curve by 
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introducing as many pairs of coincident lines as we would need. Then 
Stokes’ theorem could be applied to each of these surfaces and the results 
added. The contributions to the line integrals along the cuts would cancel’ 
since they are traversed in opposite directions and the final result will again 
be (1-45). 


Exercises 


1-1. Verify equation (1-2) by graphical methods. 

1-2. Given the two vectors A = 24 — 3j — 4k andB = of + 5j + K, find the 
magnitudes and angles made with the x, y, and z axes for A+ Band A —B. 
[Partial answer. |A + B| = 8.8, (A + B, x) = 24°.] 

1-3. Given the two vectors f + 2j + 3k and 4i — 5j + 6k, find the angle 
between them. 

1-4. Verify (1-20) and (1-21). (This is most easily done by using rectangular 
coordinates. Is this enough to convince you that they are then true in general?) 

1-5. Show that A+ (B x C) equals the volume of a parallelopiped if A, B, and 
C are the vectors representing the three edges with a common corner. 

1-6. The equation of the surface of an ellipsoid is 

we y 22 
atptan! 


Show that the unit vector normal to each point on this surface is 


a=/(5! ae +5k) 


ee oy? 22 -\% 
r= (54845) 

1-7. Calculate the surface integral of r = a +yj + zk over the surface of a 
sphere of radius R and center at the origin and thus show directly that (1-33) is 
true in this case. 

1-8. Calculate directly the line integral ¢ A+ ds of the vector A = —yi + aj 
around the closed path in the «-y plane given by: (0,0) — (3, 0) > (3, 4) — 
(0, 4) > (0, 0). Also calculate the surface integral of curl A and show that (1-40) 
is satisfied. 


where 


2 Kinematics 


In mechanics, the purpose is to describe the motions of bodies—how their 
positions and configurations change in time when they are subject to 
various influences. In order to discuss these motions, we must consider 
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Fig. 2-1 


first the way in which we describe their positions as well as some of the 
properties of motion in general, leaving the consideration of how motion is 
produced until later. This study of the geometric properties of motion is 
called kinematics. 

At present, we shall restrict our attention to mass points, or particles, 
that is, bodies whose extension in space can be neglected. 

The position is given by the vector r drawn from the origin of a suitably 
and conveniently chosen coordinate system as shown in Fig. 2-1. In 
general, the position vector changes with time f as the particle moves along 
its path so that r = r(t). The basic purpose of mechanics is to determine 
this function of the time. 

At a later time ¢ + dt, we can write r(¢t + dt) = r(t) + dr. We define 


' dr 
Velocity =vyv=—=fr 2-1 
y a (2-1) 


[The dot over r in (2-1) is the conventional way of writing a derivative with 
respect to the time.] From (1-22) and Fig. 2-1, we see that the velocity is 
tangent to the path. 

In general, the velocity can also be a function of the time, so that v = v(‘). 
Accordingly, we can define 

2. 
Acceleration = a = cd == eS =f (2-2) 
dt dt 

Higher time derivatives of r can also be defined, but we shall not need them. 

As an example, let us now look at the specific form of these quantities 
when they are written in terms of an important coordinate system. 
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2-1 Rectangular coordinates 


Here the unit vectors {, j, k of Fig. 1-8 are fixed in space so that 
r=al+ yj + zk (2-3) 


Therefore the components of r are the position coordinates of the particle: 
x(t), y(t), and 2(t). We then easily find from (2-1) and (2-2) that 


v= ai + gj + zk (2-4) 
a= «+ 4+ zk (2-5) 
and the components are given by 
Vp =%, y=Y, v,=2 (2-6) 
a, =0,= 4%, a=t,=9, a, =b,=2 (2-7) 


2-2 The coordinate system of classical physics 


Although we used a coordinate system in the discussion above, we did 
not specify it exactly for this was not necessary. But, when we come to 
our next problem, that of laws of motion and the discussion of forces, it is 
important that we have a clear idea of the reference frame in which these 
laws are valid, and to which ultimately all the results of classical physics 
must be referred. 

This problem was first considered by Newton, and it has been found that 
these laws have their usual and simplest form when they are expressed with 
respect to a set of rigid coordinate axes which are fixed relative to the 
average position of the “‘fixed”’ stars. 

This reference frame is called the primary inertial system. Any other set 
of axes which is moving without rotation and with a constant velocity with 
respect to the primary inertial system is called a secondary inertial system, 
for reasons which we shall discuss shortly. 


Exercises 


2-1. The position coordinates of a given particle are found to be these func- 
tions of the time: # = 2ar®, y = }b1?, z = 10ct. Find all components of the 
velocity and acceleration. 

2-2. A particle located at a point with plane polar coordinates (r, 0) has an 
acceleration a as shown in Fig. 2-2. Show that the components a, and ao, in the 
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Fig. 2-2 


directions of increasing r and 9, respectively, are given by a, =a, cos @ + 
a, sin@ and ay = —a,sin 9 + a,cos 9. By differentiating the transforma- 
tion equations, 2 = rcos@ and y = rsin 9, also show that a, =? — r62 and 
a= ré + 276. 


B Concepts of mass and force; 


the laws of motion 


The quantitative formulation of these ideas can be most easily discussed 
in terms of four experimental laws, which are actually generalizations from 
long and varied experience. 


3-1 First experimental law 


Let us consider two isolated particles which we label 0 and 1, and let 
them interact with each other in any way whatsoever. For example, we can 
let them collide with each other, or we can connect them with a spring and 
observe their motions when the spring is compressed or stretched and then 
released. (We also make the seemingly arbitrary requirement that all 
velocities involved be small compared to that of light; this is necessary 
in order that our results will not conflict later with those of the theory of 
relativity.) 

If the particle motions are always referred to the primary inertial system, 
it is found experimentally that the acceleration of one particle is always 
opposite to the acceleration of the other, and the ratio of the magnitudes 
of the accelerations is a constant. If we let 

a), = acceleration of 0 in the presence of 1 
a) = acceleration of | in the presence of 0 
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then our experimental result stated above is that 
Ay, = —Cy04o (3-1) 


where Cy is a positive constant characteristic of the two particles, but 
otherwise independent of the particular circumstances of their mutual 
interaction. This constant presumably reflects some inherent mechanical 
property of the particles. 


3-2 Second experimental law 


Suppose we remove particle 1, and let another particle 2 interact with 

0 in any way. Since our previous discussion is equally applicable to this 
case, we see from (3-1) that we must also be able to write 

Aga = —CyAoo (3-2) 


where C, is some positive constant. If we now let 1 and 2 interact with 
each other, we must also have 


jy = — CoA, (3-3) 
The universal result of experiment is that 
C 
Cy = —* (3-4) 


10 


and is our second experimental law. The form of this result, in which the 
left-hand side is independent of particle 0, suggests that the C’s are ratios 
of quantities characteristic of the individual particles. Accordingly, we 
define 


Cy) = ps. reir SN ratio of the masses of the particles (3-5) 


A109 Mo 
This definition is compatible with (3-4), which then takes on a correct 
algebraic form 
ht (ms/mp) 
m, — (m/mo) 

The mass ratio defined in (3-5) is a constant, independent of the condi- 
tions under which it is determined, according to the result of the first law 
as given by (3-1). The mass defined in this way is called the “inertial” mass, 
and one often finds a statement to the effect that mass is a measure of the 
“inertia” of a particle. Although (3-5) gives only the experimental value 
of the mass ratio, absolute values of the mass can be obtained by choosing 
particle 0 to be a standard particle and assigning it a convenient but 





Part One. Mechanics 25 


arbitrary unit mass. Then the mass of any other particle can be found in 
principle by letting it interact in any way with the standard particle, 
finding the ratio of the accelerations, and using (3-5). 

Since we can write C,, = m,/m,, we also see that (3-3) can be written 


May. = —Mao, (3-6) 


which no longer involves the standard particle directly. (However, we 
must bear in mind that m, and m, are ultimately determined by means of 
interactions with the standard particle.) 


3-3 Third experimental law 


We recall from its definition and (2-2) that a,, = d°r,/dt®, etc. This 
emphasis on acceleration is a consequence of the third law, which we shall 
now state. 

If we study the motion of particle 1 under all the different kinds of 
interactions which occur in nature between it and any other particle 2, 
we always find that a,, is the time derivative of r, of /owest order which can 
be expressed as a function of the separation ry, =r, — ry between the 
particles (and possibly the velocities v, and v,) and which contains no 
arbitrary constants depending on the initial conditions of the motion. 

In other words, the acceleration is the simplest function which can be 
taken to be characteristic only of the interaction, since it is independent of 
the precise details of the way in which the motion started and depends only 
on the instantaneous relation between the two particles. Instead of setting 
ty directly equal to such a function, it is customary to write instead 


May. = Fry (3-7) 


where Fj, is a function of ry». (and possibly v, and y,) which is characteristic 
only of the interaction. 

The function Fj, is defined as the force exerted by particle 2 on particle 1, 
and (3-7) is called the equation of motion for particle 1. The precise defini- 
tion of force given in (3-7) is a generalization and sharpening of the 
anthropomorphic concept of “force”? as a push or pull of some sort, 
generally associated with muscular effort. 

Using (2-2), we can rewrite (3-7) as 

d’r 
Mm, = = Fy, (3-8) 
Thus we see that, if we know the form of the function F,,, we have a second 
order differential equation for r,. In principle, we can then integrate (3-8) 
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and find r, as a function of time, r,(t). When this has been accomplished, 
the dynamical problem of the motion of the particle is considered to be 
solved. 

We see, therefore, that the object of one’s work in mechanics has two 
aspects. First, one must determine the form of F,, appropriate to a given 
case; if all other experience fails, one ultimately has to guess at Fyp. 
Second, one then has to solve the resulting differential equation and com- 
pare the predicted motion, i.e., the dependence of r, on ¢, with the observed 
motion in order to determine how suitable a choice was made for Fj,, or 
whether a new functional form should be tried for the force. As we proceed, 
we shall generally concentrate on one or the other of these aspects for a 
given mechanical situation. 

We can write an equation similar to (3-7) for particle 2: 


MA, = Fy (F12) (3-9) 
Inserting (3-7) and (3-9) into (3-6), we obtain 
Fy, = —Fy (3-10) 


which is known as the law of action and reaction and which has been 
deduced from our experimental laws. 


3-4 Fourth experimental law 


This law tells us about the important superposition property of forces. 
Let: ajo34,,, = acceleration of particle 1 when particles 2, 3,4, ... are 
simultaneously interacting with it; aj, = acceleration of 1 when only 2 is 
present; etc. Then it is found that 


Ayosa,.. = Aye + Ag + ay ti = > a1; (3-11) 
) 


which says that the acceleration of a particle subject to the action of a 
number of other particles equals the vector sum of the accelerations which 
would be produced by the particles acting one at a time. In other words, 
the accelerations produced by the different interactions are independent. 

If we multiply (3-11) through by m,, we can state this result in terms of 
forces as 


Fy 934... =F,,+F3+Fut-s:= > F,; (3-12) 
F 


This is the law of superposition of forces, and it says that the individual 
forces are independent. This law will clearly simplify our work in me- 
chanics, since if the interaction between a given pair depended on the 
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presence or absence of another particle, our problem of describing the 
total force acting on a given particle would be considerably more involved. 
These four experimental laws form the basis for our study of mechanics. 


3-5 Inertial systems and classical relativity 


Let us consider again the relation between a secondary inertial system 
and the primary inertial system which we first defined in Sec. 2-2. In 
Fig. 3-1, let XYZ be a set of axes fixed in the primary inertial system. Let 
X'Y’Z’ bea set of parallel axes fixed in a secondary inertial system which is 
moving relative to the fixed primary system with a constant velocity v. 

If xyz are the coordinates of a particle with respect to the X YZ system, 
and 2’y’z’ the coordinates with respect to X’ Y’Z’, the connection between 
the two sets in classical physics is given by the common expressions 


vw =a2—v,t—a y=y—vt—b, 2 =z-0,t-—c (3-13) 
where a, b, c are constants. These formulas (3-13) relating the two sets of 


coordinates are called the classical (or Galilean) transformation. 
Differentiating (3-13) with respect to the time, we find that 


“=t—v, y =y—v, #2 =2-2, (3-14) 


fae (3-15) 


ff 


& = &, y =%, 
since v = const. We see from (3-15) that the acceleration of the particle 
is the same with respect to both systems. Therefore, from (3-7), the laws 


Z 


Fig, 3-1 
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of motion have the same form in all inertial systems. This result is called 
the classical (or Galilean) principle of relativity. It is also the reason for 
the name “secondary” inertial system, since we have just seen that a 
secondary inertial system is as good as the primary system as a reference 
system for describing the motion of our particle. 

How does one get an inertial system in practice? It is sometimes 
convenient, and not too inaccurate, to treat as an inertial system a set of 
axes fixed relative to the surface of the earth. For certain problems, 
however, the effects of the rotation of the earth, which keeps it from being 
a true inertial system, are noticeable and important. We shall discuss some 
of these effects and their magnitudes later on, when we have learned how 
to describe rotations. 


3-6 Systems of units 


The two principal systems of units used in modern scientific work are 
the meter-kilogram-second and centimeter-gram-second systems, which 
are abbreviated mks and cgs, respectively. The terminology refers to the 
names given to the arbitrary choices of the standard units of length, mass, 
and time, respectively. Both systems use the second as standard time unit. 
The length units are simply related since 1 meter = 102 centimeters by 
definition; similarly, the mass units are related by 1 kilogram = 103 grams. 
The mks system is the more natural system to use in electromagnetic 
theory, and it is consequently becoming more and more universally used 
in other branches of physics as well. 

From (2-1) and (2-2), we see that the unit of velocity is 1 meter/second 
or 1 centimeter/second, while the unit of acceleration is 1 meter/(second)? 
or | centimeter/(second)?; no special names are given to these units. 

From (3-7), we see that the unit of force is either 1 kilogram-meter/ 
(second)? or 1 gram-centimeter/ (second)?; these units are given the names 
newton and dyne, respectively. It is easily seen that 1 newton = 10° dynes. 


4 Mechanics of a mass point 


In this chapter, we discuss some of the properties and consequences of the 
equation of motion for a single particle or mass point, that is, a body whose 
extension in space can be neglected. Many of the important concepts and 
results of mechanics can be easily illustrated with this simple case. 
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If we combine (3-7) and (3-12) and drop the unneeded subscripts, the 
equation of motion for our particle of mass m can be written simply 


F = ma (4-1) 


where F is the total or resultant force acting on the particle. If we use 
(2-2), we can also write this fundamental result as 
dv 


F = m— (4-2) 
dt 


and, if we assume m to be constant, as 
ae) (4-3) 
dt 


We see that it is convenient to define 
p = mv = momentum (4-4) 


so that (4-3) can also be written 
dp 
F rr (4-5) 
Thus we can also say that the force equals the time rate of change of 
momentum. 

We see from (4-5) that, if F = 0, then p = const. This result is called 
the conservation of momentum for a single particle. 

In the discussion above, we assumed that the particle mass was constant. 
There are cases, however, in which the mass is not a constant; examples 
tire rockets and bodies moving with speeds comparable to that of light. 
In order to be able to discuss these and similar cases, we now extend our 
definition of force from the simple result (4-1), obtained from the experi- 
ments we discussed in the preceding chapter, to the more cautious and 
general form given in (4-3). Since this involves a generalization of results 
given by experiment to more complex cases, its final justification can be 
obtained only by seeing how well results deduced from (4-3) agree with 
experiment. Asa matter of fact, it is found from experiment that (4-3) is the 
appropriate generalization of the definition of force; the problems we 
shall consider, however, will all involve constant mass so that (4-1) and 
(4-3) are equivalent. 

Now we want to see what and how many general results we can obtain 
concerning motion under the influence of a force before it becomes 
necessary to consider a specific form for F. 

If F is given, for example, as F(r, ¢, t), then (4-1) becomes F(r, f, 1) = mi 


— and this second order differential equation can, in principle, be integrated 
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to give r as a function of t. We see, however, that since the equation is 
second order, the solution will involve essentially two integrations and 
hence the general solution will involve two arbitrary vector constants of 
integration (a total of six scalar constants of integration). However, the 
values of these two vector constants can, in principle, always be deter- 
mined in terms of the initial conditions of the motion, namely, the position 
and velocity at some known time, often chosen as t = 0. 


Example. Motion under a Constant Force. If F =k = const., then (4-1) 
becomes mi = k. If we integrate this once, we obtain 
mt = my =kt +c, (4-6) 


where ¢, is a constant. If y= vy, when ¢ = 0, then we see from (4-6) 
that ¢, = mv, and the differential equation is now mt = kt + myp. 
Integrating again, we get 


mr = $kt? + mvot + cy (4-7) 


where ¢, is a constant. If r =r, when ¢ = 0, then we see from (4-7) 
that c, = mr, and (4-7) can now be written 


I= 3(=) P+ vot +r) = r(2) (4-8) 
2\m 


and, for example, 
= (®) t? + Upgt + % = 2(t) 
2\m 
The result (4-8) is the complete solution to our problem, and we see 


that the two integration constants could be evaluated in terms of the 
initial position and velocity. 


4-1 Integrals of the force 


t 
The time integral of the force, | ‘F dt, is called the impulse. Using this 
: t 
definition and (4-5), we see that 


[¥ dt =| "ép = p(t.) — p(t,) (4-9) 


7 


so that the impulse equals the change in momentum. 
Ifa force F acts ona body, the work done on the body in the displacement 
dr is defined as 


dW =F-dr (4-10) 
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If we recall (1-7), we see that the element of work done equals the 
component of the force in the direction of the displacement times the dis- 
placement. The units of work are 1 newton-meter = 1 joule and 1 dyne- 
centimeter = 1 erg, so that 1 joule = 10” ergs. 

Thus the line integral of the force is equal to 


Ts 
Total work done = W -| F-dr (4-11) 
Lb 
Using (4-2) and (2-1), we can also write (4-11) as 
t. t 
w=['r-Sar=m[ v2 at (4-12) 
4 dt t, dt 
But, if we note that 
d 2 d dv _d_. 
fd =— (vey) =2v-— =— (v (4-13) 
a” ae My dt 77 ) 


we see that we can also write (4-12) as 


= 3 "4 (v’) dt = a) = (4mv,2) — (}mv,2) (4-14) 


If we now define: 
Kinetic energy = T = }mv? (4-15) 
we can write (4-14) as 
W=T,-T (4-16) 


which says that the total work done on the particle equals the change in its 
kinetic energy. The unit of kinetic energy is evidently a joule or an erg. 

We should note here that, if F = F(r, v, t), for example, then we cannot 
evaluate the total work done, (4-11), unless we know the complete details 
of the motion, because without this information we shall not be able to 
evaluate F at each point of the path, as is required by (4-11). 


4-2 Potential energy 


We suppose now that F depends only on the coordinates, i.e., F = 
K(r) = F(a, y, z). Such a situation is called a field of force. 

Let us consider the two points P, and P, in Fig. 4-1. The work done on 
the particle if it is moved from P, to P, along some arbitrary path C is 


Wo -| F-dr 
co 
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Similarly, the work done if the particle is moved along some other arbitrary 
path C’ is 


Wo -{ F. dr 
Oo’ 


There are now two possibilities: (1) if Wo = Wo, then the work done 
is independent of the path and depends 
P2 only on the end points P, and P,—in 
this case, the force is called a conservative 
force, as is, for example, the gravitational 
force field of the earth; (2) if Wo # Wo, 
then the work done depends on the path and 

c’ the force is called non-conservative. 
Let us now restrict our considerations 
C to conservative forces. If we trace the path 
C’ in the opposite direction so as to get the 
path C”, then, at each point, (dr)” = —(dr)’ 
Py while F” = F’ and therefore Wo. = —Wo, 
= —Wg; the last equality holds because the 
Fig. 4-1 force is conservative. Then we see that, for 
the closed path C+ C", the total work 

done = W= Wo + Wo = 0, or 


[Feat] F-ar=o 
C c” 


pF -dr =0 (4-17) 


or 


Thus, for a conservative force, the total work done in following any closed 
path is zero. If we combine (4-17) with Stokes’ theorem (1-40), we also 
see that, if F is conservative, then 


curl F = 0 (4-18) 
In a conservative field, the negative of the work done between two points 
is defined as the difference of potential energy V between the points, i.e., 
T: 
Vite) — Vi) = Vp — Vp = — | F-dr (4-19) 
i 


Combining (4-19) with (4-11) and (4-16), we see that 


Ve-Vyz= —(T, o 7) 
so that 
Ty + Ve => T -f V; = const. (4-20) 
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Therefore, in a conservative field of force, the sum of the kinetic and 
potential energy is a constant. This constant is called the total (mechanical) 
energy E, and 

E=T+V (4-21) 
Then the result (4-20) is precisely the statement of the conservation of 
energy for mechanics. In other words, if the force is conservative, then no, 
matter how complicated the actual motion may be, we can be certain that 
the total energy, at least, is some constant characteristic of the whole 
situation. 

We can also write (4-19) as 


Ts Vo Ta 
V,-VYy= -| F-dr= av={ grad V- dr (4-22) 
Ty Vi Ty 
with the help of (1-26). Since the points r, and r, are arbitrary, we can 
equate the integrands, so that for a conservative force 


F = —grad V (4-23) 
That is, 
foe. Roattts. fea (4-23) 
Ox oy Oz 


The two results (4-18) and (4-23) are, of course, compatible because of the 
general theorem curl grad V = 0; or, if one prefers, since they must be 
compatible because of the way they were derived, we can combine them 
to prove the theorem. 

We note that, if we add any constant to the potential energy V, then the 
force given by (4-23) is unchanged, and the net effect is only to add this 
constant to the total energy E given by (4-21). Thus the potential energy of 
the system always includes an arbitrary additive constant, and we can 
assign this constant any convenient value without changing any essential 
features of a given problem. 

A particle is said to be in equilibrium when the force on it is zero, or, 
from (4-23’), when 

av oy av (4-24) 


so that a point at which the potential energy is a maximum or a minimum 
is a position of equilibrium. If the potential energy is a maximum, the 
equilibrium is called unstable, since, if the particle is displaced from the 
equilibrium position, the direction of the force is such as to displace 
the particle even further. Similarly, if the potential energy is a minimum, 
the equilibrium is called stable, These types are illustrated schematically in 
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FO Oy 


Fos ee 


Unstable Stable 
Fig. 4-2 


Fig. 4-2 where the potential energy is plotted as a function of some co- 
ordinate. If the point corresponding to (4-24) happens to be a point of 
inflection, the equilibrium is called neutral. 


Exercises 


4-1. A mass of 0.4 kilogram is acted on by the following forces: 2 newtons to 
the north, 4 newtons to the east, and 7 newtons to the west. Find the direction 
and magnitude of the resultant acceleration. 

4-2. A force acting on a particle has the following components: F, = ay, 
F, = —ax, F, = 0 where a = const. Is this a conservative force? Verify your 
conclusion in two ways. 

4-3. The potential energy of a particle is given by V = k/r where k = const., 
and r is the distance of the particle from the origin. Find the rectangular com- 
ponents of the force acting on the particle, and, from these, verify directly that 
the force is actually conservative. 

4-4. The potential energy of a particle which is restricted to move along the x 
axis is given by V(x) = (—a/x) + (b/x”), where a and b are positive constants. 
Find the equilibrium position and determine whether the equilibrium is stable 
or unstable. Find the general expression for the total energy and thereby find 
the velocity of the particle as a function of position. Under what conditions 
could the motion be periodic, i.e., repeat itself indefinitely? Find the extreme 
limits of the motion for periodic motion, i.e., the possible range of x. 


& The linear oscillator 


The force on the single particle of this important system depends on 
position in a particularly simple manner. If a particle is displaced from its 
equilibrium position and is found to have a force on it which is pro- 
portional to and oppositely directed to the displacement, it is called a 
harmonic oscillator. Therefore the force is given by 


F = —k(r — frp) (5-1) 
where k = const., and ry = equilibrium position = const. We easily 
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find that curl F = —k curl r = 0 with the aid of (1-30). Therefore the 
force field described by (5-1) is conservative, and, by (4-23), F should be 
derivable from a potential energy V. 

We shall not continue our discussion of the three-dimensional harmonic 
oscillator, but, for simplicity, shall restrict ourselves to a study of the 
corresponding one-dimensional motion. Because the concept of the 
harmonic oscillator constantly recurs throughout many diverse portions 
of theoretical physics, it is essential to have a thorough understanding of its 
properties. 


5-1 Undamped linear harmonic oscillator . 
If we choose our direction of motion to be the axis, choose the equi- 


librium point as the origin, and assume that (5-1) gives the only force, we 
obtain 


F sidites (5-2) 
dx 
with the use of (4-23’). We can easily integrate (5-2) to get 
V(x) = 4kx? (5-3) 


where, for convenience, we have chosen the constant of integration to be 
zero. This parabolic dependence of the potential energy on displacement 
is shown in Fig. 5-1. 
According to (4-21), the energy is 
E = 4mv? + 4ka? = const. (5-4) 
from which v can be found: 
(5-5) 
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Since v must be real, the magnitude of x has a maximum value given by 


Imax = V2E|k (5-6) 


so that the motion is restricted to the region of the x axis shown in Fig. 
5-1, that is, for those values of x for which V(x) < E. At the limits of the 
displacement, the velocity is zero; however, the force, and the acceleration 
as well, is directed back toward the origin and thus the particle motion is 
reversed. In other words, we see that the motion is periodic, a fact which 
we have discovered solely from a consideration of the potential energy 
curve of Fig. 5-1. 


Substituting (5-2) into (4-1), we find the equation of motion to be 


mi = —kzx (5-7) 
or 
€+ wa =0 (5-8) 
where 
Wy = Vkilm (5-9) 


We can easily solve (5-8) by noting that a, COS Wot and a, sin wot separately 
are solutions of this differential equation, where a, and a, are constants. 
Therefore the general solution of (5-8), which contains the required two 
constants of integration, is the sum 


X = a, COS Wot + a, sin wot (5-10) 


If ~ and vy are the position and velocity at ¢ = 0, one can easily evaluate 
the constants in (5-10) in terms of them; the result is that we can write 


L = Xp COS Wot + (“*) SiN Wot (5-11) 
Wo 


We see at once that this is indeed a periodic solution, as we had already 
learned. The period 7 is the time interval in which the argument of the sine 
and cosine increases by 27, for then the motion will begin to repeat itself. 


Therefore wyr = 27, or 
T= 2 i 2m /™ (5-12) 
Wo k 


The frequency v4 is the number of times a particular aspect of the motion 
occurs in one second: 
1 @ 1 k 
y=-=—=— |/H- 5-13 
* yan eietiaa m nies 


Circular or angular frequency is a name often given to wy = 2m, 
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Fig. 5-2 


It is sometimes convenient to put the solution (5-11) in a sandlig 
different form. If we introduce two new constants, a and y, by means 0 


the relations 





% =acosy and v)/m) = asiny (5-14) 
so that ne 
v 
ae (m2 + —2- tany =—2 (5-15) 
a= (x + 2 and tany ron 


then, when (5-14) is substituted into (5-11), we get x = a(cos wot cos y + 
Sin Wot sin y), or 
ice x = acos (Wot — y) (5-16) 
This form of the solution shows the periodic nature somewhat more 
clearly than does (5-11); Fig. 5-2 also illustrates it. In (5-16), ais called the 
amplitude and y the phase angle. 


5-2 Damped linear oscillator 


In reality, all our mechanical systems are subject to fi rictional of damping 
forces, such as the friction of the air. The question then arises: How can 
we describe this frictional force so that we can introduce it into the eco 
of motion? A simple assumption, which was first made by Newton ‘ 
which is often quite accurate, is that the frictional force is proportional to 


the velocity; that is, 2 
Friction = — Bt G-1%) 


where f is a positive constant characteristic of the particular situation 
involved. Combining this equation with (5-2), we find that the total force 

ticle now is 
re F = —kx — Bt (5-18) 
We see that the total force is non-conservative, since it no longer depends 
only on position. 





» 
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If we insert (5-18) into the equation of motion, F = mé#, we find that the 
result can be written 


+ at + wore = 0 (5-19) 
where «, is again given by (5-9), and 
o= B (5-20) 
m 


In (5-19), we have an example of a linear, homogeneous differential equa- 
tion with constant coefficients. A standard general method of solution 
of an equation of this type is to try to find a solution in exponential form; 
that is, we try to write 

@ = ae* (5-21) 


where a and A are constants to be determined so that (5-21) will be a 
solution of (5-19). We easily find that = dae“ and # = /?ae*", and (5-19) 
becomes 

(A? + ad + wy*)ae** = 0 (5-22) 


In order to get a meaningful solution, we must have a ~ 0; therefore A 
must satisfy the equation 


2+ al + w,? = 0 (5-23) 
Hence, in general, there are two possible values of 4 given by 
A, = —ta + (fa? — w,?)4 and A_ = —ha — (fa? — w,2)% (5-24) 


Correspondingly, there will be two forms of « like that in (5-21) and they 
are solutions of (5-19); these forms will be 


sat sate’ Baa 
a, =a,e and a =a_e-, 


where a, and a_ are arbitrary constants, and 1, and A_ are given by 
(5-24). We see that in order to get the two necessary constants of integra- 
tion in our general solution for 2, we must write this general solution as a 
sum of the two special solutions x, and x_. Therefore we finally obtain 


a =a,e*+++4+q_e* (5-25) 
or 
c= et(g, ellatlaog't + a_eTat/)-a0") 1 (5-26) 
It turns out that the motion of the particle has quite a different character, 
depending on the relative values of the constants involved. 


CASEI. }a? > w,”. This is the case of large damping. We see from 
(5-24) that A, and A_ are both negative. Therefore, the solution (5-25) 
consists of a sum of two exponential terms, both of which decrease with 
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time. As time goes on, then, the magnitude of x steadily decreases and 
becomes zero at t = 00, so that the particle is back at its equilibrium 
position without ever having passed through it, since the exponential 
terms are always positive. 


CASE I. }fo2 = a 2. This is called critical damping. Now A, = /_, 
so that (5-26) becomes x = (a, + a_) e~ 4 = a,e~, Again this repre- 
sents an exponential decay of the displacement back to the equilibrium 
position, but, since it has only one arbitrary constant, it cannot be the 
general solution, and we must look for another independent solution for 
this special situation. It turns out, as can be easily verified by direct substi- 
tution, that « = bte~“™ satisfies (5-19) for this case, where b = const. 
Therefore the general solution for critical damping has the form 


a=e (aq, + bt) (5-27) 
CASE Il. 4a2 < w,2. In this case, it is more convenient to write 
(402 — cg?)4 = [—(cg? — a%)]* = ior, (5-28) 
where i = V—1 and @, is the real quantity given by 
1 = (w,2 — fa?) (5-29) 
Inserting (5-28) into (5-26), we get our solution in the form 
a= 6 "(a,c 4 g_e) (5-30) 


This is apparently a complex solution, but, since x is a physical dis- 
placement, we must get a real value for it from (5-30); therefore a, and a_ 
must also be complex. We can put (5-30) into a more familiar form in the 
following way. By definition, 


z 2. 2 
eer To ate (5-31) 
so that 


fe ; Pu? PuP 
sec ciara as | Bas 


ues ut wu 
= ons cam. cones’ uate, &, oS 7 as: lee na! samba. Cee -32 
beatae) Prat hs ee 


If we recall the series expansions for cos u and sin u, (5-32) becomes 


e’ = cosu+ isinu (5-33) 
and, also, 
e-™ = cosu — isinu (5-34) 
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Fig. 5-3 


Using these last results, we obtain 
ae" + ae" = (a, + a_) cos at + i(a, — a_) sin at 
= Acos at + Bsin at 


where A and B must be real; then (5-30) becomes 
x =e (4 cos w,t + B sin «,f) (5-35) 


which is the form of the general solution appropriate for this case—A and 
B can be evaluated in terms of the initial conditions of the motion. 

It is sometimes convenient to write (5-35) in another form by introducing 
two new constants, C and 0, by the relations 


A=Ccos@ and B=Csiné 
Then ; 
C = (4? + B2)* and tan@ = B/A 
and (5-35) becomes 
a = Ce~% cos (w,t — 6) (5-36) 


6 is called the phase angle, and the name amplitude is given to C, or 
sometimes to Ce~““, Either (5-35) or (5-36) is correct, of course, but 
one is sometimes more convenient than the other. 

We see from (5-36) that the displacement is given by the product of a 
periodic function and a term which makes the displacement decay back 
to the equilibrium position x = 0, as we would expect the frictional forces 
to do. The displacement as a function of time is shown in Fig. 5-3, and 
we see that the motion is not periodic in a strict sense because the system 
does not completely retrace its path. However, it is periodic in the sense 
that the displacement vanishes after equal time intervals because the cosine 





Part One. Mechanics 41 


term in (5-36) goes through zero each time its argument changes by 77; 
the cosine passes through zero in the same direction each time its argument 
changes by 27. The latter result enables us to define a period 7 and a 
frequency », for this motion; that is, #,r = 27, so that tT = 27/w,, and 
therefore 


14= . = bat = = (or _ fo2)'# < % (5-37) 


where 7 is the undamped frequency given by (5-13). 

In general terms, we see that the damping has two effects: It causes the 
displacement to decrease exponentially to zero, and the frequency of the 
oscillation to decrease from its value for the corresponding undamped 
oscillator. 

As a check on our results, we should get the previous case back as the 
damping is decreased, and, in fact, we see that, as «a—> 0, w, — Wp, So 
that (5-35) gives x > A cos wot + B sin wot, which is just what we found 
for the undamped oscillator in (5-11). 


5-3 Forced oscillations 


Let us now assume that there is applied to our system an additional 
periodic force F, = Fy cos wt, where Fo = const. and w is the circular 
frequency of this time-dependent force. Adding this to (5-18), we find that 
our equation of motion is mé = —ka — B% + Fo cos wt, or 


& + at + wore = (Fy/m) cos wt = fy cos wt (5-38) 


In order to find the solution of this equation, we can make use of the 
following theorem: Suppose that 2,(t, A, B) is the general solution of the 
homogeneous equation #, + ad, + wx, = 0, which contains the two ar- 
bitrary constants A and B; suppose that 2,(z) is any solution of the inho- 
mogeneous equation #, + a&, + wx, = F(t); then the complete general 
solution of the inhomogeneous equation is the sum, x = 2,(t, A, B)+ x(t). 
This is very easy to show. First of all, x satisfies the given differential 
equation; that is 

# + ct + cogee = (H, + ay + cog?m,) + (& + a8, + wg*e,) 
= (0) + [FO] = FO 
as it should. Secondly, this sum form of x contains the two arbitrary 
constants of integration needed to satisfy any given initial conditions. The 


advantage of all of this for us is that the homogeneous form of (5-38) is 
precisely (5-19), whose general solution we have just finished discussing. 
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pa soe, our problem is now reduced to that of finding some solution of 
-38). 

Since the applied force is periodic, it seems plausible that the corre- 
sponding displacement obtained from (5-38) should also be periodic and 
with the same period. Because of the friction, however, it is not at all 
evident that the displacement will be zero when the force is zero, or will 
be a maximum when the force is a maximum; that is, the displacement 
need not be in phase with the applied force. Therefore let us be rather 
cautious and try to find a solution of (5-38) in the form 


x = pcos wt + q sin wt (5-39) 


where p and gq are constants to be determined. If we substitute (5-39) into 
(5-38) and rearrange the terms, we find that 


cos wt[—w%p + ang + ogtp — fol + sin wt[—w%g — awp + 2g] = 0 


Because this expression cannot be zero for all values of t unless the co- 
efficients of cos wt and sin wt vanish separately, 


P(@o? — w) + qaw = fy 


—paw + g(w? — w*) = 0 
and therefore 


— —_ Solo” = w*) : 

P= Cot — oF + (aay — 
_ 04 

(2a (5-41) 


(w9" — w°)? + (aw)? 
and x can be obtained by inserting these results into (5-39). 
It is often convenient to have this in another form. If we let 


p=rcos¢, g=rsing (5-42) 
so that 
r=(pP?+4q)%, tand =q/p (5-43) 
and 
x =rcos(wt — ¢) (5-44) 
we find that 


pp 628.) 
r [(cog? ee ow)? ae ay? ]* (5-45) 
lo 460) 


Wy? — w? 


tan ¢ = (5-46) 


where we have used fy = Fy/m. 
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In order to have a specific situation to consider, let us assume that we 
have small damping; then the solution of the homogeneous equation is 
given by (5-36), and, if we add this to (5-44), we find the general solution 
of (5-38) to be 

— Co7 Mat a (Fo/m) cos (wt — ¢) a 
x = Ce cos (@,t — 0) + od — 0? + Poy (5-47) 
Thus the general solution is the sum of two parts with different frequencies: 
the damped free oscillation whose frequency », is slightly less than the 
frequency » of the undamped system; and the forced oscillation whose 
frequency is the same as that of the driving force. After a time, the 
exponentially damped part of the motion will have vanished—hence it is 


called the transient part of the displacement. Then all that will remain will 


be the steady state displacement given by the last term of (5-47), which is 
proportional to the amplitude of the driving force. We also see that, if 
the damping becomes very large, the transient part of the solution becomes 
the aperiodic or strongly damped term discussed as Case I of the previous 
section. This term, of course, also will vanish in time, whereas the form 
of the steady state motion in (5-47) is unaffected by the value of the damping 
constant a. 

We now want to discuss some of the properties of the steady state motion, 
beginning with the amplitude r given by (5-45). We see that, in general, 
ris a function of w; the frequency «, for which r is a maximum is called 
the resonance frequency. We can find w, by calculating the value of w 
that makes dr/dw = 0; the result is easily found, from (5-45), to be given 


2 0, = (ag — 42) (5-48) 


and is equal to neither the frequency of free oscillation nor that of the 
damped oscillation. In fact, we see from (5-48) and (5-29) that 
WO, < W, < Wo (5-49) 
For small damping, however, the resonance frequency is close to the 
natural frequency of the undamped system; that is, o, ~ ag for « “small.” 
The maximum amplitude is obtained by substituting (5-48) into (5-45), 
with the result that 


Tmax = r(@,) = Fo (5-50) 
xwW,ymM 





and we see that, as «—>0, ray > ©. 

The amplitude of the steady state motion is shown as a function of 
applied frequency @ in Fig. 5-4, for which it has been assumed that there 
is a large amount of damping and consequently the resonance frequency 
is appreciably different from either of the natural frequencies of the 


system, 





“ll 
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Fig. 5-4 


An interesting effect occurs when w = wp, for then we see from (5-39), 
(5-40), and (5-41) that p = 0, g = F,/amm , so that the steady state 
displacement is x = (Fo/amwp) sin wot while the driving force is Fy cos wot. 
In this situation, the displacement is said to be completely out of phase 
with the driving force. 

The general dependence of the phase angle ¢ on applied frequency w 
can be easily found from (5-46); the results are shown in Fig. 5-5, and 
we see that the displacement does not get completely out of phase until 
after the resonance frequency at which the amplitude is a maximum. 

We now want to consider the effect of the damping parameter « on the 
shape of the resonance curve, which is the amplitude of the steady state 
displacement as a function of frequency. For simplicity, let us assume 
that the damping is small so that the maximum in the amplitude occurs 
approximately for @ = @ 9. In order to avoid complications with the 
square root in (5-45), it will be sufficient for our purposes to consider r?, 
and to consider only frequencies near resonance. From (5-45), we obtain 


i we (Fo/m)? id ( Fy } 1 
(@" — w*)? + ao? ~— \ama/ 1 + [(w,? — w*)/aw]? 
ee ee eee (5-51) 


1 + [(@o" — o°)/aoP 








Wr 1 WO 
(a) (d) 
Fig. 5-5 
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the last step following from (5-50) and our condition that w is never much 
different from wg. 
If we let 7 represent the deviation from resonance so that 


O— W=7 (5-52) 
and recognize that w + ») ~ 2w in the region of our interest, we can write 
w2 — 2 = (w + &)(W — Wo) & 20H 


so that (5-51) becomes 
Pa. 1 
Tinax 1 + (n/a)? 
which is plotted in Fig. 5-6. A convenient measure of the half-width of 
this curve is the value 7 for which the curve has dropped to half its maxi- 
mum value, as shown. Therefore, from (5-53), we see that (27/«)? = 1, 
or 


(5-53) 


Hh = Oy — Wy = $a (5-54) 


so that the half-width is proportional to the strength of the damping. 
Thus, the greater the damping, the broader (and lower) is the resonance 
curve. This is a general feature of the effect of frictional forces which we 
shall have occasion to observe in several different contexts as we proceed. 

We can see directly the way in which « can be interpreted as describing 
a frictional effect, if we calculate: 


Work done by the ex- a 
ternal force per cycle = F,dx -| F, cos wt + a dt 
of the external force gyre e 


Pra 
= Fal (—pcos ssin s + q cos’ s) ds 
0 


= 1F oq ~ oF,” (5-55) 








we 


“) 
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with the aid of (5-39) and (5-41). Therefore the work done per cycle on 
the oscillating system is proportional to the out-of-phase component of 
the displacement, and thereby proportional to the damping constant «, 
in addition to being proportional to the square of the amplitude of the 
driving force. 


5-4 Harmonic oscillations in general systems 


We can get some idea of the reason the harmonic oscillator is so impor- 
tant to us if we consider the type of approximation we might make in a 
typical problem involving one-dimensional motion. Suppose V(x) has 
the general appearance shown in Fig. 5-7; the exact shape of this curve 
is not important so long as it has a minimum, located at a point whose 
coordinate we call 2. 

Now suppose that we are interested only in motions such that the 
displacements from equilibrium are always small. Then we shall not need 
to consider (or even need to know) the complete behavior of V as a function 
of x, but only its form for small values of x — 2 will be of importance; 


the remainder of the curve will be irrelevant for this particular class of — 


motions. Thus we should be able to get an approximation to V(~) which 
will be suitable for our purposes by expanding V(x) in a Taylor series 
about « = a: 


V(2) = V(am) + (*) (2 — m) + + (4) (2 — 2)" 
‘ 


ie Wa’ 


1 (AV 3 
+ lg), ah tes+ (5-56) 


Since x9 is a position of stable equilibrium, (0V/0z),, = 0. If we are 


V(x) 


Fig. 5-7 
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interested only in “small” displacements, we need keep only the lowest 
power of x — zy in the expansion (5-56), so that we can take 


2, 
V(x) = V(a%) + 1(=) G4) (5-57) 
2\0z"/,, 
which gives a force 
dv OV 


xo 

If we compare this with the one-dimensional form of (5-1), we see that the 
potential (5-57) for small displacements is just that of a linear harmonic 
oscillator with 


) 
k=|(= 5-59 
(= J (5-59) 
and with a corresponding natural frequency, as obtained from (5-9), given 
by 
1 er) | 
®) = |—|—— 5-60 
-(-E J (5-60) 


Thus we see that we are going to meet harmonic oscillations in any sort 
of system as soon as we consider sufficiently small displacements from any 
position of stable equilibrium, and that we can calculate the frequency 
from (5-60) without having to inquire into the details of the motion each 
time. 

We can also see in general that, as the displacement increases, we shall 
have to include more and more terms in the Taylor expansion (5-56) in 
order to keep a sufficiently good approximation to the potential energy. 
As a result, the motion will no longer be simple harmonic but will have a 
more complicated nature and will generally require more complicated 
methods of solution. For very large displacements, the whole method 
based on the Taylor expansion may become too cumbersome to be useful. 
In the next section, we shall briefly illustrate the effect of an increase in the 
displacement. 


5-5 Anharmonic linear oscillator 


For simplicity, let us choose the origin at the equilibrium position so 
that 2 = 0, and let us include one more term in the expansion of the 
potential energy so that instead of (5-57) we have 


V(a) = VO) + dka® + pert (5-61) 








“® 
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where we have used (5-59), and let « = }$(0°V/0x%)). As the force is 
F = —dV|dx = —kx — ex? (5-62) 
the equation of motion, F = m#, becomes 
mi + ka + ex? = 0 (5-63) 


Rather than trying to solve (5-63) exactly, we shall try to obtain an 
approximate solution of it in order to illustrate the extremely useful 
method of successive approximations. We assume that « is small, and we 
look for a solution in the form of a power series in this small parameter; 
that is, we write 


x(t) = a(t) + €x,(t) + ext) +> (5-64) 
where 2p, 21, %, .. . are functions of f to be determined. We shall need 
a? = ag? + €(2xgry) + (ay? + 2x ory) + °° (5-65) 


Substituting (5-64) and (5-65) into the differential equation (5-63), we 
obtain 


m(dig + ey + eg + °° *) + Kay + et, + Pay + °°*) 
+ €(x2 + c2ayt, + °°) = 0 


or 
(miiy + kag) + €(ma#, + kay + 2%") 
+ (mig + kag + 2xyx,) +°°* = 0 (5-66) 
where the terms omitted in (5-66) are proportional to ¢°, e4,...3 that is, 


(5-66) includes all terms of order ¢?. 

The expression in (5-66) cannot, in general, be always equal to zero for 
all possible values of ¢ unless the coefficients of the various powers of « 
vanish separately; equating these to zero, we get the series of equations, 


méy + kxy = 0 (5-67) 
ma, + ka, + x? = (5-68) 
my + kx, + 2x%, = 0, ete. (5-69) 


We can now solve these equations in succession in order to get the various 
functions needed in our series (5-64). We see that this procedure is possible 
in principle because each successive differential equation for a given func- 
tion involves only functions of a lower order, which can be obtained from 
the previous solutions. We shall illustrate this procedure only for the first 
two equations, (5-67) and (5-68). 
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The first approximation to x is obtained as the solution of (5-67). 
Since this is identical with (5-7), the solution is given by (5-16) as 

Lg = ACOS (Wot — y) (5-70) 

In order to find the second approximation, we substitute (5-70) into 


(5-68) and find that 


mé, + kx, = —a2 = —a® cos? (wot — y) = —4$a*[1 + cos Qaot — 2y)] 
(5-71) 
We try the form 
x, = bcos (2mot — 2y) + ¢ (5-72) 


where b and ¢ are constants. Substituting (5-72) into (5-71), we find that 


we must have 
—4mwa,2b cos (2wpt — 2y) + kb cos (2w9t — 2y) + ke 


= —}a®? — 4a* cos (2m9t — 2y) 
which is satisfied if kc = —4a?, or 


c= —o (5-73) 


and if 
b(k — 4mo,?) = —4a® = b(k — 4k) = —3kb 
or 


a 
b=— 5-74 
Sk (5-74) 


where we have used (5-9). Therefore (5-72) becomes 


a” a” 
2, = (—}] cos (2m ot — 2y) — — 5-75 
1 = (E) 0s aye — 29) — F (5-15) 
so that, to this approximation, the solution to our problem is found from 
(5-64), (5-70), and (5-75) to be 


e (a” « (a 
w=a2+ = acos t — + —(—) cos Qa t — 2 -<£(5| 
y+ ex, = a 608 (oot — 7) + £(Z) c0s Get — 2) — $(5 


(5-76) 


This solution contains the two necessary constants of integration, a and y, 
which can be evaluated in terms of the initial conditions, if desired. 

We note the appearance in (5-76) of the term involving twice the 
frequency of the harmonic oscillation, and it is clear that higher harmonics 
(i.e., larger multiples of «) will become involved as we go to the higher 
approximations to, This appearance of multiples of the simple harmonic 
oscillator frequency is characteristic of non-linear systems such as this, 
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non-linear meaning that the force depends on powers of the displacement 
other than the first. 

We also see that this approximation (5-76) is better, the smaller the 
ratio «/k. One could now continue this process and find 2, %3,... by a 
series of integrations of this type. However, if the values of x involved get 
too large, or the value of ¢ is too great, this whole method of solution may 
not result in a usable approximation to 2, and one would have to turn to 
other methods in order to find the displacement as a function of the time. 


Exercises 


5-1. Solve equation (5-5), which gives v = dx/dt as a function of position, for 
the time interval dt spent in the region dx. Integrate the resulting expression over 
a complete cycle of the motion in order to find the period, and thus show in this 
way that the period is given by (5-12). [You must be careful in your choices of 
the plus or minus sign in (5-5). Explain.] 

5-2. Show that for the undamped linear oscillator the time averages of the 
kinetic and potential energies, taken over one complete period, are equal. 

5-3. If the initial position and velocity of an oscillator are x» and v9, respec- 
tively, find the constants C and 6 in (5-47). 

5-4. A particle which is confined to move only along the x axis is acted on by 
the forces —ka and (t/T)f, where k, T, and f are constants. Solve the equation 
of motion and discuss the motion, finding the frequency and point of “‘equilib- 
rium.” 

5-5. Find the frequency of small oscillations about equilibrium for a particle 
subject to the potential energy of Exercise 4-4. 


G Systems of particles 


If we desire to discuss mechanical systems more complicated: than those 
consisting of a single particle, the question immediately arises: How can 
we describe them? We. shall make a natural extension of our line of 
thought up to this point and assume that they are composed of a number 
of individual mass points or particles. Hence we shall be interested in the 
properties of systems of particles, and first of all we shall want to see what 
sort of general statements we can make about such systems. 

The forces acting on the constituents of the system can be divided into 
two classes: external forces which result from influences apart from the 
system, and internal forces which originate within the system and describe 
the interactions among the particles. Suppose there is a total of N particles 
in the system; let us try to find the total force acting on one of these 
particles, the ith, for example. There may be a number of external forces 
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acting on the ith particle which we can replace by their resultant, F;. 
If we let F;, be the internal force on the ith particle due to the jth particle, 
then the total force on the ith particle is 


e 
F, = F, + DB; (6-1) 
j=1 
In the sum we must actually have j # i, since F,,; = 0. The equation of 
motion of the ith particle of mass m, then is 
mF, = F; + by F;; (6-2) 
j 
Since i = 1, 2,..., N, there is a total of N equations like (6-2). 
Let us add all these N equations together, that is, sum (6-2) over the 


-index i. The result is that 


> mi; = SKR+ >> Ki (6-3) 
i i rer 


Let us consider the double sum in (6-3); it will contain a term like Fy, + Fy 
due to the interaction of the third and fourth particles. But we know from 
(3-10) that F,,4 = —F,, so that Fy, + Fy; = 0. The same result will hold 
for each pair of particles; thus we can say that the internal forces will 
cancel out in pairs in the double sum, so that 


TTF, =0 (6-4) 
$..,7 
and (6-3) becomes 
> mF, = YF, = F, (6-5) 
where F, is the resultant of all of the external forces acting on the whole 


system. 
The last equation can be put into an interesting form if we first define 
the position vector of the center of mass of the system, R, by the equation 


= myx; pa me; 
— £ eat 
> m, M 
i 


where M is the total mass of the system. Since M is a constant, if we 
differentiate (6-6) twice with respect to the time, we find that MR = 
>, m,¥;, so that (6-5) can be written 

MR=F, (6-7) 
This result says that the center of mass of the system moves as if the total 
mass of the system were concentrated at the center of mass and the total 
external force acting on the whole system were acting at that point. Here 
we have found the justification for the common procedure in elementary 
treatments of replacing extended bodies by point particles and letting 


R 








(6-6) 





lL eee 


“0 


4 


52 Introduction to Theoretical Physics 


the total external force act at these points. We also see that, if F, = 0- 
the center of mass moves with constant velocity or remains at rest. 

We can restate (6-7) in still other terms. If we use (4-4) and define the 
total linear momentum of the system by 

a 2 P= pe mi; (6-8) 

then we see from (6-6) that * y 

P= MR (6-9) 
and that (6-7) can be written 

P=F, (6-10) 
Thus the total linear momentum equals the momentum of a single particle 
whose mass equals the total mass of the system and which is moving with 
the center of mass, and the total linear momentum changes only as a 
result of the action of external forces. 

If F, = 0, then P = const. This is a statement of the conservation of 
momentum for a system of particles. We note that, if only a given com- 
ponent of F, vanishes, the corresponding component of the total momen- 
tum will be conserved, although other components might not be. 

The angular momentum of a particle 1, is defined by 


l=rxp=rx mv=m(r x f) (6-11) 
From (1-13), we see that the magnitude of 1 is given by the component of 


p which is perpendicular to r times the magnitude of r. 
The total angular momentum of the system of particles, L, is defined by 


L= > = De x= pa mr, x i) (6-12) 


Suppose we now take the cross product of each position vector r; with 
its corresponding equation of motion (6-2), and sum the resulting equa- 
tions; the result is 


> mr, x #) = YX F, + Dn x Ki; (6-13) 
t a t j 
The torque (or moment) of the force F, is written n; and is defined by 
n, =r, x F, (6-14) 


If we use (1-15), we find that 
4a xt) =i, xt +4 e hee ee 
dt 
so that (6-13) can also be written 
7b mr; X ‘| ov in N,+ > >4, x Fi; (6-15) 
dtli dt i 3 


with the help of (6-12); N, = >'n, is the resultant torque produced by 
external forces. ; 
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Fig. 6-1 


In order to obtaina result analogous to (6-10), we shall make the plausible 
assumption that the internal forces act along the lines connecting the 
particles; this is illustrated in Fig. 6-1. The pair of particles formed from 
the ith and jth will contribute to the double sum in (6-15) the total term 


rx F, +4, x Fy, = (1, —1,) x Fj, =0 


since F;; = —F,, by (3-10), and since the cross product of the two parallel 
vectors F;, andr, — r; vanishes. The same result will be obtained for each 
pair of particles, so that 


LIN XK, =0 (6-16) 
t 9 
and (6-15) becomes 
dL 
—=N, 6-17 
p (6-17) 


Thus we have shown that, if the force between any two particles of the 
system always acts along the line joining them, the rate of change of the 
total angular momentum of the system equals the resultant of the torques 
due to the external forces. 

We now see that, if N, = 0, then L = const. This is a statement of the 
conservation of angular momentum for a system of particles. As we 
remarked for (6-10), we can see from (6-17) that, if a given component of 
the external torque vanishes, the corresponding component of the total 
angular momentum remains constant, although the other components 
may not be constants. 

We found previously in (6-9) that the value of the total linear momentum 
of the system is the same as it would be if the entire mass were concentrated 
at the center of mass and moving with this point. Let us make a similar 
investigation for the total angular momentum; we shall get a more 
complicated result. 

If r, is the position vector of the ith particle with respect to some 








“8 
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arbitrary origin, and if we let r,’ be the position vector of the ith particle 
with respect to the center of mass, then 


r=R+r, (6-18) 
as we can see from Fig. 6-2. If follows directly from (6-18) that 
v,=V+y, (6-19) 


where V = R is the velocity of the center of mass, and v,’ = i,’ is the 
velocity of the ith particle with respect to the center of mass. Substituting 
(6-18) and (6-19) into (6-12), we find that 


L= z m(r, X ¥;) = z m[(R + 1) x (V + ¥,’)] 
= Rx mV + Yr x my; + (x mai) xV 


+Rx “(s mai) (6-20) 


Now, by substituting (6-18) into (6-6), we see that p my, = 0, and (6-20) 
becomes 


L=Rx MV+ Dr; x my,’ (6-21) 


Thus we see that the total angular momentum of the system with respect 
to the origin O equals the angular momentum of a particle of mass equal 
to the total mass, the particle being located at the 
center of mass and moving with it, plus the angular 
momentum of the system about the center of mass.. 
The total angular momentum therefore depends on 
the coordinate origin one is using; however, the 
total torque also does, so that we always have (6-17) 
as a valid equation, regardless of what coordinate 
system we use, provided that we calculate L and N, 
O with respect to the same origin. 
Fig. 6-2 We now turn to the related concepts of work and 
energy as they apply to a system of particles. 
Suppose we let W1, be the total work done by all forces when the system 
is changed from an initial configuration labeled 1 to a final configuration 
2. This total work will be the sum of the work done on each particle; thus, 
if we use (4-11) and (6-1), we obtain 


2 2 2 
Wi = x F,, ¢ dr, = >a F; e dr; + py al F,; ba dr, (6-22) 
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We can proceed as we did before in (4-12) and (4-14) to obtain 
2 2 2 
si Fj, + dr, = > m,| V,-V,dt = x| d(4m,u,’) 
iJl a Z. ¢J1 
=F (x ime?) _ (= mw?) (6-23) 
i 2 i 1 


a 


If we define the total kinetic energy of the system as 


T= > my; (6-24) 


and combine (6-24) with (6-22) and (6-23), we obtain 
Wy =T,—-T, (6-25) 


so that the total work done equals the change in the total kinetic energy; 
this result is similar to that we found earlier for a single particle in (4-16). 

Before proceeding with the discussion of (6-22), let us investigate the 
total kinetic energy a little more closely. If we use (6-19) and (6-24), we get 


T= s> m(V + ¥;)+(V + y,) 
= > m,V? + Da my,” + Vs “(3 ma) 
= JMV? + Amy," (6-26) 


since }m,r,/ = 0, as before. Thus the total kinetic energy of the system 


equals the kinetic energy of the total mass of the system concentrated at 
the center of mass and moving with it plus the kinetic energy of the motion 
of the particles with respect to the center of mass. 

Suppose that the external forces can be derived from a potential energy, 
that is, according to (4-23), 


A= -&% — ye = —grad, V, © (6-27) 
Yi 


: an, 


If we use (6-27) and (1-26), the first summation on the right side of (6-22) 
can be written 


2 2 2 
>| F, - dr; = ->{ grad, V,+ dr, = — x/ dV, 
iJl iJl1 iJl1 
= oe (Vin a Vix) (6-28) 


t 


That is, the work done on the system by the external forces equals the total 
devrease in the external potential energy. 








56 Introduction to Theoretical Physics 


Now let us suppose that the internal forces are also conservative and 
hence F,,; and F,, can be derived from a potential energy V;,;. In order to 
satisfy (3-10), V;; can be a function only of the magnitude of the distance 
between the particles; that is, 


Vis = Vile, — Ul) = Vises — 2 Yi — Yi % — %) (6-29) 


We can show that this is true by calculating the force components from 
(4-23) and (6-29); for example, 


OV, ; OV;; Ax, — %;) _ OV; 


Fj,.=—-—!=-—H# sh = - * ~—6-30 
" Ox; O(a; — X;) Ox; O(a; _ 2;) ( ) 
av, aV,, Ax, — x,) aV,, 

Fug = — a! = — 4 ta yt 6-31 
- Ox; O(a; —, X;) Ox; ef O(a; — X;) ( ) 


so that F;;,, = —Fy;,. and therefore F;; = —F,, as required by (3-10). 
The double sum on the right side of (6-22) can now be written as a sum 
over all the pairs of the particles: 


2 2 
= x] F,;+dr,= > I (F,;° dr; + F;; + dr;) 
7 GJ pairs J1 


=> i Fide) 


pairs J1 
2 
= F,, - dr,; 6-32 
3, [Fuca (6-32) 
where r;; = 1; — 1;. Now, from (6-20), Fj; , = —0V;,/02;;, etc., so that 
F,;° dr; = — (a dx,; + ovis Yi + Oi dz.) = —dV;,; 
On,; Oy, 02;; 


and (6-32) then becomes equal to 
2 
~ 2. ; dV; = —2, [Vine —(Visil = -42 2 [Vise — Visi] (6-33) 


The factor 4 arises because, as one goes through all the possible values of 
i and j for each sum, each pair of particles is counted twice. 

If we combine (6-22), (6-28), (6-32), and (6-33), we see that if both the 
external and internal forces are conservative we can write 


Wi = —(V2 — Vi) (6-34) 


since we are able to define a total potential energy as 


V=TU+hT DMs (6-35) 
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If (6-25) and (6-34) are now equated, we obtain 7, — 7, = —(V, — Vj), 
or 
T, + Vo = T, + Vi = const. (6-36) 
Hence we can also define a total energy 
E=T+V (6-37) 
which is conserved quite analogously to what we obtained in (4-21) for a 
single particle. 
The double sum in (6-35) is generally called the total internal potential 


energy of the system of particles. It is ordinarily different from zero, 
and in general it changes in time as the distances between the particles 


- change in time as a result of their motion. However, the internal potential 


energy is always constant for those systems known as rigid bodies. By 
definition, a rigid body is one for which the distances between the particles 
are constant and cannot change with time; that is, 7,7 = rj; °1,; = const. 
If we differentiate this expression, we get 2r,; + dr,; = 0, which shows that 
dr,, must be perpendicular to r,;, for any possible motion of a rigid body. 
Since the internal forces are parallel to the line connecting the particles, 
we can write F,; = fr,;, where fis some scalar. Therefore F;; and dr,; are 
perpendicular, and F,, + dr;; = 0, showing that the internal forces do no 
work. But, in that case, the internal potential energy is constant; since 
the total potential energy is always uncertain with respect to an additive 
constant, the internal potential energy can therefore always be neglected in 
the discussion of the motion of rigid bodies. 


Exercises 


6-1. Two canoes, each of mass M, are at rest in the water and pointing in the 
same direction. A man of mass m jumps from the first to the second, and then 
immediately back into the first. If the friction with the water is neglected, and if 
the man does not fall into the water, show that the ratio of the final velocities of 
the canoes is (M + m)/M. 

6-2. On a certain day 3 centimeters of rain fell in 10 hours, the drops falling 
with a speed of 6 meters per second. Find the average force produced by the 
impact of the raindrops on a square meter of the horizontal canvas roof of a 
tent. (The density of water is 1 gram per cubic centimeter.) 
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¢ Generalized coordinates and 


Lagrange’s equations 


Problems in mechanics generally involve more than simply writing down 
all the equations of motion like (6-2) and proceeding to solve them. In 
our discussion to this point, we have had rectangular coordinates implicitly 
in mind whenever any specific references to coordinate systems have been 
made; it may well turn out that rectangular coordinates might not be the 
natural or simplest ones to use for a given problem, and it would be 
convenient if we could write our basic equations in some form that would 
once and for all be equally suitable for all coordinate systems. 

However, it is generally much more pressing a matter to take into account 
whatever possible constraints may limit the motion of the system. 
Constraints usually reflect some geometric condition imposed on the 
motion; for example, a bead may be constrained to move on a wire, 
a particle may be constrained to move on some surface, and the bob of a 
pendulum, being constrained to move at a fixed distance from its support, 
may possibly be constrained to move in some plane as well. 

The usual system of classifying constraints is as follows. 


Holonomic 


The conditions of constraint can be expressed as equations connecting 

the coordinates of the particles and the time, that is, of the general form 

I (ty Y> 24> Xo, eres YN> 2N> t) = 0 (7-1) 

Of course, every coordinate need not be involved in each equation 
describing a constraint. 


Example. Rigid Body. The constraints are that 
rj? = (, — 1)? = const. = a,,?, or 

@, — 1% — 4,7 = (7-2) 
which has the form (7-1). There will be one equation like (7-2) for each 
pair of particles in the rigid body. 


Example. Bead Sliding on a Circular Wire of radius a. If the plane of the 
circle is chosen as the xy plane and the origin put at the center, the 
equation of constraint is x* + y? — a® = 0, which has the form (7-1). 
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Non-holonomic 


The constraints are not expressible as equations involving the coordi- 
nates. 


Example. A Particle Which Cannot Penetrate a Sphere of Radius a. If 
the origin is chosen at the center of the sphere, then the condition of 
constraint is that 22 + y? + 2? > a. But this has the form of an inequal- 
ity, not an equation, and therefore the constraint is non-holonomic. 


Scleronomous 


The constraints are independent of the time. The rigid body constraints 
(7-2) are examples of time-independent constraints. 


Rheonomous 


The constraints explicitly depend on the time. For example, in the 
example of the particle which could not penetrate the sphere, if the sphere 
were expanding, contracting, or pulsating in some way so that a(t), then 
the constraint would be time dependent. 


The existence of constraints gives rise to two types of difficulties. First, 
the coordinates of the particles are not all independent since they are 
connected by the equations of constraint. As a result, the equations of 
motion (6-2) are not all independent, and we must somehow take this into 
account during our solution of the problem. Second, we are not given the 
forces of constraint, that is, the forces which keep the bead on the wire, 
keep the rigid body rigid, prevent the particle from penetrating the sphere, 
etc. In fact, the forces of constraint are actually some of the unknowns, 
and they must be found, or perhaps somehow be bypassed, during the 
course of solution; all of this obviously adds to the difficulties of solving 


the problem. 


7-1 Generalized coordinates 


For holonomic constraints, the first difficulty can readily be taken care 
of by the use of generalized coordinates. In general, any convenient set of 
parameters which can be used to specify the configuration of the system 
can be taken as the generalized coordinates. 
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Suppose our system contains N particles. Since each particle needs three 
coordinates to specify its position, we require a total of 3N coordinates to 
describe the configuration completely, if there are no constraints on the 
system. We say that the system has 3N degrees of freedom. However, the 
number of degrees of freedom will be reduced if there are constraints. In 
particular, let us suppose there are k equations like (7-1) which express 
holonomic constraints. These k equations can be used to eliminate k of 
the 3N coordinates from the equations of motion by solving the k equations 
for the k eliminated coordinates in terms of the others. Then we shall be 
left with a total of (3N — k) independent coordinates, and the system is 
said to have (3N — k) degrees of freedom. 

Rather than using the (3N — k) rectangular coordinates as the inde- 
pendent variables, it is often convenient to introduce instead (3N — k) new 
independent variables, 91, q2,....43v—,- The original coordinates can be 
expressed in terms of this set of generalized coordinates, and we shall have 
3N relations of the form 


®y = 2491, Jo, -- + 5 93n—w t) 
n= WM; qa Sets 93N—K> t) 


Zy = 2y (91, 925+ +++ I3n-w ¢) 


which are known as transformation equations. 


(7-3) 


Example. Simple Pendulum in a Plane. This system consists of a particle 

of mass m which is connected to a point of support by a rigid, massless 

rod of length /. The support is such that the 

particle is confined to move in a given plane; 
1 this is illustrated in Fig. 7-1. 

The two physical constraints are that the 

particle moves only in the zy plane, and that 

it is always a constant distance / from the 


y 


o origin. These constraints can be expressed by 
the two equations 
x 
z2=0, #@4+y/=/7 7-4 
Fig. 7-1 bis “ 


and are therefore holonomic. Hence there is 
only one degree of freedom, which could be chosen as either 2 or y- 
However, it is clear from the figure that the configuration is completely 
specified by the single variable 6, which is actually a more natural one 
to choose for this system. The transformation equations for this case 
then are 


x=/cos0, y=Z/sin0 (7-5) 
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with the last one, 2 = 0, being actually one of the equations of con- 
straint. Therefore, for this system our single generalized coordinate 
can be taken to be the angle 6. 


The preceding example shows that generalized coordinates need not be 
coordinates in the usual sense. They can be angles, angular momentum 
components, energies, amplitudes of Fourier series expansions—in short, 
any variables which are independent and are sufficient to determine the 
configuration of the system if their values are known. 

We have seen that, for holonomic constraints, where we have equations 
involving the coordinates, we can bypass the first difficulty of non- 
independent coordinates by introducing independent generalized co- 
ordinates. For non-holonomic constraints, where equations connecting 
the coordinates are not available, there is no general way of eliminating the 
extra dependent coordinates, and each problem must usually be considered 
separately. The net result is that non-holonomic systems are generally 
much more difficult to deal with than are holonomic ones. Fortunately, 
however, virtually all the aspects of mechanics which are important in the 
study of atomic and molecular properties can be safely assumed to 
involve only holonomic systems, and, in fact, the whole concept of 
constraint is somewhat artificial for these problems and generally enters 
only as a result of some mathematical idealization of the actual situation. 
Accordingly, we shall assume from now on that we are dealing only with 
holonomic and scleronomous systems, so that we can always assume 
equations of constraint which do not explicitly contain the time. 

The second difficulty, which arises because the forces of constraint are 
not known, is still with us even though we are using generalized coordi- 
nates. One of our previous results, however, gives us a hint about what 
we can do next. We know that rigid bodies are systems which are described 
by holonomic constraints and, in addition, the forces of constraint which 
keep the particles at fixed separations are simply the internal forces. At 
the end of Chapter 6, we saw that the internal constraining forces do no 
work and, therefore, do not even enter into the problem. In other words, 
for this particular holonomic system, the constraint forces have been 
eliminated, in effect. As a result, we are led to think that it would really 
be very nice if we could somehow, formulate mechanics so that the unknown 
forces of constraint would not even appear and only the known external 
forces would need to concern us. This is what we shall now proceed to do. 


7-2 D’Alembert’s principle 


We begin by defining a virtual infinitesimal displacement of a system as 
any change in the configuration of the system which would be the result 








A 
{ 
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of any arbitrary infinitesimal changes in the coordinates which we can 
imagine, consistent, however, with the forces and constraints of the system 
at a given instant ¢. 

We represent the changes in the positions of the particles in a virtual 
displacement by ér;. As this displacement of the system is one we are 
visualizing, these particle displacements will not necessarily correspond to 
any actual displacements which occur during the natural motion of the 
system; we shall reserve the symbol dr; to represent these actual displace- 
ments of the particles. 

Suppose the system is in equilibrium so that F, = 0 for all i. Then, 
clearly, 

F,- or, = 0 (7-6) 


or, the virtual work (that is, the work done in a virtual displacement) 
done on the ith particle is zero. Summing (7-6) over all the particles, we 
find the total virtual work to be 


dW = DF, + dr, = 0 (7-7) 


As yet, absolutely nothing new is represented by (7-7). Now, however, we 
want to divide the force on the ith particle into the applied force F,, and 
the force of constraint f,; hence 


F,=F,, + f, (7-8) 
Then (7-7) becomes 
> F,,° or; + > f, - or, = 0 (7-9) 
We now assume that the virtual work of the forces of constraint is 
zero, so that 


> f,- or; = 0 (7-10) 


Actually, this is practically the only possible situation we can imagine, 
namely, that the forces of constraint must be perpendicular to any possible 
displacement so that f;-d6r;= 0; if the constraint forces were not 
perpendicular, the system could be spontaneously accelerated by the 
forces of constraint alone, and we know that this does not occur. The 
only other possible conditions for which (7-10) would not hold would be 
for frictional forces which act along the direction opposite to the dis- 
placement; we shall, however, exclude frictional forces from our considera- 
tions. 
Substituting (7-10) into (7-9), we get the principle of virtual work, 


> Fin + Or, = 0 (7-11) 
d 
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which holds for the equilibrium case and which does not involve the 
forces of constraint. We cannot say, however, that (7-11) implies that each 
F,, = 0 even though the displacements are arbitrary, since they are not 
all independent but are connected by the equations of constraint. In 
order to be able to equate coefficients to zero, we would have to transform 
(7-11) to a form involving only the virtual displacements of the independent 
generalized coordinates g;; we shall not do this for (7-11), however, as 
(7-11) holds only for the static case and we are primarily interested in the 
dynamic case. ; 
Let us now consider the equation of motion F; = p; or 


F, — p,; =0 (7-12) 
This form (7-12) can be taken to say that the particle will be in equilibrium 
for a force equal to the actual force acting on the particle plus a “reversed 
effective force,” —p,; thus dynamics can, in a sense, be thought of as being 


reduced to statics. 
Proceeding exactly as above, we can start with (7-12) and obtain 


yf: — p,)- or, = 0 
and then 
> Fin — Pi) * Or, + 2 f; + Or; = 0 (7-13) 


Again we require that the forces of constraint do no work so that (7-10) is 
satisfied and (7-13) becomes 


pa (Fi — Pi) : or, = 0 (7-14) 


which is known as D’ Alembert’s principle. We see that in (7-14) we have 
attained our goal of eliminating the unknown forces of constraint; we 
can now drop the identifying subscript a, as only applied forces will be 
encountered and (7-14) can be written 

> (F; — P;) - or, = 0 (7-15) 


a 


7-3 Lagrange’s equations 


In order to obtain useful separate equations from (7-15), we must 
transform it and express it in terms of the independent generalized co- 
ordinates g;. Let the system have n degrees of freedom; the generalized 
coordinates are qy, Jo, .-+59j,++++Yn. Now, because of (7-3), we have 


Ox : 02, , 
da, = ¥ —! dq,, => — (7-16) 
x; > Oa, dj, % 254," 
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and so on, so that 


or, => Bey: (7-17) 
7 0q; 

n= TSG, (7-18) 
9; 


(In all these equations, i = 1, 2,..., Nand j = 1, 2,...,7). 
Let us consider the virtual work term of (7-15); with the use of (7-17), 
this becomes 


6W= p F, + or; = 2 (x F,- =) 6q; = 2 9; 64; (7-19) 


where 


= SR im 3 (ra BE + Fu Fe 241) (7-20) 
oq *0q; 


and is called the jth ee of the generalized force. 


Example. Use of Polar Coordinates. 
Suppose we had decided to use 
the plane polar coordinates (r, 9) 
shown in Fig. 7-2 rather than the 
rectangular coordinates (x, y). 
For any particle, the equations 
connecting the two sets are 


x=rcos#, y=rsin@ (7-21) 





If we take g, = r and q. = 9, then 


Se we find from (7-20) and (7-21) that 
0,=2,= pe + Fe F,cos0+F,sin6=F, (7-22) 
or or 
where F, is the component of the force along r. Similarly, 
ne oe ee OY _ _Fysind + F,rcos6=N (7-23) 


a. =|” a6 
where N is the magnitude of the torque which tends to increase the angle 
0, as we can see from Fig. 7-2 and (6-14). We also see that (7-19) 


becomes 
OW = F,dx+F,dy= Q, dr + Q, dO (7-24) 


Thus we have seen in this example how we can identify the generalized 
force components; we have also found that they need not be actual 
forces, as such, but may be torques, for example. 
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Now let us return to the consideration of the remaining term of (7-15). 


Using (4-4) and (7-17), we find that 


S bie dr = Sma dn, = (Ema -S 5 a) bq, (7-25) 
i i q; 


d 


Now we can write 


. OF; d . OF; . doa, | 
ye = — Pe) — £6 7-26 
xm 04; > Fat a) es “(5e) oe 


and, if we apply (7-18) to Or,/0q; rather than to r,, we get 


4 (2) = 32 (Sa = 2 ( og) 
dt\dq,) ¥ Oa,\0a,) ”  Oq,\% Bay 


ees” 2 (a) (7-27) 
dq;  0q;\dt 
We also see that, if we differentiate (7-18), we obtain 
De 2 (7-28) 
0g; a4; 


Substituting mae and ee into (7-26), we get 


is ; i) . a 
myx; * >— myxX,*>~) — Mi > 


te 8) | — 5 (Z am) 


: 04; ~ 04; i 
after using (6-24) in order to introduce the kinetic energy T. As a result, 
(7-25) can be written 


‘ d (OT oT 
0 ON, = E (=) _ a é (7-30) 
>P 2h atlag,) ~ Bagh 
so that, when (7-19) and (7-30) are substituted into (7-15), we obtain 
"td (OT )-§ i 
il (ps pans 6q, =0 7-31 
> Peer af Q; | 043 ae 


For a holonomic system, the 6g; are all independent; this means 
that (7-31) cannot be generally always zero unless the coefficient of each 
bq, is independently zero. Thus we get the n equations 


d (OT oT 
ae ee 7-32 
abe 0q; 2; ( ) 


af 


=m gi 
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These equations are valid whether the applied forces are conservative or 


non-conservative. 
Now suppose the forces are conservative and thus derivable from the 


potential energy V so that 


a a ee ae oe 


If we substitute (7-33) into (7-20), we obtain 


OV ax, , AV Oy | AV dx, _ wv 
j= —— +] = 7-34 
ae 0q; ay, 0q; i dz, 0q; 84; a 
and (7-33) can be written 
“() awe EG (7-35) 
dt \0q; 0q; 


Since V can be a function of position only, and thus is independent of the 
generalized velocities g,, we must have 


BU ag =0 (7-36) 
04; 
The time derivative of (7-36) will also be zero, and we can add this to (7-35) 
to get 


s)= Q) Ary) (7-37) 
dtL 04; 0q; 
If we define the Lagrangian function L by 
L=LQ,-- +399 +++99n) = T—-V (7-38) 
then we can write the n equations (7-37) as 
“() = Bb 6 (7-39) 
dt 04; 0q; 


which are known as Lagrange’s equations of motion for conservative, 
holonomic systems. 

We should remember that Lagrange’s equations are simply Newton’s 
laws of motion (F; = m,a,) expressed in terms of generalized coordinates; 
consequently, we have added nothing new to mechanics, but we have 
expressed the basic results in a more convenient form. One of the principal 
advantages of (7-39) is that we deal only with the sca/ar quantities T and V, 
rather than with vector forces and accelerations. 

Lagrange’s equations (7-39) can be used when the forces can be derived 
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from a potential energy V. If they cannot, one can always go back to the 
equations (7-32). We now want to illustrate the procedures followed in 
the use of Lagrange’s equations by considering a few specific examples. 


7-4 Examples of Lagrangian methods 
Linear harmonic oscillator 


From (4-15) and (5-3), we have 
T = 4ma?, V = hk2? (7-40) 
so that (7-38) becomes 
L = L(a, &) = $ma? — hkx? (7-41) 
Since there is only one degree of freedom, the single Lagrangian equation 
of motion (7-39) becomes 


“() — Fa 9 = Sma) = (- kx) = mé + ka (7-42) 
dt\0% Ou 

which is, of course, exactly the equation of motion (5-7) which we have 
already studied. 


Particle moving near the surface of the earth 


We use rectangular coordinates and let the z axis be along the upward 
vertical direction. From (4-15), the kinetic energy is 


T = m(? + 7? + 2) (7-43) 
The only applied force we consider is the weight of the body, w, which is in 
the negative z direction so that F, = F, = 0, F, = —w. It is found that 


all bodies have the same acceleration g when falling freely near the surface 
of the earth where, to a good approximation, the value of g is 9.8 meters/ 
second? = 980 centimeters/second? and is approximately constant. Thus, 
for this special case, (4-1) becomes 


Weight = w = mg (7-44) 
in terms of magnitudes. Since F, = —mg = —dV/dz, we see that the 
gravitational potential energy for a particle near the surface of the earth is 

V = mgz (7-45) 


where we have set the additive constant equal to zero. 





——— 
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When (7-43) and (7-45) are substituted into (7-38), we obtain 
L= 4m? + ¥ + 2) — mgz (7-46) 


and the equations of motion 


£(E) -E=0 4 (2) -Z =o 4 (2) -Z=0 
dt\at) du ° dt\ay dys dt \ dz 
become 

#=0, g=0, 2=-8 (7-47) 


Atwood’s machine 


This system consists of two masses, m, and m,, suspended over a mass- 
less pulley of radius a and connected by a flexible string of constant length 
as shown in Fig. 7-3. The configuration clearly can be specified by the 
two coordinates z, and z.. There is an equation of constraint for this 
system; it is given by 

4+%+n7a=!/ (7-48) 


where / is the constant length of the string. Therefore this is a holonomic 
system of one degree of freedom. As a generalized coordinate, we take z,; 
we can always find z, from (7-48) to be 
@2,=l—na—% 
so that 
y= hy, 2g = ky (7-49) 
The kinetic energy is given by 


T = bmi? + dni? = 4m, + m2? (7-50) 
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with the use of (7-49). The only external forces are the weights of the two 
masses, and if we use (7-45) and remember that our z coordinates are 
measured downward here, we find, with the aid of (7-48), that 


V = —mgz, — mgz, = —(m, — m,)gz, + Vo (7-51) 
where 
Vy = —gm,(/ — 7a) = const. 


The Lagrangian then becomes 
L= L(%, 4%) = T- V = km + m,)2,? + (my, — m)gz, — Vo (7-52) 


Since 


OL : L 
= = (m, + mA, he = (m, — m,)g 


04, 02, 


the equation of motion (7-39) becomes 


“fm + m,)%] — (m, — m)g = 0 
or 


5 (m, = Mg) —_3 i 
zy Giecd wie md 2, (7-53) 


which is the standard result. We see from (7-53) that we will have equi- 
librium (2, = 0) when m, = m,; this is certainly clear from the construc- 
tion of the system. 


Simple pendulum 
This system is illustrated in Fig. 7-1. From the transformation equa- 
tions (7-5), we find that 


¢= —/l6sin6, y = 16 cos6 
so that 
T = 4m(a2 + 9?) = 4m??? (7-54) 


The potential energy is 
V = —mgx = —megl cos 6 (7-55) 


[We can easily see that (7-55) is correct because it gives the correct force, 
F., = —dV|dx = mg, for the vertical axis pointing down.] Therefore the 
Lagrangian function becomes 


L = L(0, 6) = T — V = 4ml*6? + mel cos 0 (7-56) 
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and since 


ot = ml’, ee —megl sin 0 


00 06 


the equation of motion (7-39) becomes 


¢ (ml*6) — (—mgl sin 0) = 0 
dt 
or 


6+ (£) sin 6 = 0 (7-57) 


If the amplitude of the motion is small enough that sin @ ~ 6, then 
(7-57) becomes 6 + (g//)0 = 0, which is the harmonic oscillator equation 
of motion (5-8) with wm 9? = g//. Hence the pendulum angle will vary 
sinusoidally with the time, and, from (5-12), the period will be 


oe ot oe On rp (7-58) 


The general solution of ne involves elliptic functions; we do not 
discuss this here but simply point out that, in general, the period depends 
on the amplitude and increases as the amplitude increases, although the 
effect is not large. 


General analytical form of the kinetic energy when expressed in 
generalized coordinates 


Basically, we have defined the kinetic energy only in rectangular co- 
ordinates, and we must use the transformation equations in order to 
express it in generalized coordinates. Using (6-24) and (7-18), we obtain 


T= ¥ imi? = Sam(3 Fa) pe ix) 


TELE Blas ET and (7-59) 


where 


Or; OF, 

"0q; "Oa 

On, Ox, dy, Oy; Oz, a) 
04; O01 04, Oq, 24, 24 


a, = 4 x(91> 666 In) = > 


= Em (5 (7-60) 
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For the holonomous scleronomous systems we are considering, we see 
by (7-59) that the kinetic energy is always a homogeneous quadratic form 
in the generalized velocities, that is, in the g;. We shall make extensive 
use of this result later on. 

Although the use of Lagrange’s equations almost gives one a purely 
routine and mechanical way of deriving the equations of motion, it is 
still possible to make mistakes. The most common mistake made by 
beginning students is to get the wrong expression for the kinetic energy in 
terms of the generalized coordinates. The main reason for this is that 
they try to guess at the form, and their experience is too limited for this 
to be generally successful. The only foolproof method is to start with the 
undoubtedly correct expression for T in rectangular coordinates (6-24), 
and then to substitute the expressions for #,, y;, etc., obtained from the 
transformation equations; this is what we did for the simple pendulum 
to obtain (7-54). Sometimes this method is tedious, but it is guaranteed; 
an alternative method, of course, is to evaluate the a,, from (7-60) and 
use (7-59). 

As an example of the latter procedure, we can apply (7-60) to the simple 
pendulum. There is only one particle, and one generalized coordinate 
9, = 9; the equations of transformation are given by (7-5). Therefore 
(7-60) reduces to 


nui m| (2) m ()] = m[(—I sin 6)? + (cos 6)*] 


= mP (7-61) 


and then (7-59) becomes T = }a,)62 = 4ml262, which is the same as 
(7-54). 


7-5 Generalized momenta and conservation theorems 


Up to this point, we have concerned ourselves mainly with obtaining 
the equations of motion, rather than with solving them once we have them. 
Many of the general remarks we previously made are applicable here, too. 
A system of n degrees of freedom will have n differential equations of 
motion, each of which is second order in the time. Because the solution 
of each equation will require two integrations, one will end up with a total 
of 2n constants of integration, which can be determined from the initial 
conditions, that is, the initial values of the nq, and then q,. Most problems 
cannot be completely solved in terms of known functions, but often 
certain incomplete information about the mechanical properties of the 
system can be obtained fairly easily and is often of greater interest and 
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importance, particularly in the study of atomic and molecular properties, 
than a complete knowledge of all the g; as functions of t. 

In many cases, one can quickly obtain a number of first integrals of the 
equations of motion. These are relations of the general type f(q1, 92, - - - » 
Ino Gis ++ +s Gn» t) = const., and they are first order differential equations. 
In fact, the conservation theorems for linear momentum, angular momen- 
tum, and energy which we obtained in Chapters 4 and 6 are exactly of this 
type, since they involve only first derivatives of the coordinates with 
respect to time. We now want to see how these conservation theorems, 
as well as first integrals in general, can be handled in our Lagrangian 
formulation. 

Let us consider first a system of particles subject to conservative forces. 
If we use (7-36), we obtain, for example, 


0L _ oT-—V)_O0T_ 20 12 2 32 
a ee ae ie ee m(é; + 9 + %) 
0x, 0x, Oz, 0a, 2} ( 
= M2, = Pre 
where p,, is the x component of the linear momentum of the /th particle. 


This result immediately suggests a generalization of the concept of 
momentum. 


The generalized momentum associated with the generalized coordinate 


q; is written p; and defined by 

_ aL 
04; 

Often p; is called the canonical momentum or conjugate momentum, 

We also see that, if q; is not a rectangular coordinate, then p,; need not even 

have the dimensions of a linear momentum. 


Example. Simple Pendulum. We find from (7-56) and (7-62) that 


OL 2A 
=— =mil6 (7-63) 
Po 26 
For this example, p, is the angular momentum of the particle since 6 is 
the angular velocity and, therefore, pp = mi(J0) = mlv = |r x my| = |I, 
according to (6-11). 


Ps (7-62) 


If the Lagrangian does not contain a given coordinate q, (although it 


may contain q,), then q; is said to be cyclic or ignorable. As an immediate 
consequence, we see that, if g; is cyclic, then OL/0q, = 0 and (7-39) 
becomes d (24) " dp, _ ‘ 

dt\0q; dt 
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soe P; = const. (7-64) 
In (7-64), we have a general conservation theorem: The generalized 
momentum conjugate to a cyclic coordinate is conserved. Or, in other words, 
for each cyclic coordinate, the corresponding generalized momentum is 
one of the first integrals of the motion. 

It is not completely evident at this point that there is any connection 
at all between (7-64) and our previous discussion of special conservation 
theorems, and the additional question naturally arises about what general 
properties of a system lead to some coordinate being cyclic. It would take 
us somewhat far afield to discuss this point in great detail, but, in general 
terms, the existence of cyclic coordinates is closely related to the symmetry 
properties of the system. As an example to show how this comes about, 
let us suppose that our system is completely invariant to a translation 
along the x axis of a rectangular coordinate system; by this we mean that 
the whole problem is independent of the particular value of x and is 
completely unaffected by a change in x. This can only mean that x cannot 
appear in the mechanical description of the system, for, if it did, the 
particular numerical value of x would make a difference, contrary to our 
assumption. Thus x is a cyclic coordinate, —dV/dx = 0 = F,, and the 
total ~ component of the linear momentum is constant as stated after 
(6-10). In short, if a translation of a system along a given coordinate leaves 
the whole problem unaltered, that coordinate is cyclic, and the component 
of the total linear momentum along that direction is conserved. Similarly, 
it can be shown that, if the change in a given generalized coordinate 
corresponds to a rotation about some axis, and if the system is unchanged 
by such a rotation, the corresponding coordinate is cyclic and the com- 
ponent of the total angular momentum along the axis of rotation is 
conserved. 

The conservation theorem which we have not yet considered is that of 
conservation of energy for conservative systems. Since L is a function of 
the q; and g, and is otherwise independent of the time, we obtain 

aL _ + OL dq; OL dq; 


If we substitute 0L/0q,;, as obtained from (7-39), into (7-65), we get 


aL _ “(Sa oe tds) = (42) 
dt ele 4+ 35 at) =X ai\Y ag, 


(7-65) 


so that 
<( OL <( : ) 
& ete th an & iat Bt -igG 
dt 24 04; dt > 4? 


C—O —— 
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and therefore 
h = > 4,p; — L = const. (7-66) 
i 


Thus the quantity h is one of the first integrals of the motion, and we now 
want to show that it is numerically equal to the total energy. 
For conservative systems, 


= Ok oT 
"0G; 24; 
so that (7-66) can also be written 
h=>q, 7-1 (7-67) 
7 04; 


We have also seen in (7-59) that T is a homogeneous quadratic function 
of the generalized velocities, and therefore 


oT ; ; ; 
ras E> a gge +4 Dd aide = > Ide (7-68) 
q ; k k k 


J 


since a;, = a,;, according to (7-60) and (1-8). Therefore 


Ya, 
so that (7-67) becomes 
h=2T—L=2T-(T-—V)=T+V (7-69) 


aT 
a4; 


a 


= 2 dads = 2T 
d 


and therefore h equals the total energy (6-37) and is conserved, according 
to (7-67). 

In a sense, we can also see that the conservation of total energy, from 
the point of view of our general momentum conservation theorem (7-64), 
indicates that the energy is essentially the generalized momentum conjugate 
to the time, since the time did not explicitly appear in L and hence could 
be thought of as being cyclic. This idea plays an important role in more 
advanced formulations of mechanics and is also of great importance in 
the development and application of quantum mechanics and atomic 
theory. 


Exercises 


7-1. A more elaborate Atwood’s machine is constructed by passing a string of 
length /, over a massless pulley and hanging a mass m, on one end of the strin, 
and a pulley of mass m, (but negligible moment of inertia) on the other end, 
Then a string of length /, is passed over the second pulley, and masses m, and m, 
are fastened to its ends, Show that this system has two degrees of freedom, ani 
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find the Lagrangian and Lagrange’s equation of motion. Under what conditions 
will m, be in equilibrium? 

7-2. A bead of mass m is constrained to slide on a smooth wire which has the 
shape of a parabola in the xy plane and 
has its axis in the vertical direction. What 
is (are) the equation(s) of constraint? How 
many degrees of freedom does this system 
have? Find the Lagrangian and the La- 
grange equation(s) of motion. 

7-3. Find the Lagrangian and Lagrange 
equations of motion of the double pendulum 
shown in Fig. 7-4. Assume that the masses 
of the rods can be neglected, that the motion 
of both pendulums is confined to the same 
vertic plane, and that the only external 
forces acting are the weights of m, and mg. : 

7-4. A particle of mass m moves in three Fig. 7-4 
dimensions. Show that, if the position is 
described by the spherical coordinate system of Fig. 18-4b, the kinetic energy is 
given by T = 4m(* + 6? + r? sin? 0g”). Find the Lagrange equations of 
motion if V = V(t, 0, ¢). 





&B Two bodies with central forces 


As an example of the use of Lagrange’s equations, we shall consider the 
important general problem in which our system consists of two particles 
of masses m, and m,, which form a conservative system with potential 
energy V. We shall assure to begin with that V depends only on the 
separation between the particles; that is, 
V = V(r, — r.) = Vir). We shall show 
first that this can always be reduced to a 
simpler problem. 


8-1 The equivalent one-body problem. 


Our system of two particles has six 
degrees of freedom. Let us choose them 
to be the three components of R, the 
position vector of the center of mass, 
and the three components of r. The relations among the various 
coordinates are illustrated in Fig. 8-1, where r is the vector which would go 
from mg, to m, if it were drawn in, 





Fig. 8-1 
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From the figure, we see that 
mnr=R+r, mr=R+r, (8-1) 


where the primed vectors are the position vectors with respect to the center 
of mass and are also shown in Fig. 8-1. Therefore 


r=r—-r =r —4k,’ (8-2) 


Also from the definition of the center of mass [compare the remark after 
(6-20)], we have 


mr’ + mr, = 0 (8-3) 
so that 
r= — (™) Ty! (8-4) 
mM, 


which, when substituted into (8-2), gives 


m m, +m 
r=r,' + (™) r = + —* r/’ 
My, 


Mg 


If we solve this for r,’ and use (8-4), we finally obtain 


n= ( = )r and n= -(—"_r (8-5) 


mM, + My m, + Mm, 





Thus we can locate the particles if we know R and r, for, when (8-5) and 
(8-1) are combined, we get 


1 =R+ (—"— )r, r, =R— (=): (8-6) 
m, + Mm, m, + Mz 
The kinetic energy is obtained from (6-26) and is 
T = im, + m,)R? + gmt? + dmgh,” (8-7) 


We can express 7 in terms of our chosen variables by differentiating (8-5) 
and substituting into (8-7); the result is 


T = 4MR? + Ami? (8-8) 
where M = m, + my is the total mass and where m is given by 
n= _ MyM or hi = 2 + S8 (8-9) 
m, + Mm, m mM Ms 


and is called the reduced mass. 
The Lagrangian is therefore found from (7-38) and (8-8) to be 


L = 4MR* + bmi? — Vr) (8-10) 
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We see that the three components of R do not appear in L and are there- 
fore cyclic. Hence the components of momentum conjugate to R are 
constant, and thus the center of mass of the system has a constant velocity 
V, = R and therefore 

R = Vot + Ro (8-11) 


where the constant Ry is the location of the center of mass at ¢ = 0. 

We see from (7-39) and (8-10) that the Lagrangian equations of motion 
for the components of r will not contain R or R. Since we already know 
the solution (8-11) for R, we can therefore drop (ignore) from (8-10) the 
term involving R so that our effective Lagrangian is simply 


L = L(r, i) = 4mi? — V(r) (8-12) 


Thus the whole problem is exactly the same as that of a single particle of 
mass m moving at a distance r from a fixed center of force which gives rise 
to the potential energy V(r). In other words, we can always reduce this 
type of two-body problem to the equivalent one of the motion of a single 
particle about a fixed force center. 


8-2 Central forces 
We now assume that V depends only on the magnitude of r, i.e., 


V = V(\r|) = V(r). Then the only force component is along the direction 
of r and has the magnitude 


dV 
fo=-= (8-13) 
dr 
Therefore we can also write 
F = f(nt = f(r) (*) = mi (8-14) 
r 
Taking the cross product of r with (8-14), using (1-15) and (6-11), we obtain 
WER wena inh aS (8-15) 
dt dt 


so that the angular momentum | is constant. Thus I is a vector fixed in 
space, and r is always perpendicular to it. In other words, for central 
forces, the orbit always lies in a plane which is perpendicular to the fixed 
direction of the angular momentum. 

It will be convenient to use the polar coordinates r and 6 to describe 
the particle’s position in this plane. We shall then have 


x=rcos0#, y=rsin6é (8-16) 
#=rcos0—r6ésind, y=*sind + ré cos 6 (8-17) 
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so that $m(a” + 9?) = 4m(# + 726?) and (8-12) becomes 
L= hm(F? + 7°62) — Vir) (8-18) 


We see that 4 is a cyclic coordinate and therefore, by (7-64), its conjugate 
momentum is constant: 


OL , 
Po = Pia mr*6 = | (8-19) 
In fact, the equations of motion obtained from (7-39) are 
d dv 
4 ont) — #2) -o 8-20 
at ) (mr dr Ca 
di, as 
—(mr*é) = 0 (8-21) 
dt 


The second of these equations, (8-21), immediately gives (8-19). 
Equation (8-21) can also be written 


: ae ; 
FA al (8-22) 


to which we can give an interesting geometrical interpretation. From Fig. 
8-2, we see that, if dA is the area swept out by the radius vector in a time 
dt, dA = 4r(r dO); then the rate at which the 
radius vector sweeps out area is 


q4 Lyra acon. (8-25) 
dt 2m 


Therefore conservation of angular momentum 

is equivalent to a constant areal velocity 

dA/dt. This result (8-23) is also known as 

Fig. 8-2 Kepler’s second law of planetary motion; we 

see, however, that it holds for any central 

force, and not only for the inverse square law characteristic of planetary 
motion. 

If we use (8-13), we can write (8-20) as 


mF — mr@? = f(r) (8-24) 
We can eliminate 6 from (8-24) by using (8-19); the result is 





! l dv 
a ees Fr (8-25) 
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which is a second order differential equation for r(t). We can also write 
(8-25) as 





r 2mr? 


2 
mi = -£(v+ : (8-26) 
d 
Multiplying both sides of (8-26) by 7, we obtain 


2 P 
mit = 4 amit) = — 2(v 4 : )f = -<(v4 














dr 2mr*/ dt dt 2mr* 
so that 
£ (amit + r + v) =0 
dt 2mr* 
or 
2 
dmr? + , + V=const. = E (8-27) 
2mr 


We can show that E is actually the total energy by using (8-19) to rewrite 
the middle term of (8-27) as }mr?62 so that E= T+ V. Thus, in (8-27), 
we have again proved the conservation of energy directly from the equa- 
tions of motion. 

At this point, we are able to write the complete formal solution to the 


problem. We can solve (8-27) for 


2 4% 
$B l 135) 
dt m 2mr 


and therefore we have 


dt = 





dr 


Biome | 


so that, upon integration, we get 


mage 
m 2mr? 


where r = ry when t = 0. After performing the integration in (8-28), we 
can then in principle solve for r as a function of time, i.e., r = r(t). 
Once r(t) has been determined, we can find 6(t) from (8-19) because we 
can integrate d0 = (//mr?) dt to obtain 
I {* dt 
gé=—| —+86 (8-29) 
mJor(t) 








where 0, is the value of 0 at t = 0. 


sof 


¢2 6 


ss mi 
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Thus the solution of our problem has been reduced to the integrations 
shown in (8-28) and (8-29), which can be done in principle once the law of 
force, i.e., the form of V(r), has been given. These results are stated in 
terms of the four constants of integration, /, E, ry, and 6, which have 
entered into the description of the problem in quite a natural way and hence 
are more appropriate than those we might have originally expected to 
appear, namely, ro, 9, F, and 6p. 


8-3 Equivalent one-dimensional problem 


Although (8-28) and (8-29) do represent the complete solution, it is not 
always convenient to use them in particular practical problems, and it 
will be useful to discuss the whole problem from a somewhat different point 
of view. Before we do this, and before we also discuss a particular law of 
force, let us see what we can learn about some of the general features of 
the motion; the qualitative graphical method briefly used in Sec. 5-1 
will be useful for this purpose. 

We can write (8-25) and (8-26) as 


d P 
F= ——(V = — 8-30 
al aA 7m =a r “a 





which is exactly the form we would have for the one-dimensional motion 
of m if it were subject to the “force” 


pape (8-31) 
mr 


since then (8-30) would be written m? = f’. The term added to fin (8-31) 
to get f’ can be easily interpreted: If we use (8-19), we can write this 
term as mré? Yeh where w is the magnitude of the angular velocity 
of the particle about the origin. The last form can be recognized as a 
common way of writing the “centrifugal force,” which enters into the 
one-dimensional equation of motion (8-30) as a result of our going over 
into this moving coordinate system whose rotation prevents it from being 
an inertial system. We shall give a more systematic discussion of these 
fictitious forces later. 

We see also that the effective force f’ can be written in terms of an 
effective potential energy V(r): 


dv’ 


i 
‘'=-—; Vin=V —~ 8-32 
f a (r) = V(r) + Care (8-32) 
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V'(r) 


(b) 





Fig. 8-3 


Thus, in this coordinate system, the potential energy has an additional term 
added to it as a result of the angular notion. We can also write the total 
energy E as given in (8-27) as 

E = hmrP?+ V(r) (8-33) 
This equation has the form appropriate to a one-dimensional motion under 
the influence of the effective potential energy V’(r). 

Depending on V(r), the shape of the curve V(r) vs. r can have various 
forms; two of the more important types are shown in Fig. 8-3. If V(r) 
has the form shown in (a), i.e., if it has a minimum, there are various 
possibilities for the type of motion, depending on the value of E. If E is 
negative, then we shall have bound, periodic motion since the values of 
r will be restricted to those regions for which V(r) < E; this does not 
necessarily mean that the particle will move in a closed orbit, only that 
the motion will have r periodic. If E > 0, and if the particle is originally 
coming in toward the origin, it will come in until it reaches the point 
where V(r) = E, reverse its motion, and go back out to infinity; this is 
clearly a non-periodic motion. 

If V(r) has no minimum, as is illustrated in Fig. 8-3b, then E > 0 
always, and one can never obtain periodic motion in r. This graphical 
method in general provides a valuable way of learning qualitative features 
of the motion; we recall that we used it previously to discover that the 
motion of the linear oscillator was periodic. 


8-4 Equation of the orbit 


Rather than being interested in knowing the values of r(t) and 6(t) as 
obtained from (8-28) and (8-29), we more often want to know the equation 
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of the orbit, i.e., the relation between r and 6 from which the time has been 
eliminated and which gives us the spatial path followed by the particle. 
Our purpose is now to find a way of obtaining r = r(0) directly; we shall 
do this by going back to the equations of motion. 

It is convenient to introduce the new variable 


u=t (8-34) 
i 
When (8-34) is substituted into (8-19), we obtain 


6 = wl/m (8-35) 


which can be used to eliminate the time from (8-25). We see first of all 
that, if we use (8-35), we can get 


dr_di__1du__Adudi__Idu gag 
dt dtu u? dt u? dé dt m dO 
If we differentiate (8-36) and use (8-35) once more, we have 
dr | d*u dO (} d?u 
fe ee a ee ee 8-37 
dt? m d0* dt m’ dé? 30 
If we now substitute (8-34) and (8-37) into (8-25), we obtain 
au m ,(1 
—+u=—-—fI- 8-38 
de? Pyet (;) a 


where f(1/u) means that r has been replaced by 1/u wherever it occurs in 
the expression for /. 

This. result (8-38) is known as the differential equation of the orbit. We 
see that, in principle, once we know the law of force f (1/u), we can integrate 
(8-38) to find u = u(0), and thus r = r(9), i.e., the equation of the orbit. 
The converse problem, that of finding the law of force by differentiating 
the equation of the orbit and using (8-38) to find f, is also quite important. 

At this point, we have gone about as far as we conveniently can with 
making only general statements about motion under central forces, and 
now we want to discuss a particular case in some detail. 


8-5 Inverse square law 


The most important central force is the inverse square force; that is, 


{n= -< (8-39) 
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where k = const. The corresponding potential energy can be written 
a (8-40) 
r 


For example, Newton first proposed that one can describe the interaction 
between two point masses m, and m, by saying that there is a gravitational 
force of attraction between them given by (8-39), in which the positive 
constant k is written 

k = Gmm, (8-41) 


in terms of the universal gravitational constant G = 6.67 x 10-™ 
newton-(meter)?/(kilogram)*. Therefore (8-39) and (8-41) combined give 
the force law which we can use to describe planetary motion. Another 
important example of an inverse square force law is the static force between 
point electric charges; this will be discussed in detail in Chapter 19, but 
for now it suffices to say that this force is attractive (kK positive) when 
charges of opposite sign are involved, and repulsive (k negative) when the 
charges have the same sign. 
We find at once from (8-39) that f(1/u) = —ku?; then (8-38) becomes 

du mk 

718 +u 2 (8-42) 
and is just the type of inhomogeneous differential equation we studied in 
connection with the harmonic oscillator. A special solution of (8-42) is 
u = mk/l?; therefore we can immediately write the general solution of 
(8-42): 


ii = + u'cos(@ — 6) (8-43) 
r 


where wu’ and 6’ are constants. For simplicity, let us orient our coordinate 
system so that 6’ = 0. We see in fact that 6 = 6’ or 6’ + = results in a 
maximum or minimum value for r; thus 6’ is one of the angles at which the 
orbit turns and is called a turning point. Therefore we can write (8-43) 


1 mk 
ee 9 + u’ cos 6 
or 
____ (mk) 
1 + (u’P?/mk) cos 0 
In order to identify our result (8-44), we can try to see if it coincides with 


the empirical result known as Kepler’s first law of planetary motion: 
The orbits are conic sections (ellipses for the planets) with the center of 


(8-44) 
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Directrix 


Fig. 8-4 


force at one of the foci. In order to do this, we shall have to digress a little 
in order to discuss conic sections and their equations in polar coordinates. 

A conic section is defined as a curve such that the ratio of its distance 
from a fixed point to that from a fixed line is a constant. In terms of the 
distances shown in Fig. 8-4 from the fixed point (focus) and the fixed line 
(directrix), our definition becomes 


ji = const. = « = eccentricity (8-45) 


From the figure and (8-45) we see that 
P=d+rcos0 = (r/e) + rcos 0 
which, if we solve for r and let p = eP, becomes 
Pp = —L (8-46) 
1 + «cos 0 


We see at once that our result (8-44) is of this form (8-46); therefore 
the orbit under an inverse square force is always a conic section. 

We now want to consider some of the geometric properties of the conic 
sections and, in particular, their relation to the value of e. In order to do 
this, it will be convenient to transform to rectangular coordinates with 
the origin at the focus, i.e., we set 


x=rcos#, y=rsiné (8-47) 


Substituting (8-47) into (8-46), we obtainr + ex = p,orr=Va?4+ y= 
p — ex, and, when we square both sides of this, we finally obtain 


(1 — €*)x® + 2pex + y? = p?® (8-48) 
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If « = 1, (8-48) becomes 
y? = —2px + p? (8-49) 
which is the equation of a parabola. 
By completing the square, one can also show that (8-48) can be put into 


the form 
2 
pe 
a+ 
( 1-é y? 























+ = 1 (8-50) 
( Pp y P 
1-—é | er 
If « < 1, (8-50) has the form 

2 2 

hae + = es (8-51) 
with 

qa=z—P_, pu LR, beavi-e (8-52) 

L-< v1 —é 


which is the equation of an ellipse. A special case of this occurs when 
e = 0 and the curve is then a circle. 
If « > 1, (8-50) has the form 
(x+%)  ¥ _ 
a ea 1 (8-53) 
with 
' P ' P 
a= ’ = 9) 
e—1 e) e— 1 
which is the equation of a hyperbola. 

We now want to use these results to learn what types of orbits are 
actually possible for inverse square forces. The equation of the orbit is 
given by (8-44) and (8-46), where 

oe ee 
mk.’ mk 
From the definition of « given by (8-45), we must also have « > 0. We 
shall base our discussion on the fact that r must be positive, according to 
the way in which we derived (8-46). 








iagle=1 (8-54) 


(8-55) 


Attractive force 


Under this condition, k > 0 and therefore p > 0. It is then evident 
from (8-46) that the conditions «<1 and «= 1 are possible since 


FR Reirca td 


oy 


sab 
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Fig. 8-5 


|cos 8| < 1, so that r will be positive. Thus we can have both parabolic 
and elliptic orbits. 
If « > 1, we must have 1 + e€ cos 0 > 0, or 


ee ee 
€ 


Here 0 is restricted to the range 
—arc cos (- *) < 6 < arccos (- *) (8-56) 
€ € 


and the orbit has the shape shown in Fig. 8-5. Thus we see that the hyper- 
bolic orbit for attractive forces has the center of force at the interior focus. 

Therefore, for attractive inverse square forces, all three types of orbits 
are possible. 


Repulsive force 


Under this condition, k < 0 and p < 0. Therefore 1 + € cos 9 must 
always be negative. We see at once that this cannot be done for e < 1, 
because then «cos 6 > —1 or 1 + €cos§>0; therefore parabolic and 
elliptic orbits are not possible. 

If e > 1, as it is for the hyperbola, we must have 


ae ies 
€ 
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in order to have 1 + e cos 0 < 0. Thus @ is restricted to the values in the 
range 


arc cos (- *) <0 < 2m — arccos (- *) (8-57) 
€. € 


and the orbit has the shape shown in Fig. 8-6. Therefore, for repulsive 
inverse square forces, only hyperbolic orbits are possible, and the center 
of force lies at the exterior focus. 

In order to tell which orbits arise in a given case, we must relate the 
geometric constants of the orbit to the dynamical constants of the motion. 
First, we shall find a relation between the energy and the eccentricity. If 
we substitute (8-40) into (8-27), we find that 

12 P k 
E=3mr + -- (8-58) 
2mr? or 
Since E is constant, we can evaluate it at any convenient point on the 
orbit; when r has its minimum value, r,j,, then the particle is turning 
around so that # = 0. We also see from (8-46) and (8-55) that 
cP 
mk(1 + e) 





'min = 


so that 
2 2 
Pet ease oy (8-59) 


If we solve (8-59) for « and substitute into (8-46), we obtain 





2I7E)\ 4 
«= 8-60 
(1 + “t) (8-60) 
a I?/mk (8-61) 


2r\ 4% 
1+ (1 + ama cos 6 
mk? 





Fig. 8-6 
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Using (8-60) and the results obtained above, we can construct the 
following interesting table which relates the orbit type to the energy of the 
particle and thus to one of the initial features of the motion. 


E>0 e>1 hyperbola 
non-periodic 
E=0 e.=1 parabola 


E<0 e<l ellipse —_ } periodic 


(The special case of the periodic circular orbit occurs when E = —mk?/2/* 
and « = 0.) These results, of course, agree qualitatively with what we 
were able to say about the general features of the motion after a study of 
the curves of V’ vs. r like those of Fig. 8-3. 

Now let us restrict ourselves to the elliptic orbits; these are the ones 
which are of importance in the study of planetary motion, and in the Bohr 
theory of atomic structure. The semimajor axis of the ellipse is found 
from (8-52) and (8-55) to be 

/? 


a= mh =) (8-62) 


If we solve (8-62) for (1 — «*) and substitute the result into (8-59), we find 
that 
k 
E=—-—— 8-63 
a (8-63) 


which is a simple relation between the energy and the geometric property 
of the orbit; (8-63) shows that all ellipses with the same major axis have 
the same energy. 

If we use (8-23), we can easily calculate the period 7 of the elliptic motion 
as the ratio of the total area of the ellipse to the rate of sweeping out area: 


area mab _ 2nma® 1 — 





T= 


~ dAldt — 1/2m l 


and, if we square this equation and use (8-62), we find that 


2 = Wma = <) (=) (8-64) 
P k 

This is known as Kepler’s third law: The square of the period is pro- 

portional to the cube of the major axis and is independent of the minor 

axis. (Hyperbolic and parabolic orbits, of course, have infinite periods; 

we can also obtain this result from (8-64) in a crude way by letting a —» 0.) 
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8-1. Find the laws of force for which the following orbits are possible: 
r = ae**, r =acos 0, where a and « are constants. 

8-2. Suppose a planet were suddenly stopped in its orbit, which we assume to 
be circular. Find how long it would take it to fall into the sun, and express the 
result in terms of the original period of the motion. 

8-3. A comet travels in a parabolic orbit whose plane is the same as the plane 
of the earth’s orbit, which we assume to be circular. The point of closest ap- 
proach of the comet to the sun is at a distance from the sun equal to one third 
the radius of the earth’s orbit. Show that the comet remains within the earth’s 
orbit 74.5 days. (This problem can be worked in two ways.) 


9 Rigid bodies 


We have already defined a rigid body as a system of particles which are 
always separated from each other by constant distances. Thus we are 
neglecting the deformations which occur in all actual solids. In order to 
discuss the mechanics of a rigid body, we must have some means of 
describing its position and orientation. It is clear that, because of the 
large number of equations of constraint (7-2), the number of degrees of 
freedom of the rigid body will be much less than 3N. 

If we consider the situation illustrated in Fig. 9-1, it is evident that the 
position and orientation of the body can be completely specified by giving 
the coordinates of any three points which do not lie on the same straight 
line, that is, by giving the nine numbers 2, ¥,, 21, Vg, Yo, Za, V3, Y3, 23. ‘In 
addition, the fact that the body is rigid provides us with three equations 
of constraint involving these quantities: 

(a — 2)? + YH — Yo)? + (% — 2)? = const. 

(%_ — %3)? + Ye — Ys)” + (%2 — 23)” = const. 

(x3 — 2) + (Ys — ys)? + (23 — %)” = const. 
Since three of the nine coordinates can always be calculated from these 
equations, once the rest are known, only six of them are independent; 
hence a rigid body has six degrees of freedom. This can be seen in another 
way. It would take three coordinates to locate a given point in the body 
(e.g., point 1 of Fig. 9-1); then it would require two direction cosines to 
specify the orientation of a line which is fixed in the body and passes 
through the given point (e.g., the line connecting | and 2); then it would 
require one more coordinate to give the angle of rotation of the body about 
this line (e.g., the angle of rotation of the plane formed by 1, 2, 3 about 


 ———_, 
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Fig. 9-1 


the line from 1 to 2). The configuration of the rigid body would be 
completely specified by these six quantities, again showing that there are 
six degrees of freedom. 


9-1 Euler’s theorem 


This theorem provides the basis for the description of the motion of a 
rigid body and says that the general displacement of a rigid body with one 
point fixed is a rotation about some line passing through the fixed point. 
We can prove this theorem with the aid of Fig. 9-2. 

Let A and B be the initial positions of two points located in the rigid 
body, and let A’ and B’ be their final positions after the arbitrary displace- 
ment. The line A’B’ is the final position of the line AB; this line is also 
fixed in the body. We let O be the fixed point. Therefore OA and OB 
are the initial positions of two more lines which are fixed in the body, and 
OA’ and OB’ are their final positions. If we connect A with A’, and B with 
B’, the triangles OAA’ and OBB’ determine two planes. We construct the 
two planes N, and Nz so that they are perpendicular to the planes OAA' 
and OBB’ and, at the same time, N, bisects the angle AOA’ while Ne 
bisects the angle BOB’. The two planes N, and Np will intersect along some 
line OC. 

Now we can say that, by construction, each point on N, is equidistant 
from A and 4’, and each point on N, is equidistant from B and B’. The 
line OC has the properties of both planes, and therefore each point on OC 
is equidistant from A and 4’ and from B and B’. Also, angle AOC = angle 
A'OC, and angle BOC = angle BOC, Therefore the line OC stands in 








Part One. Mechanics 91 









2 (San 


Fig. 9-2 


exactly the same spatial relation to the system OA’B' as it does to OAB; 
that is, the system OABC itself has the properties of a rigid body. There- 
fore, when the initial system OAB is brought into the final system OA'B’, 
the line OC must remain unchanged, so that the displacement of the system 
is equivalent to a rotation about the fixed line OC drawn through the 
fixed point O. This proves the theorem. 

When a rigid body is moving continuously about one of its points, which 
is fixed in space, the displacement from its position at a time f to its position 
at t + Atcan, therefore, be obtained by rotating the body about some def- 
inite line through the fixed point. The limiting position of this line as At—0 
is called the instantaneous axis of rotation of the body at the time ¢. 

It is now a simple matter to prove Chasles’ theorem: The most general 
displacement of a rigid body is a translation plus a rotation about some 
line. With the aid of Fig. 9-3, we can easily see that we can get from the 





é 


= Bs 


Fy mizr:an Bi 


92. Introduction to Theoretical Physics 


configuration P to the configuration Q by first moving the body so that all 
the points move in parallel lines, and then rotating it about some appro- 
priate line. 

The form of Chasles’ theorem makes one think that it might be possible 
to divide the problem of rigid body motion into two parts—one part 
dealing only with the translational motion, the other part being concerned 
solely with the rotational motion. If one point of the body is fixed, the 
division is automatic because there is only the rotational motion about 
the fixed point. However, a separation of the problem into translational 
and rotational parts is often possible even for the general case. We can 
see from some of our results how this can come about. 

The six coordinates needed to describe the motion have already been 
discussed in a way which naturally suggests such a division, for it was 
pointed out that they can be so chosen that three of them are used to 
locate a point fixed in the body, while the other three can be angles used to 
describe the rotation about this point. If we choose the fixed point to be 
the center of mass, then we have seen that some of the dynamical properties 
are naturally divided. For example, we saw in (6-21) that the angular 
momentum is a sum of a contribution from the translational motion of 
the center of mass and one from the motion about the center of mass, so 
that the first term will involve only the center of mass coordinates and the 
second term only the rotation angles. Similarly, we found in (6-26) that 
the kinetic energy can be written as a sum of terms, one associated with 
the motion of the center of mass and the other with the motion about the 
center of mass. 

The potential energy can often be divided into terms each of which 
involves only one of the sets of coordinates, the translational or the 
rotational; and, in fact, almost all the problems which can actually be 
solved will involve such a separation for the potential energy. For example, 
the gravitational potential energy will involve only the vertical coordinate 
locating the center of mass. If this is the case, the whole problem does 
divide, since the Lagrangian L = T — V can be written as the sum of two 
parts, one involving only translational coordinates and one only the 
rotational coordinates, ie, L= Liang + Ly The Lagrangian 
equations of motion for one set of coordinates will not involve the other 
set; hence the translational and rotational problems can be independently 
considered. 

Since we have already discussed many aspects of the translational 
problem, we can concentrate on the rotational motion; it is important 
therefore that we be able to express the kinetic energy and angular 
momentum for the motion about some point fixed in the body in terms of 
the variables describing the rotation, and we shall begin with the discussion 
of a concept which is very important for this purpose. 
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9-2 Angular velocity 


At a given instant we can regard all the particles as rotating in circles 
about the instantaneous axis of rotation passing through the fixed point 
with the centers of the circles on this axis. Let ¢ be the angle giving the 
rotation about this axis, and let the rate 
at which it is changing be ¢. We define 
a quantity w as having the magnitude 
w@ = and the direction of the instan- 
taneous axis of rotation; this direc- 
tion is determined by the right-hand 
rule by which, if we curl the fingers of 
the right hand in the direction of the 
particle motion, the thumb points in 
the direction of w, as illustrated in 
Fig. 9-4. This quantity w is called the 
angular velocity; it has a magnitude 
and a direction, and we now want to Fig. 9-4 
show that it is also a vector. 

If we choose the origin O at the fixed point, then the position vectors of 
the particles, r,, are constants with respect to the body. We see from Fig. 
9-4 that the magnitude of the velocity of the ith particle is |v,| = (r; sin «) 
= or, Sin a, Or 





lv,| = |w x r,| (9-1) 


In other words, if we treat w as a vector in calculating its cross product with 
the vector r,, we see from Fig. 9-4 and (9-1) that we get the correct 
magnitude and direction of the vector v, from 


v7, = Tt; = x Yr; (9-2) 


Now suppose we consider two angular velocities, w, and w.. The 
velocity of the ith particle due to the first is v, = w, x r,, and that due to 
the second is Vy = w, x r;. Since v, and vy, are both vectors, the resultant 
velocity is given by the rules of vector addition as 


Y= V+ VV, =, XT, + We. XT; = (MW, + W,) XT; =W XI; (9-3) 


where we have replaced w, + w, by a resultant w. Since the resultant 
vector vy is obtained from the same cross-product form as in (9-2) but the 
resultant w is used, the angular velocities as we defined them obey the same 
law of addition as vectors and must be vectors themselves. 

Since w = w, + Ws, we also have 


w dt = w, dt + wy dt (9-4) 
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d¢i 


doy = gat ¢ 


(a) (6) 
Fig. 9-5 


As we can see in Fig. 9-5a, w, dt is the angular displacement dq, when it is 
regarded as a directed quantity in the sense shown. Then (9-4) can be 
written 


dd = dd, + dd, (9-5) 


which shows that infinitesimal angular displacements as defined in this 
way also obey the vector law of addition and are therefore vectors. 

It is an interesting and important fact that, although infinitesimal angular 
displacements are vectors, finite angular displacements are not vectors. We 
see from Fig. 9-5b that we can easily associate a directed quantity ¢ with 
a finite angle of rotation ¢; the magnitude of ¢ can be set equal to the 
actual rotation angle ¢, and its direction will be given by the familiar 
right-hand rule to be perpendicular to the plane formed by the two 
positions of the line which has been rotated through the angle ¢. Now, if 
d@ were a vector, it would obey the parallelogram law of addition; a 
fundamental property of this law of addition of vectors is its commutative 
property (1-1), and hence the order of operation is immaterial. Thus, if 
¢, and dy represented two finite rotations, and if they were vectors, we 
would have to have 4, + ¢d, = ¢, + ¢,. However, a simple example 


easily shows that 
Pr + $e # bo + 4 (9-6) 


and is illustrated in Fig. 9-6. Let us suppose that ¢, represents a 90° 
rotation about the « axis and ¢, represents a 90° rotation about the y 
axis. In (a), we show the result of performing ¢, and then ¢, on a body, 
i.e., 6, + $2; in (b), the result of performing ¢. and then 4y, i.e., Jo + Hy, 
is also shown. The initial configuration is the same, and the final results 
are clearly different; therefore (9-6) is correct. Thus these directed 
quantities associated with finite angular displacements are not vectors, 
This result is the basic origin of many of the difficulties in discussing rigid 
body motion because it means that there is no set of angles which we can 
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simply differentiate (i.e., essentially divide by a scalar) in order to get 
vector angular velocities. 

In connection with our basic result (9-2), we should note that w need 
not be a constant vector but may be changing both in magnitude and in 
direction. 


9-3 Rotation about a fixed axis 


Before we study the dynamics of rigid bodies in all its generality, it will 
be worth while to consider first a simple case which is comparatively 
familiar. 

In general, the number of degrees of freedom will be reduced if the rigid 
body is constrained. For example, if the body is constrained to rotate 
about a fixed axis as shown in Fig. 9-7, only one coordinate ¢ is needed to 
specify its configuration completely. One way of constraining the body 
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is to hold it in place by bearings O and O’. In general, if the bearings were 
not there, the body would tend to move; this tendency is obviated by the 
forces exerted on it by the bearings. In 
order to apply our theorems about the 
motion of systems of particles, we can 
replace the bearings by the forces F and F’ 
that they exert. If we let N be the resultant 
torque due to external forces, then from 
(6-17) we have 


oarxF+r xk +N (9-7) 
t 


where r and r’ are the position vectors of 

O and O’ with respect to the external co- 
ordinate system. 

Fig. 9-7 Although (9-7) is correct, we generally 

do not know the values of F and F’, but 

they can be eliminated in the following way. First, we choose our origin 

at O and the z axis along the fixed axis, so that r = 0, r’ = r’k and (9-7) 

becomes 





dL 
—=r' ‘+N 9-8 
77 rk x Fo + (9-8) 


The first term on the right is perpendicular to the z axis; consequently, 
if we consider the z component of (9-8), that is, the component along the 
fixed axis, we obtain 
L,=rkxF),+N,=N, (9-9) 
so that only the z component of the external torque need be considered. 
From (6-12), (9-2), and (1-21), we get 


L = > my; x v; = > my; x (w x 4) 
t a 


= Y me(r; + 1,) — bs M,X( + T;) (9-10) 
Now, in this case, ’ ‘ 
w = wk = ok (9-11) 
so that w-r; = wz, Also, r;-r; = 7,2, and (9-10) becomes 
L=ko x my? — © Y mex, (9-12) 


and therefore 
L,=L-k=o > mr? — 2) =o > mx? + yi) (9-13) 
If we let ; 
1, = > m(x?2 + y) = moment of inertia about the z axis 
7 
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then (9-13) and (9-11) together give 


L, = 1,,0 = ld (9-14) 
and (9-9) becomes 
L,= Lad = N, (9-15) 


Since a knowledge of ¢ as a function of time gives the orientation of the 
body completely, (9-15) is the only equation which need be considered for 
this case, and in fact (9-15) is generally the only equation considered in 
elementary courses when rigid body motion is discussed. Now let us 
return to the general case. 


9-4 Angular momentum and kinetic energy for a rigid body 
with one point fixed 
The general expression for the angular momentum is given by (6-12); 
for a rigid body, the particle velocities are all given in terms of w by (9-2). 


When these are combined, we get (9-10) again; however, (9-11) no 
longer generally obtains, so that when we expand (9-10) we get 


L= ilo. = mir, = > m,2(0,%; + wy; + 020] 
o i], Z mre — ba MY (Opt; + OY, + 020] 


“f ko, Y mr? — YL mez(o,%; + oy; + og] 


which becomes 


L, = Tg Dp + Ty Oy +r Ty, (9-16a) 
Ly = Tyg@y + LyyOy + Ty, (9-165) 
L, = [yg@q + Ty + 1,0, (9-16c) 
where 
bite = > my,” + un) (9-17a) 
ly = > mz? + 2?) (9-17b) 
Teg => mx, 74 Y:') (9-17c) 
Lyy = — SM GY;, = Nye (9-18a) 
Ly a mal > my 2; > bey (9-185) 


I,.= — Y mex; =I,, (9-18c) 
i 


- 
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We can also write (9-16) as 


Lu > Igy, @=2,9,% (9-19) 
b=2,Yy,z 
The quantities J,., ,,, [,, are called moments of inertia about the 2, y, z 
axes, and the J,,, etc., are called products of inertia. All can be calculated 
from (9-17) and (9-18) once the mass distribution is known, that is, if we 
know the positions of all the particles with respect to the system of axes we 
happen to be using. 
We can similarly calculate the kinetic energy. Using (6-24), (9-2), (1-20), 
and (9-10), we obtain 


2T = ¥ my,” = Y mw x 4) -(w x 4) 
= > mw -[r, x (w x r)] =a > my, x (w xr) =w-L 


and, therefore, if we also use (9-19), we can express this as 
T=jo-L=} Y oly =F DVO (9-20) 
a=2,Y,% ~ 0b 
If we write (9-20) out in detail and use (9-18) to combine some of the 
terms, we obtain 


T = 31,0," + 1,07 + 1,,0,7 + 21 ,,0,0, + 21,,0,0, + 21,.0,0,) 
(9-21) 


Let us return to the relation (9-16) or, equivalently, (9-19); suppose we 
had a situation in which w, = w, = 0 while w, #0. Then we would have 


Ly = Iy,0,, Ly = 1,0, L, = 1,0, (9-22) 


which shows that in general the angular momentum is not parallel to the 
angular velocity; the situation described by (9-22) is illustrated in Fig. 9-8. 
This general type of result differs from our previous example of linear 
momentum where the momentum was parallel to the velocity, i.e., p = my. 


Example. Two Masses Connected by a Rigid Massless Rod and Rotating 
about a Fixed Axis. See Fig. 9-9. If we use (9-10), it is clear from the 
construction of the system that the angular momentum L is perpen- 
dicular to the connecting rod and thus is not parallel to w. As the 
system rotates, the angular momentum vector will turn in space and, 
if the velocities are constant in magnitude, the magnitude of L will be 
constant and its tip will trace out a circle which is perpendicular to the 
axis of rotation. Since the angular momentum is changing in time, our 
general result (6-17) tells us that there is an external torque acting on the 





/ 
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Fig. 9-8 Fig. 9-9 


system. This torque is supplied by whatever bearings are constraining 
the rotation of this system to be along the fixed axis; similarly, by (3-10), 
the rotating system will in turn exert sideways forces on the bearings. 
As a general result, we can see that, when the angular momentum and 
angular velocity are not parallel, the angular momentum changes in 
time as the body rotates, so that the rotating system exerts forces on any 
restraining bearings. From a practical point of view, these forces can 
lead to undesirable wear on the bearings, so it would be nice if we 
somehow knew how to make L and w parallel. 


9-5 Principal axes of inertia 


We now want to show how we can find an axis, or axes, of rotation for a 
given body such that, when w is along such a principal axis, the angular 
momentum is parallel to the angular velocity; that is, the equation which 
defines a principal axis is 

L=Iw (9-23) 
where / is a scalar. Combining (9-23) with the general relations (9-16) 
connecting L and w, we find that we must have L, = /,,@, + [,,0, + 
I,,0, = Iw,, etc., or 


(pq — Dz + TpyOy + Ip,0, = 0 (9-24a) 
Tq + Uy — Doy + 1,0, = 9 (9-24b) 
Tg@y + Ty, + U,, — Do, = 9 (9-24c) 
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These are three simultaneous, linear, homogeneous equations for the 
three unknowns w,, w,, @,. 

Let us consider first the properties of a more general set of simultaneous 
equations. Suppose we have the set 


4% + Aygt_ + Aygt3 = by 
Qy1X + Age%y, + Aggts = by 
Ag,%, + AgeV_ + Aggt3 = by 


In terms of determinants, the solutions of these equations are known to be 
given by 


by ay. ay3 


t= bs 432 Ass (9-25) 


with similar expressions for x, and 23. 

In the case of interest to us, which is given by (9-24), we have b, = by = 
b, = 0, hence, if the determinant of the coefficients of the equations [the 
denominator of (9-25)] is different from zero, the only solutions are 
% = % = x, = 0. The corresponding solutions of (9-24) would be w, = 
, = w, = 0, which is of no interest to us, because we want the com- 
ponents of w to be different from zero. 

Suppose, however, that the determinant of the coefficients a;; is zero. 
Then both the numerator and denominator of (9-25) are zero, and the 
solution by determinants cannot be evaluated and we have to go back to 
the equations and solve them by straightforward algebraic methods. 
Hence we can say that the general condition for the existence of a non- 
trivial solution of the set of linear, homogeneous, equations of the type 
(9-24) is that the determinant of the coefficients vanishes. 

Applying this condition to our case (9-24), we must have 


ye an Tey Tas 
foo gees Sela (9-26) 
| OF I gs of 


When this determinant is expanded, the result will be a cubic equation for 
the unknown quantity 7, When the equation is solved, there will be three 





Part One. Mechanics 101 


roots: ,, /,, /3; these are called the principal moments of inertia. Now let 
us go back to the original equations in order to see what use these values of 
I will be to us in finding the principal axes. 

Dividing each of the equations (9-24) by w,, we obtain 


me Cam (“) + In (=) =0 (9-274) 
Wy. Wy 

| See € gees 6 (=) cae (=) =0 (9-27b) 
x Wy 

Tye + Ty (=) + Ure Ts I) (2) = 0 (9-27c) 
Eo Wy 


which shows us that what appeared to be three algebraic equations in 
three unknowns are really three equations for the two unknown ratios, 
w,/@, and @,/w,. Thus we can understand why there must exist fairly 
restrictive relations connecting the coefficients of these equations in order 
that they be compatible with each other; this is expressed by the fact that 
the determinant of the coefficients must vanish. 

Suppose the axis of rotation has the direction angles a, b, c with corre- 
sponding direction cosines « = cosa, 6 =cosb, y=cosc. Then the 
components of w with respect to the fixed set of axes are given by 


O, = 40, 0, = Pw, w, = yo (9-28) 
and 
Oy 8 i ag L (9-29) 
OW, % Wy & 


Thus the equations (9-27) can be written in terms of the ratios of the direc- 
tion cosines of the axis of rotation by the use of (9-29). Suppose we now 
put one of our principal moments, for example, /,, into the equations 
(9-27). We can solve the equations for the corresponding ratios #,/a, and 
y,/o, and then, by using the relation a? + 6,? + y,7 = 1, we can find the 
whole set of direction cosines corresponding to J,, that is, the direction of 
the principal axis of inertia along which L is parallel tow and the moment 
of inertia is J. In the same way, we can insert the values J, and J; of the 
other principal moments and find the directions of the corresponding 
principal axes of inertia. Thus there are three principal axes of inertia. 

We want now to show that these principal axes have the interesting 
property of being mutually perpendicular. The method of showing this is 
straightforward. 
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Combining (9-24), (9-28), and the remarks above, we have 
Loe + Dy By + Doe = Tyo (9-30a) 
Lye + IyBy + Lv = HA (9-305) 
Tg + TyBy + Te = hy (9-30c) 
Tyg, + TpyBs + Ing¥o = IqXy (9-31a) 
Vyx%2 + TyyBy + Ly2¥2 = TeB (9-31) 
Tighe + LeyBa + TiVo = Taye (9-31c) 


We multiply the equations of the set (9-30) by a, By, ys, respectively; the 
equations of the second set (9-31) by «4, f,, 71, respectively. We then add 
the three equations which we get from (9-30) by this procedure, do the same 
for those from (9-31), and then subtract the two equations obtained in this 
way. The result is 


(1, — 12)(o%%2 + BiB, + yiy2) = 0 (9-32) 


If 1, 4 Jy, then ado + BB. + yyv2 = 0 and the two axes 1 and 2 are 
perpendicular. The same result will be obtained for the other pairs of axes, 
If, however, J, = J, the value of a%_ + 6182 + 7:72 is not determined to 
be zero by (9-32), but it will certainly be compatible with (9-32) if we make 


it zero. In other words, if the principal moments are equal, we can always — 


choose the corresponding principal axes to be perpendicular. Thus we 
can always take our principal axes to form a mutually perpendicular set. 

As a result of the properties of the principal axes, it is convenient to use a 
coordinate system whose axes coincide with the principal axes of inertia. 
Designating components along these axes by 1, 2, 3, we have L = L, + 
L, + Ls, where 


L, = 1,0;,, L, = 1,02, Ls = 1305 (9-33) 
and, therefore, 
T = jw L = 3a? + ha? + I,05") (9-34) 


We see that the procedure of finding the principal axes is essentially one 
of finding a system of coordinates in which the products of inertia (9-18) 
all vanish. For a uniform body which has an axis of symmetry, we can see 
that the symmetry axis will be a principal axis, since for every positive value 
of x; appearing for a given y, in the sum (9-18q) there will be a negative 
contribution which is equal in magnitude and the whole sum will cancel in 
pairs with a net result of zero, 
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9-6 Ellipsoid of inertia 


There is another interesting and instructive way of looking at these 
problems. If we substitute (9-28) into (9-21), we find that the kinetic 
energy has the form 

T = 30°07 Deg + PLyy + y'l,, + 2aBl ey + 2Byly. + 2yal,n) (9-35) 

The usual elementary expression for T is 
T = tw? (9-36) 
where J is the moment of inertia for rotation about the axis; hence we 
expect the quantity in parentheses in (9-35) to be this general moment of 


inertia J. Let us verify this. 
By the elementary definition, 


I= > mh? (9-37) 


where h; is the perpendicular distance from the axis of rotation to m,, as 
shown in Fig. 9-10. We see that A; = |fi x r;| where 
fi = of + Aj + yk (9-38) 
is the unit vector in the direction of the axis of rotation. Since r, = x + 
yd + 2k, (9-37) becomes 
I = > mf x 1)? 
= y m{(Bz, — vyyi + (ya; — a2) + (ay: — Bak] 


_ z m,{(Bz; — vy) + (ya, — az,)* + (ay; — Bx;,)"] 


=a" z= milye + z;") 2 2x6 (-E mara) +°°: 
= OT gy + Bly + Tee + 20 Bley + 2Bylye + 2yelen (9-39) 


which agrees with (9-35) and (9-36). Thus we see by (9-39) that, if we know 
the moments and products of inertia with respect to some set of coordinate 
axes, we can find the moment of inertia for rotation about any axis once its 
direction is given with respect to the coordinate axes. 

If we define a vector a 
= Vi (9-40) 
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Fig. 9-10 


so that p, = n,/VI = «/VJ, etc., then (9-39) can be written 
Tep1 + Lyyp2" + TzPs" i 2DryP1P2 - 21, 2P2Ps - 21 ,eP3P1 =1 (9-41) 


If we consider this equation as a function of the three variables p,, ps, ps 
it is the equation of a surface in e space. In particular, since / is finite and 
thus e must be finite, it is the equation of an ellipsoid which is called the 
ellipsoid of inertia. In the geometric problem, we know that we can always 


transform this equation to a new set of axes (p,’, pg’, ps’) such that the — 


cross products vanish and the equation of the ellipsoid has its normal form, 


Tp, + Tzp2" + Tsp3.? =1 (9-42) 


where the principal axes of the ellipsoid are the directions of the new 
coordinate axes. Therefore the principal axis transformation we have 


discussed is exactly the coordinate transformation which puts the equation — 


of the ellipsoid into the form (9-42). 


9-7 Euler’s equations 


It is advantageous to use the principal axes because then the relations 
among angular momentum, kinetic energy, and angular velocity become 
greatly simplified. However, the principal axes are fixed in the body and 
rotate as the body rotates, whereas our laws of motion refer to coordinate 
axes fixed in space (the inertial systems). Thus, in order to use the princi- 


pal axes, we must learn how to express the laws of motion in this system; 


for example, a basic expression is N = dL/dt, but dL/dt gives the rate of 
change of L as seen by someone fixed in space. 





Part One. Mechanics 105 


We can write 
L = Lk, + L€, + L3€3 (9-43) 


where é,, @,, and @, are unit vectors along the principal axes as shown in 
Fig. 9-11. Differentiating (9-43) with respect to ¢, we obtain 


dL _ dy, , aly, , dln, , , th, te 
— = —1é, + —7&, + — — + L,—* + L,—* (9-4) 
Bn ag age cap tt ae | de at 


We also see from Fig. 9-12 that 
|dé,| = |é,| sin « dd = [@,| sin a - w dt 
Hence 


ae ow 8; (9-45) 


Qu _dlyg 4 diag 1 deee tux (9-46) 


dt at dt dt 
with the help of (9-43). Since the principal moments J, I,, I, are constant 
with respect to the principal axis system, we can differentiate (9-33) and 
obtain 


L, = 1,0, L, = 1,0, L, = [303 (9-47) 
which finally enables us to write (9-46) as 
“ = 1,@,€, + T,@o€o + I,@3€3 + Ww xX L (9-48) 
t 


1zZ 





Fig, 9-11 
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We must be careful to note the meaning of the various derivatives in 
(9-46) and (9-48): dL/dt is the rate of change of L as observed by someone 
fixed in inertial space; dL,/dt is the rate of 
change of L, as observed by someone fixed 
in the principal axis system, that is, the rate 
of change with respect to the principal axes 
for which the @; are constant; and the last 
term, w x L, is the rate of change due to the 
rotation of the principal axes with respect to 
the inertial system. This term would still be 
observed in the inertial system even if the 

Fig, 9-12 components of the angular momentum along 

the principal axes were constant; the rotating 

body is then carrying along a vector which is constant as far as the body 
is concerned. 

Actually, of course, these relations apply for any vector A, and we can 
say in general that 

dA dA 
— = (— xA 9-49 
(7 lias (7 lay x 04a 

Now suppose we let N;, Nz, Ns be the components of the external torque 

along the moving principal axes; then 

N = N,6, + Noé. + Noéy (9-50) 
If we find the components of N = dL/dt along the principal axes by using 
(9-48), (9-50), and (1-18), we obtain the following set of equations: 

N, = 1,0, + Us — h)@ ws (9-51a) 

No = Ig, + (1, — Ig)og0, (9-51) 

N3 = I3@3 + (Iz — L,)ajog (9-51) 
These equations are called Euler’s equations. They tell us the time rate of 
change of the angular velocity, with respect to the principal axis system, 
if we know the external torque components in this system. By solving 
equations (9-51) to find the components of w as a function of time, we can 


find how the angular velocity and angular momentum move with respect 
to the principal axes. 





9-8 Force-free motion of a symmetric rigid body 


One of the problems to which Euler’s equations can be conveniently 
applied is that in which there are no net forces or torques acting on the 
body; for example, the rotation of the earth can be described in this way as 
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a fairly good first approximation. In this problem, the center of mass is at 
rest or moves uniformly so that the only angular momentum is due to 
motion about the center of mass. Then we can choose the center of mass 
as a fixed point and the origin for the principal axis system fixed in the 
body. 

Since N = 0, L = const., by (6-17), so that the angular momentum has a 
fixed direction in the inertial space. Also, when N = 0, Euler’s equations 
(9-51) become 


T,@, = (I, — I3)@0 (9-52a) 
T,@_ = (Is — 11)@30, (9-525) 
Tg = (I, — I,)@ 02 (9-52c) 


It is possible to integrate these equations completely and find w(t); 
however, the result involves elliptic functions and is not very illuminating 
for our purposes. 

The analytical solution of (9-52) is very easy to obtain for a symmetric 
body; by this we mean a body having an axis of symmetry and uniform 
density. If we choose the symmetry axis as axis 3, it easily follows from 
(9-17) that 


I=, (9-53) 
and (9-52) simplifies to ne a ee, subal 
To, = —( — Ig)@301 (9-54) 
I,3 = 0 (9-54c) 
We see at once from (9-54c) that 
3 = const. (9-55) 
If we now let 
Ce a cones: (9-56) 
I 1 
we can write (9-54a) and (9-546) more simply as 
@, = Qo, @, = —Qa, (9-57) 


If we differentiate the first equation of (9-57), we can eliminate w, and 
obtain 

6, = Qa, = —O?a, (9-58) 

which is of the simple harmonic form (5-8). We can write the solution of 


9-59) as 
@, = @ sin Qt (9-59) 
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where @ is a constant and we have chosen our time scale so that o, =0 
when t = 0. We can then find w, by combining (9-59) with the first 
equation of (9-57); the result is that 
W, = = = & cos Qt (9-60) 
These results, (9-59) and (9-60), show us that the vector 
W, = 0,8, + 8, = @ (sin Qt &, + cos Qt €,) (9-61) 


has a constant magnitude @ and rotates about the 3 axis with constant 
angular frequency —Q. as illustrated in Fig. 9-13. Therefore the total 
angular velocity 


Q=> we, + W€o + Wg, => Q, + Wa, (9-62) 


is also constant in magnitude and precesses about the 3 axis with the same 
angular frequency, —Q. This precessional motion is illustrated in Fig. 
9-14, where we see that w sweeps out a cone about the 3 axis in the rigid 
body with the same constant angular frequency, —Q. This motion, of 
course, takes place with respect to the principal axes of the body, which are 
themselves rotating in space with the angular velocity w. 

The two constants, ws and @, can be evaluated in terms of two other 
constants of the motion—the kinetic energy and the magnitude of the 
angular momentum. Using (9-33), (9-34), (9-53), (9-55), (9-59), and (9-60) 
we find that 

T = {hoy + [o,? + Ig") = $,0* + Hg0;" 
L? = [20 + [20,2 + TPog? = 1,202 + Iy2e052 
so that 
_ (2 — 21,7) Ge LE — 215;T 
131, — Is) 1, — Is) 


3" = 


(9-63) 





Fig. 9-13 
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Fig. 9-14 


We also see, from (9-56), that, the more nearly equal J, and J; are, the 
slower will be the precession frequency Q as compared to «3. 

As mentioned above, these results can be applied to the earth. The 
earth is nearly symmetric about the polar axis and slightly bulged at the 
equator, so that I; < J3. It is found that (J; — I,) = 0.00337, and thus 
|Q| = 0.0033 5. Therefore 1/|Q| = 300/w;; hence 


Tq = 30073 (9-64) 


where the 7’s are the periods associated with the circular frequencies Q 
and ws. Since |Q| <s, 3 is approximately equal to the magnitude of the 
total angular velocity of the earth, |w|, so that tz; ~ 1 day. Therefore 
(9-64) predicts a period for the precessional motion of about 300 days. In 
other words, an observer on the earth would find the axis of rotation of the 
earth tracing out a circle about the North Pole once every 300 days. What 
has actually been observed resembles this somewhat: The path is irregular 
and the amplitude is small, so that the rotational axis is never more than 
about fifteen feet from the North Pole. The period is also observed to be 
closer to 427 days than to 300, The differences in the period are ascribed 
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to the fact that the earth is not completely rigid but is somewhat like steel 
in its elastic properties; the fluctuations in the motion are thought to arise 
from changes in the mass distribution of the earth, such as could arise 
from atmospheric motion. 


9-9 KEuler’s angles and Lagrange’s equations 


What we have said above is about as much as we can easily and usefully 
get from Euler’s equations for this problem. We can obtain a more useful 
set of equations by using Lagrange’s equations, but in order to do this 
we shall require some generalized coordinates which can be used to describe 
the rotational motion. A useful set is known as Euler’s angles and is 
illustrated in Fig. 9-15. This system entails the simultaneous use of three 
sets of rectangular coordinates. The «yz set is fixed in space, and the 123 
set is the principal axis system fixed in the body. The é7f system is 
obtained as follows: The plane perpendicular to the 3 axis intersects the 
«y plane in a line called the line of nodes which we choose as the axis; 
the 3 axis is also chosen as the £ axis; then, the ” axis is chosen to be 
perpendicular to the &¢ plane. The Euler angles, our generalized coordi- 
nates, are then the three angles 4, y, 0 shown in the figure. 

In order to see the significance of these angles, let us find what corre- 
sponds to their rates of change. With the help of Fig. 9-16, we see that, if 
yp 0, d = 0 = 0, we have a rotation about the 3 axis; if ¢ 40,6= 
wy = 0, we have a rotation about the z axis, so that the 3 axis traces out a 
cone about the z axis (precession); if 6 4 0, = ¢ = 0, we havea rotation 





Fig. 9-15 
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Fig. 9-16 


about the axis. Therefore 6, ¢, and » are angular velocities about the 
&, z, and ¢ axes, respectively; however, these axes are not mutually 
perpendicular. 

Resolving along the éy{ axes, with the aid of Fig. 9-16, we find the 
components of the angular velocity along these axes to be 


o,=6, o,=¢sinb, w, = p+ ¢cos8 (9-65) 


Similarly, if we calculate the components along the principal axes, we 
obtain 
@, = w; cos y + @, sin p = 4 cos y + ¢ sin O sin y (9-66a) 


@, = —@; sin y + @, cos py = —O sin y + ésinOcos py (9-66b) 
Ws = O = p + dcosO (9-66c) 


We are now ready to start finding Lagrange’s equations, which we shall 
use in the form (7-32). When (9-66) is substituted into (9-34) and (9-53) is 
used, the kinetic energy of the symmetric rigid body is found to be given 
in terms of our generalized coordinates by 


T = 31,(6? + ¢2 sin? 6) + H5(p + ¢ cos 0)? (9-67) 
The generalized momenta can now be found from (7-62) and (9-67): 
Po = OT/06 = 1,6 (9-68a) 
Py = OT/0d = I, sin’ 04 + I, cos Oy + pcos) (9-685) 
Py = OT/Op = Ig(p + cos 8) (9-68c) 
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If we use (9-65), these results can also be written 


P=! 1%¢_ 
Py = I,@, sin 0 + Ic, cos 6 (9-69) 
Py =I 3Mr 


However, the &n¢ axes are also principal axes for this symmetric rigid 
body because the & and 7 axes lie in the same plane as the 1 and 2 axes; 
therefore we can write the angular momentum components as 


L; => 1,@;, L, = 1,0,, L, = T30z (9-70) 
and (9-69) can be written 


Po=Ly, py =L,sinO+L,cos6, p, = Ly (9-71) 


We see from Fig. 9-17 that these results (9-71) show that the generalized 
momenta in this case are just the components of the angular momentum 
of the system along the axes which correspond to the directions of rotation 
described by the corresponding generalized coordinates 0, ¢, and y. 

We now want to find the generalized forces from (7-19) which we can 
write as 


a j 


where F; is the resultant force acting on the ith particle. If we substitute 


Zz 
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(9-2) into (9-72) and use (1-8), (1-20), and (6-14), we get 
dW = YF, -(w x 1) dt =w- dr, x Fdt=w-Ndt 
= Neo, dt + N,, dt + N,w, dt 
= N, dé + (N, sin 6 + N, cos 6) dé + N; dy (9-73) 


where N;, N,, and N, are the components of the total external torque 
along the nf axes. Comparing (9-72) and (9-73), we see that the general- 
ized forces are 


0, =N,=N, (9-74c) 


where N, is the component of the external torque along the & axis, the 
rotation about which is described by the angle 0, etc. Thus the generalized 
forces in this problem turn out to be the components of the external torque 
along the corresponding axes of rotation. 

Substituting (9-67), (9-68), and (9-74) into (7-32), we find that Lagrange’s 
equations for the symmetric rigid body become 


dp, OT 5 
= = 1,6 
dt ap te 

= I, sin 6 cos 046° — I,6( + ¢ cos 6) sin 6 + Ng (9-75a) 
d oT d . . ; 
4 -_ 36 + Q,= = [I, sin’ 0¢ + Is cos Op + cos 0)] = Ny (9-75b) 
dp, OT d : : 
— = — =— [I cos 0)] = N 9-75c 
dt ay + Q, a 3? + ¢ ] yp ( ) 


which are our desired equations of motion expressed in terms of the Euler 
angles. We can show that they are equivalent to Euler’s equations (9-51) 
as, of course, they must be. 


9-10 Force-free motion of a symmetric rigid body (concluded) 


We recall that, when N = 0, L = const. We can simplify our work by 
choosing our coordinate system so that L, = L, = 0 and L, = const. 
Then, with the help of Fig. 9-17 and (9-71), we see that 

L;=0, L,=L,sin@, L, = L,cos 6 
(9-76) 
Po =0, py =L,, py = L, cos 6 
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We also find from (9-68) that p, = 1,6 = 0, so that 
6 = const. (9-77) 


That is, the angle between the axis of symmetry and the fixed direction of 
the angular momentum is constant. 
With N = 0, Lagrange’s equations (9-75) become or lead to 


¢ sin 6 [I, 6 cos 6 — 15 + cos 6)] = 0 (9-78) 
Py = L, = const. = J, sin? 6¢ + I; cos 0( + ¢cos6) (9-79) 
Py = L, cos 6 = const. = I,( + 6 cos 0) = [305 (9-80) 
We see from (9-80) that 
@3 = p + cos 6 = const. (9-81) 


so that the component of the angular velocity along the symmetry axis 
remains constant. 
From (9-78) and (9-81), we find that 


1,6 cos 0 = 1,(p + ¢ cos 6) = I,w3 = const. 





so that 
age! ee const. (9-82) 
I, cos 6 
because of (9-77). Finally 
, (i — Is) 


~ = @; — ¢cos0 = @3 = Q = const. (9-83) 


1 
and now we are in a position to describe the motion. 

For definiteness, let us assume that J, > J;. The z axis is along the 
direction of the constant angular momentum, and the axis of symmetry 
(3 axis) makes a constant angle 6 with L,. Since ¢ is constant, the é axis 
(line of nodes) rotates about the z axis at a constant rate. Therefore the 
3 (or 2) axis sweeps out a cone in space around the z axis at this constant 
rate ¢; this motion is called uniform precession. Meanwhile the body is 
spinning about the 3 axis with constant angular speed . These relations 
are indicated in Fig. 9-18. 

Since L; = 0, w, = 0; also 


L, = 1,0,, Ly = Ismz = Ie (9-84) 


Hence the only non-zero components of w are w, and w;, and thusw lies in 
the same plane as the symmetry axis and L, i.e., in the z¢ plane. Also 


L I,o w 
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Fig. 9-18 


since J, > J3. This result means that w is closer to the ¢ axis than Lis, as 
shown in Fig. 9-19. Therefore, since w must remain in the 2 plane, the 
direction of w also sweeps out a smaller cone about the z axis than does 
the { axis as it sweeps out its cone about the z axis; this is shown in Fig. 
9-18. 

We also recall that our discussion in Sec. 9-8 based on Euler’s equations 
showed us that, with respect to the axes fixed in the body, the direction of 
the angular velocity swept out still a third cone about the direction of the 3 
axis. A very graphic way which has been found to describe this situation is 
illustrated in Fig. 9-20. We introduce two new cones—one fixed in space 





Fig. 9-19 





FUeEMree RMA RARE E 


116 _—_ Introduction to Theoretical Physics 





O 
Fig. 9-20 Fig. 9-21 


(shaded) and one fixed in the body. The cone fixed in the body has the 
axis of symmetry (@) of the body as its axis of symmetry. The cone fixed in 
space has as its axis of symmetry the fixed direction of the angular momen- 
tum. The positions of the cones are so chosen that the direction of the 
angular velocity is along their line of contact. 

The motion can now be described as the body cone rolling without 
slipping on the space cone. We see that then both the ¢ axis and w trace 
out their cones about z, as well as stay in the same plane as they should. As 
this occurs, the angular velocity moves about the space cone, with the 
period associated with this motion given by that corresponding to ¢. After 
one period, w will be back to its original position with respect to the axes 
fixed in space, as will £. But, since the body cone rolls without slipping on 
the space cone, after one period the line of contact of the cones will have 
rotated a certain distance around the body cone, for example, from OA to 
OB, so that the direction of the angular velocity will have rotated with 
respect to the body cone. This is exactly the motion pictured in Fig. 9-14 
and is associated with the angular frequency —Q. We must remember, of 
course, that the body is also spinning with constant angular speed w, about 
the symmetry axis. 

It will be left as an exercise to show that, when J, < J, the proper 
arrangement of body and space cones is that shown in Fig. 9-21, the 
direction of w again going from OA to OB. 
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9-11 Mechanics in a rotating coordinate system 


We have occasionally pointed out some effects which arose because we 
made our calculations in a coordinate system which is rotating with respect 
to an inertial system, and now we are at a convenient place to discuss 
these essentially kinematic effects in a more systematic manner. An 
extremely important example of this situation occurs when we discuss 
mechanical experiments performed on the earth because we almost always 
refer our measurements to coordinate systems fixed with respect to the 
earth, which in turn is rotating with respect to inertial axes fixed in space; 
and it is with respect to these inertial axes that our laws of motion are 
valid. 

We therefore want to find relations between dynamical quantities 
observed in the inertial and rotating systems and we particularly need the 
acceleration. The basic equation we need is given by (9-49), and in order 
to emphasize that it describes a relation involving coordinate systems we 
write it in the form 


(Ea (lat #4 
dt /inertial dt /rotating 


is) (lewns 9 


If we let r be the radius vector from the origin of the rotating system to 
the particle, and let A = r in (9-85), we obtain 

V,=V,+wxr (9-86) 

where v;, and v, are the velocities of the particle relative to the inertial and 


rotating sets of axes, respectively. 
We can now find the acceleration a, from 


a= (“)- (@) +0 x= [So +o x0| +w x (v, + x r) 
dth \dt/r dt r 


or simply 


= (2!) +0 x (f)+0 xv, +o x (xe) 
dt/r dt/+ 


=a,+ 20 xv, + x (w x Fr) (9-87) 
In the inertial system the equation of motion is given by (4-1) as F = ma,; 
therefore, from (9-87), we obtain 


ma, = F — 2mw x v, — mw x (w x r) (9-88) 


If the observer in the rotating system insists upon continuing to write mass 
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times acceleration as force, even in his non-inertial system where it is not, 
he can interpret (9-88) as saying that with respect to his system the particle 
is moving under the influence of an effective force given by 


Fg = ma, = F — 2mw x v, — mw x (w x Fr) (9-89) 


The second term on the right side of (9-89) is called the Coriolis “force” and 
the last term, the centrifugal ‘‘force.” We see that they are not really forces 
at all but are correction terms which must be added to the actual force if 
we want to continue to set the force equal to mass times acceleration, even 
in this rotating system where (4-1) does not apply. 

As seen in Fig. 9-22, the centrifugal force is a vector perpendicular 
to w and is directed out from the axis of rotation; its magnitude is 
mo*r sin 0, so that, for the earth, it is a maximum at the equator and 
zero at the poles. If the particle is at rest in the rotating system and thus 
v, = 0, we see by (9-88) that the centrifugal force is the only correction 
term needed to describe the motion with respect to the rotating system. 

When the particle is moving with respect to the rotating system so that 
v, ¥ 0, the Coriolis force —2mw x v, must be considered as well. This 
correction term is always perpendicular to bothw and v,. In the northern 
hemisphere, w points out from the earth’s surface and, as shown in Fig. 
9-23, the effect of the Coriolis force is to deflect the path of a horizontally 
moving particle to the right of the path it would otherwise have with re- 
spect to the earth’s surface. In the southern hemisphere, the direction of 
the horizontal Coriolis force is opposite to this, and it is zero at the 
equator for horizontal motion because w is also horizontal. 

The Coriolis force is very important in meteorology in the discussion of 
the problems of wind directions and air flow. Although the Coriolis force 
is quite small the time that it can act on the moving air masses is very long, 
and it can make an appreciable change in the momentum of the air. If 
the Coriolis effect were not present, the air would flow from regions of high 
to low pressure along the direction of the pressure gradient, as shown by 
the dashed arrow in Fig. 9-24a. The Coriolis forces deflect the air to the 
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right of this direction in the northern hemisphere. At equilibrium, the net 
force on a given air mass is zero; hence the Coriolis force must be oppo- 
sitely directed to the pressure gradient. The net effect is that the wind 
direction will be parallel to the equal pressure lines or isobars. If we now 
consider the air flow around a cyclone, which is a region of low pressure 
with approximately circular isobars about it, we see that the air flow will be 
counterclockwise as shown in Fig. 9-24b; the direction of flow will be 
clockwise around a low in the southern hemisphere. These general 
effects can also be observed by watching water run down a drain, or by 
walking radially on a merry-go-round. 

Coriolis forces are also important in the classical problem of a freely 
falling particle. The particle velocity is nearly vertical, w lies in the north- 
south vertical plane, and therefore the force 2mv, x w is in the east-west 
direction. A body falling toward the surface of the earth will then be 
deflected to the east, as shown in Fig. 9-25a. We can calculate the 
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magnitude of this deflection quite easily with the help of the coordinate 
system of Fig. 9-25, in which the x axis is chosen to point west, y north, 
and z down. The x component of the equation of motion (9-89) is 


méi = —2m(w x v,), = —2mov, sin 0 (9-90) 


Although the Coriolis force would have an effect on v,, it would be so 
small that it would constitute only a small correction to the eastward 
deflection, which itself is very small. Thus, as a first approximation, we 
can calculate v, as if the particle were falling freely with constant acceler- 
ation g. If we drop it from rest, 


-=gt and T= V2h|g (9-91) 


where T is the total time required to fall the distance h. If we substitute 
for v, in (9-90), we obtain 
mé = —2mogt sin 0 


We can easily integrate this equation to obtain the total deflection from 
the vertical with the result that 


ea 2h" . 
x = —twegT’ sin 6 = —twg|—) sin 6 (9-92) 
& 


Thus the deflection is eastward and is proportional to the cube of the 
total time of fall. As a numerical example, suppose we consider a fall at 
the equator where 6 = 7/2, and take h = 100 meters. Since 


o= pee des 7.29 x 107>(second)* 
24 x 3600 
is the angular velocity of the earth, we find that (9-92) yields « = —0.022 
meter = —2.2 centimeters. Needless to say, this is a difficult experiment 


to perform. 

Centrifugal and Coriolis terms are also important in atomic and molec- 
ular physics. The atoms can oscillate about equilibrium positions while 
the molecule rotates as a whole; thus the paths of the atoms and their 
separations will be different from what they would be if the molecule 
were at rest. Noticeable effects in the various possible energies of the 
molecule are produced in this way. 


Exercises 


9-1. Three particles of equal mass are located at the points (a, 0, 0), (0, a, 2a), 
and (0, 2a, a). Find the principal moments of inertia of the system with respect 
to the origin, and also find a set of principal axes of inertia. 
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9-2. What is the relation between the discussion of Fig. 9-9 and the necessity 
of getting the wheels of an automobile balanced? 

9-3. Show that the ellipsoid of inertia of a cube of uniform density is a 
sphere. 

oi Suppose that the pulley of the Atwood’s machine of Fig. 7-3 has a con- 

stant density and a total mass M. Find the moment of inertia of the pulley about 
its axis of rotation. Then find the kinetic energy of the pulley, and show how the 
Lagrangian and Lagrange equations of motion of the whole system are altered. 
Find the new acceleration of the masses. 

9-5. Show the equivalence of Lagrange’s equations (9-75) and Euler’s 
equations. 

9-6. Verify the correctness of Fig. 9-21. 

9-7. Calculate the eastward deflection of a freely falling body from the point 
of view of an observer who is fixed in an inertial system and sees the earth rotating 
and carrying along a tower of height h from which the body is dropped, thereby 
showing that the result is again (9-92). 


10 Hamilton’s equations 


We now want to turn to another formulation of the laws of motion which 
is due to Hamilton. In doing this, we add nothing new to mechanics, of 
course, but, as a means of increasing our understanding, it turns out to be 
a particularly valuable way of considering the problem, and it is useful for 
obtaining even more powerful methods for attacking some problems. 

We recall that, in the Lagrangian formulation of the mechanics of a 
system of n degrees of freedom, we defined the Lagrangian L(q;,...,4n 
Gis +++ +Gn) = T — V in (7-38) and found the equations of motion as given 


by (7-39) to be 
oad 4 (a) _ a 
dt\0q,) 04; 
where j= 1,2,...,”. In this formulation, we completely specify the 
state of the system by giving all the values of the q; and the q; at a given 


time—a total of 2m quantities. 
We also defined the n generalized momenta in (7-62) as 


= oL 
04; 


=0 (10-1) 


P; (10-2) 
Now we could equally well describe the complete mechanical state of the 
system by giving the p; and q, as functions of the time; thus we would be 
putting the generalized momenta on an equal footing with the generalized 
coordinates, rather than using the g,. If we are going to do this, we would 
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certainly like to write the equations of motion directly and entirely in 
terms of the p’s and g’s. The way in which this can be done was first 
developed by Hamilton. — 

We define a new function of the p; and q;: 


H = H(py,.--, Pus dv--- Gn) = > Pid — L(q,.. . >In Gs - +> Gn) 
J 
(10-3) 
In (10-3), we have asserted that H is really a function of the p, and q,, 


although from the defining equation it looks like a function of the q, and q,. 
We can verify our assertion by calculating the differential of H from (10-3): 


: : OL 
dH = ¥ p; dq; + 24; dp; — & — da; — ee dq; 
j j a 0q; g 04; 
4 OL 
= d4i dp;— > — dq; (10-4) 
F 3 0q; 


where we used (10-2) as the basis of cancelling the first and fourth terms. 
On the other hand, if H is truly a function only of the p; and q;, we can 
write 
oH 
dH = ¥ — dp, + > — dq; (10-5) 
¥ OD; 7 0q; 
and upon comparison with (10-4) we see that this actually obtains, as was 
asserted. Equating coefficients in (10-4) and (10-5), we find that 
OL CHC | OR 
—=-—, ¢,=— 10-6 
aq, aq,’ ap, “7 
We have not used the equations of motion (10-1) yet; from them we see 


oH 


that 
OL _ £() — 4Ps _ 
oq;  dt\dq; dt , 
so that (10-6) finally becomes 
: 0H 0H 
dee oo Se gO jiaee 10- 
P; 0q; ve ap; ( 7) 


This set of 2n first order differential equations is known as Hamilton’s 
canonical equations. We shall still obtain 2n constants of integration upon 
integrating the equations of motion (10-7); as usual, these constants can be 
evaluated in terms of the initial conditions. 

We also recall that, by definition, if g; is a cyclic coordinate, q,; does 
not appear in L and p; = const., by (7-64). From the point of view of 
Hamilton’s equations (10-7), if p; = const., then p,; = 0 and 0H/0q, = 
0, and q; does not appear in H. Thus, if a given coordinate is cyclic in the 
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Lagrangian formulation, it is also cyclic in the Hamiltonian formulation. 
In this case, we can easily see why a cyclic coordinate is also called 
“ignorable.” If q,, for example, is cyclic, p, will be some constant «, and 
we can write H = H(qy,---5Qn—1» Pas+++>Pn—1» %)3 We are really dealing 
with a problem of only 2(n — 1) variables. Thus we can solve the problem, 
ignoring q,, except for the constant of integration, «. Once all this is done, 
g, can be found as a function of time from ¢, = 0H/@p, = 0H/d« .Such 
simplifications are not possible in the Lagrangian formulation, however, 
because, even if g; does not appear in L, q; generally does, so that one has to 
continue to consider the problem for all the variables. 

We also recall that, in our discussion of conservation theorems, we 
were able to show that the quantity 


h=>pq,-L (10-8) 
7 


was a constant of the motion and, in fact, was equal to the total energy E of 
our conservative system. Comparing (10-8) and (10-3), we see that the 
physical significance of the Hamiltonian function H is that, for a conserv- 
ative system, it is exactly the total energy expressed as a function of the 
p’s and q’s. [In (10-8), A is not the Hamiltonian, even though it is numeri- 
cally equal to the energy, for it is written as a function of the q’s and q’s.] 


Example. Linear Harmonic Oscillator. From (7-40), 
E=T+V = 3mi? + pk2* (10-9) 


and, therefore, p = 0L/0% = OT/0% = mé. Expressing (10-9) as a 
function of p and x, we get 


2 2 
H=H(p,x)=T+V= m(2) + tke? = _ + kx? (10-10) 
m m 


The equations of motion (10-7) become 


Fe i: ee (10-11) 
Ox p om 
These two can be combined to yield m# = —kx, which is, of course, the 


same as (7-42). 


Example. Particle Moving Near the Surface of the Earth, From (7-43) 
and (7-45), we have 


T = m2 + + 2), ~V = mgz (10-12) 


Therefore, by (10-2), 
P, = me, py = my, p, = mi (10-13) 
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so that, if we use H = T + V with (10-12) and (10-13), we obtain 
1 
H = H(Pg, Py, Pz» X,Y, 2) = at (pz? + py? + p,?) + mgz (10-14) 
The equations of motion (10-7) become 


Pe = Py = 9, Pp, = —mg 


m 


m m 


Again we can eliminate the momenta from these equations to give the 
more common equations # = 7 = 0, = —g, as found before in (7-47). 


Example. Particle in a Central Field. From (8-18), we have 
L = im(? + 7°) — Vin) = T-V (10-15) 
We find at once that 


OL : OL 
Py = OF = mr, Po = 36 3 mr’6 (10-16) 
Hence the Hamiltonian is 
H P. 1 Dor 
=T+V=*4—- 4/7 - 
con + cae + V(r) (10-17) 
The equations of motion (10-7) then become 
oe si Po” dV _ py 
Pr @r mr? dro mr® FIO) 
OH 
Po = ‘= 0, OE ac Bt, ie Se Re 
00 Op, om Opp  mr* 


which are easily seen to be equivalent to (8-20) and (8-21). 


As we look back over these examples, we see that the differential 
equations of motion which we finally obtain are essentially the same ones 
we would have obtained if we had simply used Lagrange’s equations 
in the first place, and that the use of Hamilton’s equations has not made 
the problems easier to solve. As this is fairly generally true, in actually 
solving problems there is little choice between the two formulations and, 
in fact, the Lagrangian method is often easier to use. 

The principal advantages of the Hamiltonian formulation arise from the 
fact that it gives equal status to “coordinates” and “momenta.” This 
gives one a great deal more freedom in choosing what one will call coordi- 
nates or momenta, and this greater freedom is efficiently exploited in more 
abstract and profound formulations of mechanics whose natural starting 
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point is based on the Hamiltonian method. From the point of view of 
atomic physics, the Hamiltonian formulation of mechanics is the natural 
and usual way of beginning the development of quantum mechanics, and 
the identification of the numerical value of the Hamiltonian with the energy 
of a conservative system is very important in the study of energy changes 
which are possible in atoms and molecules. The relation between the 
energy and the Hamiltonian is also of vital importance in statistical 
mechanics in which the macroscopic properties of systems are calculated 
as averages of atomic and molecular properties; the characteristics of the 
description in terms of generalized coordinates and momenta are essential 
for the formulation of the probability concepts required to evaluate these 
averages. 


Exercises 


10-1. Show that the Hamiltonian for the particle in spherical coordinates 
described in Exercise 7-4 is 





1 pe Pe 
= X(p. i r + Asin? 6 wad 


Find the Hamiltonian equations of motion for a central force. How are the 
results modified if r = const., as for a spherical pendulum? 

10-2. Find the Hamiltonian function and Hamiltonian equations of motion 
for the symmetric rigid body whose kinetic energy is given by (9-67). 


II Hamilton’s principle 


In this chapter, we discuss the relation of Lagrange’s equations of motion 
to a quite different formulation of the laws of motion which has been of 
great historical and practical importance. In order to do this, we shall 
first digress somewhat to consider a particular class of mathematical 
problems. 


11-1 Calculus of variations 


The fundamental problem of the calculus of variations can be stated as 
follows: If we form the definite integral 


I { “F(a, y, #4) dain [ "F(a, y, y') de (11-1) 
o dx 


we 
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for what function, y = y(z), is the value of this integral a maximum or a 
minimum, for the given function F(z, y, y’) and the fixed end points x, and 
w,?2 With the aid of Fig. 11-1, we also see 
that the problem can be reworded: What 
path should one follow in order to make 
the value of the integral a maximum or a 
minimum ? 

To solve this problem, we see that, if we 
could somehow make / a function of a 
single variable, we could use a basic cal- 
culus result to determine the condition for 
a maximum or minimum by equating to 

Fig. 11-1 zero the derivative of J with respect to 

this variable. These considerations lead 

to the reasons for the introduction of the varied path. Suppose y(x) is the 

path for which / has its extreme value; then we define the varied path 
y(x) as 





(x) = yx) + en(z) (11-2) 


where ¢ is a small quantity and (2) is an arbitrary continuous function of 
« subject only to the requirements that 


(x1) = n(%2) = 0 (11-3) 
so that 


YW) = y@),  H%2) = y(*2) (11-4) 


If we keep € small, we can speak of g(x) as a varied path which is only 
slightly different from y(x) and whose end points coincide with those of 
y(x); this is also shown in Fig. 11-1. 
We shall also have 
dy dy dn _ 
—=— —=7 =y' . 11-5 
dx ua’ Be ¢ ae 1% 
If (11-2) and (11-5) are substituted into (11-1), then J as determined by 
integrating along the varied path is 


f =[ "F(x, y + en, y’ + ey') dx = I(e) (11-6) 


so that J is now a function of the parameter «. We now require that 
y and « be chosen so that /(e) is an extremum (maximum or minimum) 
for « = 0, that is, for the path y(z); this condition is simply that 


(4) = 0 (11-7) 
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The simplest way of carrying out this procedure is to expand F in a 
Taylor series; then (11-6) becomes 


2 F OF 

I(e) -| [Fe yy) ten OF + ey’ — +: | dx (11-8) 
vy dy oy 

where the terms in the integrand which are not written out are proportional 

to «7, e§,.... Therefore 


dI am OF OF | 
—-= Slee Me -cares ee (11-9) 
de wy 4 oy 4 Oy’ 
where the terms in the integrand which are not written out are propor- 
tional to «, «?,.... When we set « = 0, the only terms remaining in the 
integrand will be those shown, and we obtain 
a) [ x OF e) 
=| = —+n7'—|dx=0 (11-10) 
eal ay" ay 


This can be put into a more useful form by integrating the last integral in 
(11-10) by parts and using (11-3): 


* OF | |" ik d (=) 
(2 da = —| -| n=(=)a 
[or Oy’ 4 mz) Oy' Sa de oy’ . 


see | ) 
= —(—)d 11-11 
[er alee i ( ) 
When (11-11) is substituted into (11-10), we get 
"a OF d ) 
———|—]]dzx=0 11-12 
[. nto] FF — (5) | 2# (11-12) 


The function (x) is completely arbitrary, however, and therefore the 
integral in (11-12) can always be zero only if the term in brackets vanishes, 
so that we must have 
4 (QE) . #4 dita 
dx \dy' oy 
Since the form of F is assumed to be given, the result (11-13) is a differential 
equation for y from which we can find y(x). We know that, for this form 
of (x), that is, this path of integration, the integral J will have a maximum 
or minimum value, since (11-13) is equivalent to (11-7). 

This result can be easily generalized. Suppose that F is now a function 
of n variables y,,...,Y;,+.+-,¥Y, and their first derivatives y,’,..., 
Yj) +++) Yn's We can proceed as before by defining a new set of functions 


a oe ees ee 
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9; = y; + «jn, and substituting them into the defining equation for J. The 
conditions to be fulfilled would then be that 


ON(er, +++ €jn+ ++ €n) _ g | (11-14) 
de 


when «, =+** =e€;=*-++' =e, =0; there would be n equations like 
(11-14), one for each value of 7. The final result will clearly be that the 
functions y; must satisfy the m equations 


j 


4 (=) - =o, ren e aeeee (11-15) 
du\dy;’ Oy; 


which are the generalizations of (11-13). 
When « is small, the quantity 


I(e) — 1(0) = a (11-16) 


is called the variation of the integral and is also written 
v2 
I(e) — 1(0) = oJ = 7) F(a, y, y') dx (11-17) 
wy 
It is obviously the difference between the integrals as evaluated over the two 
paths. Our requirement that the integral be an extremum can now, with 


the help of (11-16) and (11-17), be seen to be the same as requiring that the 
variation vanish: 


a. i 
5 | F(z, y, y’) de = i "8F(2, y, y') dz = 0 (11-18) 
v1 ey 


We can make the replacement shown in (11-18) because the integral has 
fixed end points and therefore 


5 [ cE pie [re dps | “FO) dim [ “FO ~ F(0)} de 


v2 
-{ OF dx (11-19) 
wy 
Example. Shortest Distance between Two Points in a Plane. If we let s be 


the distance along the curve connecting the two points P,; and P, shown 
in Fig. 11-2, then 


‘i [ Viaayt + ay -["/ 1+ (24) ae oe [ “ity dx (11-20) 
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Fig. 11-2 


Comparing (11-20) and (11-1), we see that here 














F=V1+y? (11-21) 
and (11-13) becomes 
a (=) er 
dx\dy’ 
and 
Ze = —4_. = const, = « (11-22) 
Oy V1 + y” 
Solving (11-22) for y’, we find that 
, ay % 
y = — = ——— = const 
dx Jia 
and therefore 
y= “a+ 6 (11-23) 


where f is another constant. This result is exactly the equation of a 
straight line; thus we have obtained the well-known result that the 
shortest distance between two points in a plane is along the straight line 
connecting them. 

The constants « and 6 can be determined from the condition that the 
straight line (11-23) pass through the points P, and P,. Therefore 














a od 
= +6, Y.= ———-2, + 
V1 =a? : ; V1 — 02 mae 
so that 
peep tees Yao Ya B= Mate — Yam 
V1 =a? Uy — Ly — wy 
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and (11-23) can be written 


y= (% =_ i) + (4 = #21) 


Ly — Xy ® — Uy 


11-2 Hamilton’s principle 


At this point, we return to mechanics; if we make the replacements 
>t, Yj>G;, Y; >G, FOL (11-24) 


we see at once that the equations (11-15) become exactly Lagrange’s 
equations (7-39). Therefore we can say that the fact that the laws of 
motion can be written as Lagrange’s equations means that the actual 
(or dynamical) paths followed by the particles of the system are such that 
the integral 


te 
I -{ Las + + + 5 Ins Gas ++ +5 Gn) at (11-25) 
1 


has a maximum or a minimum value as compared with the value obtained 
for any other path which has the same end points in time. Or, to say 
it another way, the natural motion of the system is such that 
the time integral of the Lagrangian, taken between any two configurations 
of the system, has an extreme value. This result is called Hamilton’s 
principle. 

Thus we have seen that we have these two alternative, yet equivalent, 
ways of describing the motion of the system: Lagrange’s equations (7-39), 
or 


te 
af LQts + +5 9ns Gv +++ 5Gn) dt =0 (11-26) 


which follows from (11-18). The integral would have to be evaluated by 
choosing definite forms of the functions q,(t). In principle, then, the way 
in which one would solve a problem in mechanics by using Hamilton’s 
principle would be to guess various forms for q,(t), put them into the 
integral and evaluate it, and then keep using this procedure until all the 
q(t) which result in an extreme value for the integral have been found. 
In this way, the solution to the problem would have been obtained 
because the q’s would then be known as functions of the time. 

In the use of (11-26), it is important to remember that the functions q, 
are chosen to have the same end points. In Fig. 11-3, we illustrate the 
situation for a system of two degrees of freedom and coordinates q, and qs. 
The actual, or dynamical, path is labeled D, and a possible varied, or non- 
dynamical, path is labeled N. The projections of these paths, D’ and N’, 
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Fig. 11-3 


on the 9,92 plane are also shown; these projections are the spatial points 
traced out by the system and therefore are the geometrical paths or orbits. 
We see from the figure that it would be perfectly possible for the non- 
dynamical path to be different in g,99¢ space but have the same geometrical 
path, i.e., projection, in the ¢,9, space. A possible example of this sort of 
situation could be the free fall of a body under gravity: the actual path 
which follows from the law of motion is one of constant acceleration; a 
non-dynamical path could be chosen as one of constant speed; in both 
cases, the body would cover the same geometrical path, or points in space. 

Let us discuss this last example in some detail and show that the integrals 
(11-25) for the two paths are really different. For this one-dimensional 
problem, the Lagrangian as obtained from (7-46) is 


L = }3m# — mgz (11-27) 


Suppose the body is released from rest at ¢ = 0 and z = 0 and falls a total 
distance / in a time T, as illustrated in Fig. 11-4a. 


Az 
a t=0 
| 
| h 
| 
I 
4 t=T 
(a) 





Fig. 11-4 
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We know, from (7-47) and (4-8), that on the dynamical path (D) 


z= —4gt? (11-28) 
and that z = 0 when t = ¢, = 0 and z = —h when t = ¢, = T, so that 
from (11-28) we obtain 

h=4gT? or T=~V2hl¢ (11-29) 


We choose the non-dynamical path (N) to be the one for which the 
particle falls with a constant speed vy. Therefore 


z=—vt and h=uT (11-30) 


We see from Fig. 11-4b that both of these paths have the same end points 
and the same projection on the z axis, that is, the same geometrical path. 

On the dynamical path, 2 = —gt and, from (11-27) and (11-28), we 
find that L = 4mg?t? + 4mg*t? = mg*t? and (11-25) becomes 


2’*mg"*h” 


: (11-31) 


te T 
i -| Ldt -| mg*t? dt = kmg*T* = 
ty 0 
with the aid of (11-29). 
On the non-dynamical path, 2 = —v, and, from (11-27) and (11-30), we 
find that L = 4mv,” + mgvot so that (11-25) becomes 


T 
Iy =| (4mv,2 + mgvot) dt = 4mv,-T + 4mguT? = slp (11-32) 
0 


with the use of (11-29), (11-30), and (11-31). Therefore we see that 
Iy > Ip, or 


te 


te 
Ldt> i Ldt (11-33) 
tt 


t 
non‘dynam dynam 


Thus, here the integral over the actual path is a minimum as compared 
with that over the non-dynamical path. This is actually the usual situation, 
as it generally turns out that the integral f L dt is a minimum, as compared 
to the varied paths, rather than a maximum. 

It is evident from our previous discussion of the procedure one would 
need to use in solving problems that Hamilton’s principle is not of much 
practical value for this purpose. The principal advantages of Hamilton’s 
principle are that it provides us with a quite different point of view toward 
mechanics and thus broadens our understanding of it, and it enables us to 
write a basic law of mechanics in a form which is independent of any 
special coordinate system, in contrast to Lagrange’s equations which have 
to be written explicitly in terms of the coordinates. Hamilton’s principle 
is only one of several “variational principles” which can be formulated for 
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mechanics; for example, (11-26) can be expressed in terms of an integral 
of the Hamiltonian function rather than the Lagrangian, and it is this 
form which is so useful in developing the more advanced aspects of 
mechanics. 


Exercises 


11-1. Show that the shortest distance between two points in three dimensions 
is a straight line. 

11-2. Solve the problem of the freely falling body by using a path of the form 
z = —at", where n is to be found. Start with (11-27) and evaluate the integral J. 
Then find the condition d//dn = 0 for the extreme value of J, and thus show 
that n° = 2. 


I2 Normal modes of coupled systems 


We have already discussed some aspects of the mechanics of systems of 
particles to the extent of considering some general theorems and also the 
motion of the system as a whole when it is treated as a rigid body. Now we 
want to consider what is essentially the internal motion of the system since 
no body is really rigid, and also we want to discuss situations in which the 
motion of a given particle is influenced by the motions of all the other 
particles in the system. An example of the latter case would be the double 
pendulum discussed in Exercise 7-3. Although there were only two particles 
in the system, the general equations of motion were quite complicated. 
Hence, when we come to consider systems of very many particles, we can 
expect to find that the equations of motion will be exceedingly involved and 
a general solution very difficult, if not impossible, to obtain. 

As a result of these considerations, we are going to make a strong 
limiting assumption about the motion, namely, that the displacements of 
the particles are restricted to small deviations from positions of stable 
equilibrium. We shall then find that the forces depend only on the first 
powers of the displacements, and we shall obtain a set of equations of 
motion which can be solved, in principle at least, and we shall be able to 
make some interesting and useful statements about the general motion. 
In spite of the fairly restrictive nature of these assumptions, the method of 
treatment we shall develop is applicable to a wide variety of problems, in 
modern atomic and molecular physics as well as in classical physics, and 
it is very important that one get a good understanding of the method, its 
applications, and its results. 
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Since we are considering a system of n degrees of freedom, we shall have 
a total of m equations of motion. If is very large, as it would be for a large 
number of particles, we could have a very unwieldy situation. Fortunately, 
it is possible to define variables known as normal coordinates whose 
characteristic feature is that all particle coordinates oscillate with the same 
frequency. The special motions corresponding to these normal frequencies 
are called the normal modes of the system. We shall learn the extremely 
important fact that the general motion of the system can be regarded as 
an appropriate superposition of the normal modes. This is a general 
result, and we shall illustrate it for a great variety of situations as we 
proceed. 


12-1 Equations of motion of a coupled system 


The system is in equilibrium for the values qo, qo2,-- + 59on Of the 
generalized coordinates when the generalized forces vanish: 


Q;=- (x)= 0 (12-1) 


Therefore, if we assume the equilibrium to be stable, the potential energy 
is a minimum when evaluated at these qp,. 

If we introduce the displacements u, of the generalized coordinates from 
their equilibrium values, we can write 

95 = Joi + Us; (12-2) 

and we see that we can take the u, as equally good generalized cvordinates 
for the system. Since we shall be interested only in motions for which the 
displacements are small, it will be appropriate to expand every relevant 
dynamical quantity in a Taylor’s series about equilibrium and keep only 
the lowest order non-vanishing terms. If we do this for the potential 
energy, we obtain 


Via shes Qn) - Vu, By Oe » Un) bad V(qo1, PANE >on) +3 (Eu 
v0 


ee OV 
+43 3 (=——]4 sta + °° (1253) 
j=1 k=1 \0q; OG,’ 


The second term of (12-3) vanishes because of (12-1). Since V(qo1, - - - 5 Yon) 
is a constant, we can change the zero of our potential energy and this term 
can be dropped from (12-3); and we obtain for the potential energy the 


approximation ay 
V=} p p 2 ( Ju =} pe D jl Up (12-4) 
ik 0q; Cl 0 dik 
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which is quadratic in the displacements. We see that the v;, depend only 
on the equilibrium values qj; and are constants; they can be calculated 
from a knowledge of the properties of the system at equilibrium. We also 
see that the v,, are symmetric in the indices; that is, 


Vin = Vpy (12-5) 
If we calculate the generalized force from (12-4) and (12-2), we get 


eS a , (12-6) 


which shows that the force tending to change any generalized coordinate 
depends on the displacement of all the others—this is, of course, exactly 
what we have in mind when we call this a coupled system. 

We can obtain a similar expansion for the kinetic energy. If we use 
(7-59) and (12-2), we get 


= 1 Sandide = #2 A jy Ul sty (12-7) 


where the coefficients of this homogeneous quadratic function of the 
velocities are given by (7-60) to be 


an = ay = Sm mse) (Fe) = anlar... .4) (12-8) 


for a system of N particles. 
If we expand the coefficients a;,, we obtain 


da 
A n(4 eee) Gn) — 45(4o1, <8 > Gon) + D3 (Fa 2), a (12-9) 
041/o 
Since T is already quadratic in the small quantities #,, we can get the 
lowest order non-vanishing approximation to T by taking 


(G15 + + +5 Yn) = Aje(Gors «++ > Gon) = bin = ths (12-10) 


The symmetric quantities ¢,, depend only on the equilibrium configuration 
and are constants characteristic of the given system. Thus, for small 
displacements, the kinetic energy is obtained by substituting (12-10) into 
(12-7) with the result that 


ik 
From (12-4) and (12-11), we find the Lagrangian to be 
L=T-V= BD (ttiste — Vj, jUy) (12-12) 
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and the Lagrangian equations of motion (7-39) will be 


d .) oL 
—(—] —— =0 12-13 
dt fs ou; ( ) 
Using (12-12), (12-5), and (12-10), we find that 
OL ‘ . : 
a = 4D (title + testy) = > tnt, 
Ou, i % 
OL 
= ED pala + se) = — DY ne 
Ou; E k 
and (12-13) becomes 
D(trabe + Vpxty) = 0 (12-14) 
k=1 
where j = 1, 2,...,”. These are the equations of motion of our coupled 


system. 

Each of the n equations (12-14) will generally involve all the coordinates, 
and it is this set which must be solved to find the motion of the system. In 
general, one cannot solve these equations directly; we note, however, that 
it would be a great simplification if we could somehow replace the set 
(12-14) by another system of n equations each of which involves only a 
single variable. This is basically the reason for the introduction of the 
normal coordinates and normal frequencies; we could, then, approach the 
problem by trying to find a transformation of coordinates which will separ- 
ate the set of equations (12-14) into another set in which only one variable 
is involved in each equation. We shall not do this, however, but shall use 
another method instead. 


12-2 Normal frequencies of oscillation 


The equations (12-14) are reminiscent of harmonic oscillator equations 
because of the dependence of the force on the first powers of the displace- 
ments. This fact leads us to begin by trying to see if we can possibly find a 
solution in which all coordinates oscillate sinusoidally with the same 
circular frequency w. Hence we assume a solution of the form 


u; = Cae (12-15) 


where i = J mt the amplitude is written Ca;, where C is a scale factor 
which is the same for each coordinate; it is introduced here because it 
will be convenient in results to be obtained later. 
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The use of the complex notation in (12-15) requires a few words of 
comment since this is an almost universal procedure and is one which we 
shall be constantly following. Since the coordinates, of course, are real, 
the expression (12-15) must somehow give us a real value for u;. To see 
how this can be done, suppose we write u, as 


u; = R, + il, (12-16) 


where both R, and J; are real quantities, called the real and imaginary 
parts of u,;, respectively. Also, let us suppose that u,; satisfies a linear 
differential equation with real coefficients and, to be specific, of the form 


Aii; + Bu; + Cu; =0 (12-17) 
When (12-16) is substituted into (12-17), we obtain 
(AR; + BR; + CR,) + (Al, + Bl, + CI) =0 (12-18) 


A complex quantity can be zero only if the real and imaginary parts are 
separately zero; therefore (12-18) tells us that 


AR, + BR, +CR,=0 and Al,+ Bl,+Cl,=0 (12-19) 


Hence we see from (12-19) that, if u; is a complex solution of a linear 
differential equation with real coefficients, of which (12-17) is an example, 
the real and imaginary parts are separately solutions of the same differential 
equation. Thus we could choose either the real part or the imaginary part 
to represent the solution for the real physical quantity. The standard 
convention for the choice to be made (and the one we shall follow) is that, . 
if the solution is obtained in complex form, the real part shall be chosen to 
represent the solution. 
Therefore it may well turn out that Ca, is complex, so that 


Ca, = a; + iB, (12-20) 
When this is substituted into (12-15), we get 
u, = (a, + if,Je “= (a; cos wt + B; sin wt) + i(—a,; sin wt + 8; cos wt) 


(12-21) 
and, in accordance with our convention, we would choose 


u; = a; cos wt + B,; sin wt (12-22) 


as our solution for the real physical displacement. Sometimes it is more 
convenient to write 
Ca, = p,e” (12-23) 
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where p,; and q; are real. When this is substituted into (12-15), and the real 
part taken, the displacement has the form 


u; = p; COS (wt — 9,) (12-24) 


With these results in mind, we shall go on, calculating the displacements as 
complex, but always remembering to take the real part before making any 
interpretations of the results. 

Using (12-15), we find that #, = —w?Caje~' = —w*u,, and (12-14) 


becomes F ; 
> [—0°Ct,a,¢°%! + v,Ca,e"] = 0 
or ' 
Y (en, — Oty )a, = 0 (12-25) 
k 
where j = 1,2,...,. Written out, these equations (12-25) are 


(F=1) Cu — @y)ay + (2 — O7fyg)ag +++ + Win — O7F1,)a, = 0 
(7 = 2) (Ua, — @7tay)ay + (Veg — Wtgg)dg +++ + (Van — O7tan)ay = 0 
(12-26) 


Ce 


GV m n) (nt bial 7 tn )Qy + (ne ied Ot n2)de a4 oe (nn ge Ot rn )An = 0 


These are n simultaneous linear homogeneous equations for the n un- 
knowns a,, and they are similar to the equations we discussed in connection 
with the determination of the principal axes of inertia in Chapter 9. We 
saw there that these equations (12-26) will have solutions different from 
the trivial ones a, = a, = +++ =a, =0 only if the determinant of the 
coefficients vanishes; that is, if 


2 2 iS ea 2 
Vy. — Ob Vg — Whig Vyn — Olin 


2 2 
Voy — O'tg, Vag — W'top 


=0 (12-27) 


Uni — Ota SET pepo anes O"tnn 
Because the values of the v,, and the ¢,, are known from the character- 
istics of the system, when this determinant (12-27) is expanded the result 
is an algebraic equation of the nth degree for the unknown *. This 
equation will have 7 roots and thus will give us 7 values of w for which our 
solution (12-15) represents a possible solution of the equations of motion 
(12-14); these values of w are called the normal frequencies. Of course, 
it may not be easy to solve (12-27) for the actual roots, but that is another 
problem; in any case, we can label these roots w* in some arbitrary way, 
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for example, in the order of increasing size, so that we can write these n 
values of was w,2, W?,..., @2,..., @,”. For each of these roots the 
equations (12-26) can be solved for the n — | ratios of the amplitudes a;; 
thus, at this point, we are left with a certain amount of arbitrariness in the 
determination of the displacements u;. We shall come back to this point 
later. 


12-3 Normal modes 


We now discuss some important properties of these solutions of the 
equations of motion. Let us consider the /th root, 2. If we substitute 
this back into (12-26), we obtain the corresponding set of a,’s: call them 
a;,(j= 1,2,...,n). This whole set of n numbers a,, corresponding to the 
ith normal frequency , is called the /th normal mode. Then, for each I, the 
equations of motion (12-25) can be written 


D nde = OF D-tydinr (12-28) 
k k 


We now want to show that all the roots w;? are real because the v,, and f,, 
are real and symmetric as given in (12-5) and (12-10). 
Let (w,2)* = complex conjugate of w,?, and 


a;,* = (cy, + idj,)* = cj, — id; (12-29) 
If we take the complex conjugate of (12-28) and replace / by m, we obtain 
D PFem™ = (Om )* D tin Gem™ (12-30) 

k k 


since v;, and ty, are real. 
If we multiply (12-28) by a,;,,* and sum over j, we get 


Dd 64 jm* Aer = OP > tA jm* Aer (12-31) 
Tk ik 


Also, if we multiply (12-30) by a;,, sum over j, interchange j and k, use 
(12-5) and (12-10), we obtain 


> Vindem* aj = (On )* > tydem*a jr = p V 454 jm* Ag 
i,k i,k i, 


= DP 04,8 jm*Ap, = (Wy)* D tesFsm* Aer 
ik jk 
= (Om?)* > tA jm* Aer = 7 > 54.4 jm" Apt 
ike i, 


where we used (12-31) in the last step. Since the last two terms of the 
preceding equation are equal, we can subtract them and obtain 


[(@?) = (@n")*) > tA jm*Gy, = 0 (12-32) 
ke 


- Fete 


140 _—_ Introduction to Theoretical Physics 


Let us consider (12-32) a little more closely, and first of all for the case 
m = I, for which it becomes 


[(@?) — (/)*] x tan" =O (12-33) 
Using (12-29), we find that the sum in (12-33) can be written 
2 tre" = > ti(Cj, — idj)(Cyr + idyy) 
= p> tieCnrCer + x teddy, + i2 tatades 
— iD tatu n (12-34) 


However, if we interchange j and k in the last sum and use (12-10), we 
find that 


D tind gn = > tesCndia = DX tender 
i,k ok isk 


so that the imaginary terms of (12-34) cancel and we are left with only the 
first two terms on the right of (12-34). If we now use (12-11), we see that 
2 ty4Cj7Ce equals twice the kinetic energy which the system would have if 


the velocities were c,;, and c,,; but, since kinetic energy is intrinsically a 
positive quantity, this double sum must be positive and different from zero, 
Similarly, the second sum in (12-34) is positive because it equals twice the 
kinetic energy if the velocities were d;, and d,,. Therefore, from (12-34), 
we must have 


> tip 51" Ay, F O 
ds 
and (12-33) tells us that 
(w?)* = ow? (12-35) 


Thus we have proved that all the w,? are real, for, if we write w,? = 6 + 
ie = (w,?)* = 6 — ie, we see that upon subtraction we find that 2ie = 0, 
or e = 0, and hence the imaginary part is zero. We can go even further 
than (12-35), however. 

We have assumed for generality that the a,, may be complex. Since we 
have just shown that all the w,? are real, we see that the equations (12-28) 
which determine the a,, have all real coefficients. Because these equations 
are linear, when we solve them for the n — 1 ratios of the a’s we shall use 
only the linear algebraic operations of addition, subtraction, multiplication, 
and division. Since there will be no necessity of taking any square roots, 
no complex quantities will be obtained, and we can conclude that the 
n — | ratios will also be real. If we now further require that the last 
arbitrary component of the a,, be chosen to be real, we can say that all the 
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a,, are real. [Any complex part of the amplitude of (12-15) is thus put 
into the common amplitude factor C.] 
If we multiply (12-28) by a,;, and sum over /, we obtain 


»3 D564 j1 Ant 
ik 


D tnd nin 
ik 


2 


oo, = = a positive quantity (12-36) 


since by (12-11) the denominator is twice the value the kinetic energy 
would have if the velocities were the a,, and is therefore positive, and since 
by (12-4) the numerator is twice the value the potential energy would have 
if the displacements were the a,,; this potential energy is positive because 
we have assumed the equilibrium potential energy to be a minimum. 
Since w? > 0, «, itself is real; hence all the normal frequencies are real 
and the motion for a given , will be completely oscillatory about the 
positions of stable equilibrium. 

Taking account of the real nature of all the quantities involved, we can 
now write our previous result (12-32) as 


(0? — Om) > ti jm4er = 0 (12-37) 
ik 


If w,?2 ¥ w,,2, we obtain 
2 tn smd =0 (12-38) 
ds 


which is called the orthogonality condition (or property). 

If / = m, (12-37) gives us no new information. However, we recall 
that our solutions for the a;, gave only the n — 1 ratios a,,/a,,, etc., so that 
the values of the a;, are still indeterminate. We can remove this indeter- 
minacy in a way which is completely consistent with (12-37) by requiring 
that 

2 tn nda =1 (12-39) 
J; 


This equation, plus the equations of motion, completely determines the set 
of the n a;, for each of the n values of w,. The reason for this particular 
requirement (12-39) is the simplification to be obtained later. 

These results can be summarized very compactly if we define the 
Kronecker delta symbol 6,;, by 


1, if j=k 
she = (12-40) 
0, if j#k 
Then (12-38) and (12-39) can be written as the single equation 
D biG imu = Omi (12-41) 
ik 
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This is called the orthogonality and normalization condition, or simply 
the orthonormal condition; it is an extremely important result, as we shall 
see many times. Strictly speaking, we have not proved that (12-41) is also 
correct if / 4 m but w,2 = w,,?. This is similar to the situation we found 
when we were discussing principal axes of inertia, and we shall simply 
content ourselves with saying that, in this case also, one can show that it is 
still possible to choose the a,, so that they will be orthogonal. 

The reason for the terminology that has been used is that one can give a 
sort of geometrical interpretation to these results. This is most easily seen 
if we use rectangular coordinates as our generalized coordinates. For a 
system of N particles, we would need the 3N coordinates 2, y;, 21, %2,.-+5 
Zy-1» Xy, YN, %y. For convenience, we shall relabel these coordinates 
X14, Vy, Lg, ...5 2X, 1,2, Where n = 3N. Then we can write the kinetic 
energy as 


T= ‘2 mya; 
j=l 


where m, = m, = m; = mass of the first particle, etc. Comparing this 
with (12-11), we see that, when rectangular coordinates are used, 


Lin = mj Ojx (12-42) 
so that our general result (12-41) becomes 
X15 9A jmftar = Omi =D MAO (12-43) 
J, 3 


Suppose we now introduce an n-dimensional space with vectors A, in it 
which are defined so that 


VM, dim = jth component of A,, 
Vm, a;, = jth component of A, 


In this space, then, the scalar product of A,, and A, would be defined as the 
natural generalization of (1-11) and therefore 


An? Ay = ya AjmA i = 2 MN 5 jm jr (12-44) 
d FI 


Upon comparing (12-44) and (12-43) we see that, when m # /, A,, - A, = 0; 
since the scalar product is zero, we can say that the vectors A,, and A, are 
“perpendicular” or orthogonal. On the other hand, if m = /, we see that 
A,- A, = | and these vectors are “unit” vectors. Thus our orthonormal 
condition (12-43) simply expresses the fact that these unit vectors are all 
mutually perpendicular. A similar interpretation can be given to the more 
general orthonormal condition (12-41), but it is more complicated and less 
easy to visualize. 
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12-4 The general motion 


We have now seen that the equations of motion are satisfied by an 
oscillatory motion like (12-15) for a set of n frequencies w,, and not only 
by a single frequency. Thus a possible solution to the problem is u; = 
C,a,e '°. Of course, this is not the general solution, but, since the 
differential equations are linear, an arbitrary sum of special solutions is 
also a solution. We now assert that the general solution of the problem 
can be written 


3 


u, => Ca,e (12-45) 
1 


I 
k 


In other words, the general motion is a superposition of n simple harmonic 
motions. We know that (12-45) is a solution of the equations of motion, 
and thus in order to show that it is actually the general solution we must 
show that it has the appropriate number of arbitrary constants. Now each 
C,, is complex and therefore equivalent to two constants; since there are 
n C’s, there are a total of 2n constants, as there should be for a system of 
n degrees of freedom. As usual, these 2 constants can be determined from 
the 2n initial values of the displacements and velocities. Of course, we 
must still remember that the real part of (12-45) is to be taken as our 
actual solution. 

We are now able to show that the orthonormal property (12-41) enables 
us to determine the arbitrary constants in our solution in terms of the 
initial conditions in a simple and direct way. If we write 


C, = ¢ + id, (12-46) 
the real part of (12-45) is 


U; = > ay(c, COS wt + d;, Sin @,t) (12-47) 
k 
The initial conditions at t = 0 are found from (12-47) to be 
uO) = DY ajcp, U0) = p3 A jy Oy (12-48) 
k 


If we multiply each side of the first of these by f;,4;,,, sum over j and /, and 
use (12-41) and (12-40), we obtain 


> u0)tdim = 2 al tat atin] = x Cr Ome = Cm 
ds 


il 
If we replace m by k, we can also write this 


Ch = 2 UO)E jr (12-49) 
vl 


pnd 
pi tt 


. 


s& 2% 


a 


ae 
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Similarly, we can show that 
1 ; 
d, = — = U,(O)t jr, (12-50) 
Ox 5,1 


and these two formulas permit the direct computation of the constants 
needed in the general solution (12-47) in terms of the initial conditions. 


12-5 Normal coordinates 


We previously remarked that it would be helpful if we could put the 
equations of motion into such a form that each equation involved only 
one coordinate. This is what we shall now proceed to do by properly 
defining a set of n normal coordinates £,. We shall not learn anything really 
new about the nature of the motion, but our description of it will be put 
into a form which is quite illuminating and very useful for other purposes. 

The normal coordinates are related to the original coordinates by the 
defining equation 


us p2 Finbe (12-51) 
We can find the ¢; in terms of the u; by using the orthonormal property; 
multiplying both sides of (12-51) by t;,a,, summing over j and /, and using 
(12-41), we obtain 
ps UstnQim = > Sed tidndim = > Se Sem = Sm 
at k a,U k 
Thus we see that, if (12-51) holds, we have 
= > U sl inn (12-52) 
4 


Let us look at the form of the potential and kinetic energies when they 
are expressed in terms of the normal coordinates. Using (12-4), (12-51), 
(12-28), (12-41), and (12-40), we obtain 


Vem’ a Vd Me = 4D DY Vn nl demSm 
ok J,klm 
= lm Did Vndem 
l,m j k 
= 3 = Cibm Ps aj _ Om t seem 
l,m j k 
=43 > Om bom > 1544 j1.Apm 
l,m isk 
bag 4 > Om bibm im 
lym 
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and, since the sum over m in the last term has a non-vanishing value only 
when m = /, the final result is 


V=3 Ps wey (12-53) 


Thus we see that, when the potential energy is written in terms of the 
normal coordinates, it becomes a sum of terms each of. which involves only 
the square of a given normal coordinate. 

In the same manner, the kinetic energy becomes 


T=3 > ti,.Ujl, = +2 Leas > £544 14m 
=) % (12-54) 
v 


and is given by a sum of squares of “‘velocities.”” Thus we see that when 
normal coordinates are used the cross-product terms, which previously 
appeared in both the potential and the kinetic energy, no longer appear in 
(12-53) and (12-54). 

The Lagrangian now is 


L=T—V=34 (CP — w/C’) (12-55) 


and the Lagrangian equations of motion (7-39) become 
&, + o20, = 0 (12-56) 


where k = 1, 2,...,n. Now, since (12-56) is the equation of motion of a 
linear harmonic oscillator, we can write the solution as 


, = C,e “or (12-57) 
so that (12-51) becomes u; = a,,C,e~**', which we already know to be 


the correct general solution to our problem. We see from (12-57) that each 
of the normal coordinates is a periodic function involving only one of the 
normal frequencies. 

We can get a better idea of the meaning of the normal coordinates by 
seeing what sort of situation is described if only one is different from zero. 
Let us assume that (, 0 while ¢, = 0 if k #/; then (12-51) becomes 
u; = a;,¢, ~ aj, so that each displacement is proportional to the corre- 
sponding displacement for the /th normal mode. In other words, the 
existence of only one normal coordinate is equivalent to producing a 
normal mode for the whole system. If we now look at the Lagrangian 
(12-55), we see that by introducing the normal coordinates we have put the 
Lagrangian in a form which describes a system of independent oscillators 
because each term in the sum involves only one normal coordinate, as 


1} bad) 


*s3 
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does the corresponding equation of motion (12-56). Thus we no longer 
need to deal with the system of coupled oscillators with which we started 
in (12-12), and we can consider the complete motion for small oscillations 
as being obtained by exciting these various independent harmonic oscil- 
lators (the normal coordinates) with different intensities and phases. 


12-6 Example: two coupled pendulums 


In order to illustrate and clarify all the many results which we have 
obtained for a general system up to this point, we want to consider a 
specific example in great detail. This 
system consists of two simple pen- 
dulums which move in two parallel 
vertical planes perpendicular to a com- 
mon flexible support such as a string 
from which they are suspended, as 
shown in Fig. 12-1. The coupling be- 
tween the two is provided by the twist- 
ing motion of the support. 

Fig. 12-1 If we choose the angles 6, and 0, 

as generalized coordinates, the equi- 

librium values are 0; = 0, and therefore, from (12-2), we can let u; = 6;. 
Since there is no twist of the support, or coupling between the two pendu- 
lums, if the angles are the same, the potential energy of interaction can 
depend only on the difference of the angles, 0, — 6, and we must have 


Vint = Vint (01 — 92), Vine(0) = 0 (12-58) 


where the last statement is in accord with (12-4). 
From (7-54), we obtain 


T = dml,26,2 + 4onglb.2 (12-59) 
and when we compare (12-59) and (12-11) we see that 





ty = ml, tog = Moly”, typ = to, = O (12-60) 
Using (7-45), (12-58), and Fig. 12-1, we find the potential energy to be 
given by 
V = mgi,(1 — cos 0,) + magl,(1 — cos 62) + Vin(O, — 92) 
= bm gl,9,° + dmegleba? + 4K(O, — 45)? 
=4(m/,?@,? + K)O,? + d(mmgly2erg + K)O." — KOO, (12-61) 
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where K = 0?V;y,/0(6, — 9)? and 


wo," = 


log 


, ofa Fk (12-62) 
ly 


~ 
~ 


Comparing (12-61) and (12-4), we find that 
dy = mlPo? + K 
Veg = MaI,2w,? + K (12-63) 
Vyg = Vg, = —K 


since —K6,0, = —}4K0,0, — 4K6,0,. 
The equations (12-26) then become 


[(m,h2o,? + K) — mlPo*]a, — Ka, = 0 (12-64a) 
—Ka, + [(mgly?aog? + K) — myl,?w?]a, = 0 (12-645) 
If we let 
K K 
——— el Ky, > K (12-65 
ml,” » mole? . ) 


the equations (12-64) become 
(wy? — w + Kya, — Kya, = 0 (12-662) 
— K,a, + (w2 — w* + K2)a, = 0 (12-66) 


Let us first review the case of no coupling, for which K = 0 and hence 
K, = K, = 0; then (12-66) give (w,? — w*)a, = 0 and (,? — w?)a, = 0. 
This result shows that the two pendulums oscillate with their known 
natural frequencies and there are no restrictions on the relative values 
of a, and a; this statement simply describes the fact that they are inde- 
pendent. 

In order to find the normal frequencies, we compare (12-27) and (12-66) 
and obtain the equation 


(w,” — w* + Ky) —K, 
—K, (w.” — w* + Kg) 
= (w,2 — w + K,)(o? — w? + K,) — K,K,=0 (12-67) 
When this is expanded, it is a quadratic equation in w? whose roots are 
co == 4(«," + wy? + Ky + Ky) + §[(@.? — @;°)? 
+ 2(cr® = w,")(Ky — Ky) + (Ky + Ky)*]* (12-68) 


0) 
| 


) 


5% 333 


PO) 
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Thus, corresponding to the two possible normal modes of this system of 
two degrees of freedom, we have the two solutions w,? and w_* obtained 
by choosing the plus or minus sign, respectively, in (12-68). 

Because it is difficult to see the qualitative effect of the interaction from 
the general result (12-68), we shall look for an approximation correspond- 
ing to K, and K, being small. If we assume w,” ¥ w,”, and keep only terms 
which are linear in K, and K,, we can approximate the square root in 
(12-68) by 


[(,? — «,%)? + 2m? — «°K, — Ke)]* 
2(K, — Ka)" 
(wo? => 0s") 


en = (o? + Ky) — (a," + Kg) 


= (w,° — og)|t - 

= (w,’ _ ") [ a (w,2 _ w,?) 
so that (12-68) itself can be written 

ow? = 3[(@,? + Ky) + (@? + Ka)] + $[(@? + Ky) — (@:? + K3)] 


and therefore 





o2~of+ Ky =o" + 


(12-69a) 


ml," 





o'~ Wo" + Ky = We" + 


aoe (12-69b) 
We see from (12-69) that the general effect of the interaction is to make the 
normal frequencies slightly different from the natural frequencies of the 
uncoupled system. In this particular case, both of the frequencies are 
increased; this is not always what occurs, however. 

There is one simple case for which the normal frequencies can be easily 
and exactly found. Let us assume the two pendulums have the same length, 
so that /, = /, = J) and then 


wo, =a, =£ =a,' (12-70) 


according to (12-62). When (12-70) is substituted into (12-68), we find the 
normal frequencies to be given by 


ey ee ee -(= + =) (12-714) 
o \My Mg 


wo = wy" (12-71b) 
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Hence one of the normal frequencies equals the natural frequency, while 
the other is larger; we can understand these results better if we find the 
normal modes. From (12-66) and (12-70), we see that 


2 2 
Gay _ Do ~ Wy Ry RK, 


> (12-72) 
in Ky, Wy — 0, + Ky 


and, when we substitute into (12-72), in turn, the normal frequencies given 
in (12-71), we find that 
ae SS ES ice (12-73) 
ayy K, Me 

The latter result in (12-73) shows that for w_? = w,? the pendulums 
oscillate in phase and with equal amplitude; thus there is no interaction 
between them because in the common support there is no twist due to a 
relative displacement, and therefore the natural frequency is not changed. 
On the other hand, for w,?, the particles oscillate out of phase with opposite 
signs of the amplitude, resulting in considerable interaction because of the 
twisting of the support which makes the normal frequency considerably 
different from the uncoupled natural frequency. In the special case of equal 
masses, we see that a,, = —a,, while a,_ = a,_ and hence the magnitudes 
of the normal mode amplitudes are equal. However, if m, > m,, we see 
that |a,,| <|a,,| and, although the phase relations remain the same, the 
amplitude for particle 2 is always much smaller than that for particle 1, as 
could be expected from the relatively larger inertia of 2. 

We recall that the general motion of this system is some sort of supir- 
position of the normal modes—the exact superposition being determined 
by the initial conditions. In order to discuss this, we shall find the a,, 
explicitly where we take j and k as + or —, etc. The basic relation is given 
by (12-41) but, in our case, ¢,, = 0 if 7 # k, according to (12-60), and 
(12-41) can be written 


pa 1554 pmQ j1 = bmi (12-74) 
e) 
As a check, if we take m = + and / = —, (12-74) tells us that 
Zz 15545445 = O = 111,41 + tyedop ae (12-75) 
J 


If we substitute from (12-73) and (12-60) into (12-75), we find that 


myly.a,_ + male'(— a ay, Jay =0 
Ms 
as it should; thus we have shown directly that the normal modes are 
orthogonal, as we first saw in (12-38), We now take m = /= + so that 


20) 
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we can use the normalization condition to determine the a’s exactly; 
using (12-74) and (12-73), we find that 


by 2 2 
D 45054054 = 1 = tay? + toe, 
g 


2, 2 

2. 2 2( My ay, 

Myly ay.” + Maly (Pate 
Ms, 


\% % 
ay, -|——"» | : a= —7|— | (12-76) 


7 IgLmy(m, + ma) IgLm(m, + mg 
Similarly, by using m = / = —, we find that 
ma Ors Somes 
» lox/my + my 


Using (12-76) and (12-77), we see that the general solution as given by 
(12-47) is 


and 


ay = ag 


(12-77) 


6, = ay,(c, cos w,t + d, sin w,t) + a,(c_ cos w_t + d_sin w_t) 
1 [ /™ : 
SS UC cos wt +d sin wt 
lo/m, + mg hee + ae ,t) 


+ (c_cos w_t + d_sin o1)| (12-78a) 


1 m ‘ 
6, = weral- a (c, cos w,t + d, sin w,t) 
+ (c_cos w_t + d_sin o1)| (12-78b) 


As an example of evaluating the constants from the initial conditions, 
let us assume that pendulum | is pulled to one side and released from rest 
at the angle 0); therefore, for t = 0, 

6,=6, 0.=0, 6,=6,=0 (12-79) 
Equations (12-78) then become 
oped aE 

Ip,/ mM, + M, 


0= eal vmete| 
=a 


0 
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which can b2 solved for the constants; the results are 





4 
i IPa| | feta eee ond al 12-80) 
m, + m, Jm, + my 
so that the equations in (12-78) become 
6, = 9 [mz Cos w,t + Mm, Cos w_t] (12-81a) 
m, + mM, 
Iym, 
0, = ——— [-—cos w,t + cos w_t] (12-81b) 
m, + M, 


which are the general solutions of the problem which satisfy the initial 
conditions (12-79). We calculated the results given in (12-80) by straight- 
forward algebraic means from the general equations, but we could equally 
well have obtained them from the general results (12-49) and (12-50). Let 
us illustrate this process for c,, for which (12-49) becomes 


C= a 0,(O)t;,4;, = O,O)ty1414 + 9,(0)torde, 
3 


mym, | 
= Ootidi, = Ipg| | 
m, + mg, 


which agrees with the first result given in (12-80). Similarly, the remaining 
results in (12-80) can be obtained in the same way, thus verifying our 
general results (12-49) and (12-50) when applied in detail to this special 
simple case. : 
As an additional special case, we now assume that m, = m, = m, so 
that (12-81) gives 
6, = 409(cos w,t + cos w_t) = 6) cos 4(w, — w_)t cos (w, + w_)t 
(12-82a) 
6, = 40(—cos w,t + cos w_t) = 6) sin 4(w, — w_)t sin }(w, + w_)t 
(12-825) 
In this case, we find from (12-71) that w,? = w,? + (2K/ml,”), o? = 
@,"; hence w_ = w, and 


2K \]% [ K | K 
i ov] : (Fa) | a ml,°@" a ml,2w» 


for small coupling. To this approximation, then, we find from (12-82) 
that 














6, ~ 99 cos ( a ) COS Wot (12-83a) 
ml,?w 

by Oy sin ( Ks ) sith aot (12-835) 
My Mo 


wT) 
pe) 


tk 
a 
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Fig. 12-2 


As a check, we can let K + 0 and we find that 6, — 6, cos wot and 0, — 0, 
as we expect for the uncoupled situation. 

The motions described by (12-83) are illustrated in Fig. 12-2. We see 
that each pendulum oscillates with approximately the uncoupled frequency 
but is modulated by a term which depends on the coupling. The net result 
is that the energy of the total system flows back and forth between the two 
pendulums, for, as shown in the figure, as the displacement of 1 decreases, 
that of 2 increases until finally 6, has zero value and 6, has its maximum 
amplitude; then the coupling starts 1 oscillating again with increasing 
amplitude so that, as 2 loses its energy to 1, the value of 6, decreases again. 
This whole interchange is then repeated indefinitely. 

There is still one more thing we can do for this example, and that is to 
find the normal coordinates. They are given in general by (12-52), which, 
with the help of (12-60), becomes 


C= 2 Oityay (12-84) 
2 
If we choose / = +, use (12-60), (12-70), and (12-76), we find that 


mMg 


a 6. 2-85 
se (6, —6,) (12-85) 


Similarly, we find the other normal coordinate to be given by 


lo (m0, + gO) (12-86) 
2 


Jm, +m 


Cy = Oytydi, + Ooteods, = hf 


C_ = Oytyay_ + Oetesae = 
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Although 6, and 6, oscillate simultaneously with both frequencies w, and 
@_, the combinations of 6, and 6, which form ¢, and ¢_ oscillate only 
with the single frequency w, or w_. We can solve these directly for 6, and 
6, in terms of the normal coordinates, and the result is the same as obtained 
from (12-51): 


Oya t+ a0. | mel. + “| (12-872) 


1 
9, = ao, 0, +a, 0 = 


ell gem ee ee 2-87b 
Ig,/m, + —| Ms a a eee) 


If we substitute (12-87) into (12-61) and use (12-71), we find after a 
straightforward calculation that V = 3(w,?¢,? + w_?¢_*), thus verifying 
our general result (12-53) that the potential energy becomes a sum of 
squares when written in terms of the normal coordinates. 


12-7 External forces 


The normal coordinate description of coupled oscillators is especially 
useful when external forces are applied to the system, and we shall discuss 
these effects very briefly. 

Suppose that in addition to the linear restoring forces, the coordinate 
u; is subject to an additional external force F;. We want to find the general- 
ized force Q, associated with the kth normal coordinate ¢,. In the notation 
of this chapter, our previous general result (7-20) becomes 


Ou: 
Q;, = > ers = > Fax, (12-88) 
j ke j 


since we see from (12-51) that du,/0%, = aj, When these generalized 
forces are included, Lagrange’s equations (12-56) become 


bi + orl, = 0, (12-89) 


which is analogous to the equation for the forced motion of an oscillator 
as discussed in Chapter 5. 

We see from (12-88) that the effectiveness of a force F; acting on one of 
the coordinates in exciting the kth normal mode is proportional to the 
amplitude a, which that coordinate would have if the system were in that 
mode, This means that a force which is applied to a particle cannot 
excite a mode in which that particle is not displaced, i.e., for which ay,=0, 
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but the force will be very effective in exciting a mode in which the particle 
has a comparatively large displacement. 

As an example, let us suppose that all the forces F; are proportional to 
e~‘*', where w is arbitrary. Then we see from (12-88) that 0, ~ e~* and 
we can write (12-89) as 


t. + oy. Cy = Que *”* (12-90) 


If we look for the solution in which ¢, = f,9e ~*”, we find from (12-90) that 
the forced motion of the normal coordinate is given by 


= oe _ (12-91) 


oO, — w* 


and, therefore, the actual displacement as found from (12-51) is 


u, = > —22Oe (12-92) 


To, — w® 


so that u; ~ e~*” as well. We see from (12-92) that, if we consider u, a 
function of w, there are now n separate resonances, corresponding to the 
frequencies w, of the normal modes, rather than only the single resonance 
we found for the simple oscillator in Chapter 5. 

Actually, the displacement for a real system will not be infinite at reso- 
nance, as it would appear to be by (12-92). What has happened is that we 
have neglected the frictional damping forces which will occur for any 
real system. We can introduce these forces in a manner similar to that 
we used in Sec. 5-2 by introducing damping forces proportional to uw; The 
discussion becomes somewhat complicated, but the results are qualitatively 
much like those we found before; the effect of the friction is to make the 
resonant amplitude finite, and at the same time to give a finite breadth to 
the resonance curve. 


Exercises 


12-1, Find the normal modes and normal frequencies of small oscillations of 
the double pendulum of Exercise 7-3. In particular, consider the limiting cases 
m, >m, and m, <m,, and interpret the results physically. In the special 
case of equal masses and equal lengths show that the frequencies are [g(2 + 
Vv 2/14. 

12-2. A mass m, is suspended from a spring of stiffness constant k,, and 
another mass m, is suspended from m, by means of a spring of stiffness constant 
ky. If the mass m, is subject to an external vertical force Fy sin wt, find the ampli- 
tude of the steady motion of my. 
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13 The weighted string 


Many concepts and results associated with normal modes and their 
superposition to form general solutions, which are very important in 
other branches of physics such as electromagnetic theory and quantum 
mechanics, can be illustrated very well by studying the simple mechanical 
system formed by a vibrating string. We do not begin by considering the 
string to be a system of atoms or molecules, but instead we consider the 
simpler system known as the weighted string. In this system the mass is 
concentrated in a set of equally spaced mass points imagined to be held 
together by massless springs of equal tension T, as illustrated schematically 
in Fig. 13-1. We shall study only the transverse motions of the particles 
of this system, and we shall assume that the displacements from the 
horizontal equilibrium configuration are so small that the tension 7’ can be 
assumed to remain constant. 

If we have N particles, each of mass m, and spaced a distance d apart, 
then, as shown, the coordinates of the particles will be x = d, 2d,..., jd, 
..., Nd. We shall let u; be the transverse displacement of the jth mass at 
the distance jd from the left end; all these relations are also illustrated in 
Fig. 13-1. We have a new feature associated with this problem, however: 
we require that the end points be held rigidly fixed; that is, that the dis- 
placement be always zero when x = 0 or (N + 1)d. This is an example of 
a particular kind of a constraint known as a boundary condition, and it has 
important consequences, as we shall see. 

As a first step in finding the equations of motion, we find the force 
acting on a particular mass. We can do this directly with the aid of Fig. 
13-2a, and if we let F; be the resultant transverse force on the jth mass, we 
see that 


F, = Tsinf — Tsina ~ Ttanf — Ttana 


— 7| Ga — ua) _ (sy — Ua) 13-1 
r| r r | (13-1) 
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Fig. 13-2 


for the small angles 6 and «. If we equate the force and the mass times 
acceleration, the equation of motion of the jth mass as found from (13-1) is 





a au, 7 

7 (Uji1 — 2u; + uj 4) =m TP = mu; (13-2) 
We do, however, have to consider the first and last particles separately, 
that is, for 7 = 1 and N, since each of them has only one neighbor. In 
Fig. 13-2b, we have the situation for j = 1, and we see that, to the same 
approximation, 

ep Ae pet (uy — 2u,) (13-3) 

d d d 


which is exactly what we get from the general result (13-1) if we define 
Uy = 0. Similarly, the correct force on the Mth particle can also be obtained 
from (13-1) if we define uy ,, = 0, so that (13-2) can then be used for all 
values of j from 1 through N. 

Before going on to look for the normal modes, let us show first that we 
can also find a Lagrangian for this system which gives the correct equations 
of motion. We easily see that 


N N 
Kinetic energy = > $mu,;? = > 4mu? (13-4) 
j=1 j=0 


in which the last step is possible because u, = 0. We now assert that the 
potential energy is given by 


V= = [(u, — up)® + (ug — y)*® +28 + (Ug — Uy) 


| 


N 
5 2 (usa —u,) (13-5) 


a 
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In order to verify this assertion, we calculate the force: 


OV T 
F,;=— re aaah [—(uj41 — uy) + (U; — 451)] 
uj; 
T 
= Zz (Uj41 — 2u; + Uz4) 


which is correct, as shown by (13-1). Subtracting (13-4) and (13-5), we 
obtain the Lagrangian: 


~ 5 2 Le 2 
L= 43 | mut — 2 (uy — us? | (13-6) 
=0 d 
If we use (13-6) in the Lagrangian equations of motion 
ae) ep 
dt \ou, Ou; 


we find that we get the equations (13-2); therefore (13-6) is a correct 
Lagrangian for the weighted string. 

In order to find the normal modes and frequencies, we follow (12-15) 
and substitute 


u, = Cae" (13-7) 
into (13-2) and find that they yield 
T 2T T 
~ teat (+ - mo*)a, — 7 ayy, = 0 (13-8) 


where j = 1,2,..., N. Rather than writing out all NV of these equations 
and setting the determinant of the coefficients of the a’s equal to zero, we 
are able to solve the general equations for this problem quite easily by 
assuming an exponential solution of the form 


a; = Aets® (13-9) 


where i = V —1 and k is to be found. If we substitute (13-9) into (13-8), 
we obtain 


TF oii (= m mas oie Tussi _ 9 
d d d 
from which we can solve for w to get 
wo = cas (1 — cos k) = w,” (13-10) 
md 


if we use e* + e7!* = 2 cos k, which follows from (5-33) and (5-34). Thus 
we see from (13-10) that for any k we can find the corresponding frequency 
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for which (13-7) is a possible solution of the equations of motion (13-2). 
This may not appear to have helped us because we still do not know how 
to determine k. We have not yet considered one important factor, how- 
ever, as we have only solved the equations of motion but we have not yet 
made our solutions satisfy the boundary conditions uy = uy,, = 0, 
that is, 

M = any, = 0 (13-11) 
which follows from (13-7). 

It is clear that the individual exponential solutions (13-9) will not satisfy 
(13-11), but since the equations of motion are linear and thus a sum of 
solutions is still a solution, we can hope to satisfy (13-11) with a suitable 
linear combination of terms of the form (13-9). We see that 


a; 


= =e — e %*) = A sin jk (13-12) 
i 

is also a solution corresponding to the frequency w,. This. form auto- 

matically satisfies the first part of (13-11) in that ag = 0. We must also 

have ay,, = A sin (N+ 1)k = 0, and this means that (N + 1)k = nz, 

where n is any integer, or 

nt 


k= 
(N + 1) 


Thus we see that the satisfying of the boundary conditions has determined 
that our previously arbitrary k can have only these definite values in 
(13-13). The normal frequencies (13-10) can now be written 
co,? = (1 oe CO ae ) (13-14) 
md N+1 
and the normal modes which satisfy both the equations of motion and the 
boundary conditions are found from (13-12) and (13-13) to be 


(13-13) 








naj 
N+1 


where we are labeling the modes with the index n. 

It may appear, however, that our results are incorrect. Since we have 
a system of N particles with N degrees of freedom, we expect from the 
general results obtained in the last chapter that there should be N normal 
modes. However, the way in which n entered as any integer in (13-13) 
makes it appear that we have found an infinite number of normal modes 
and frequencies. Actually, the values of m we need to use do not go on 
indefinitely, as there are only a finite number of normal modes corre- 
sponding ton = 1, 2,3,...,N. For values of n different from these, we 


(13-15) 





aj, = A, sin 
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simply repeat solutions already considered; hence there are only N 
different normal modes. We show this by example: 


Suppose n = N + 1; then cos (m7/N + 1) = cos 7 = —1 and 


4T 
OV = = (,,*)max (13-16) 


The normal mode as obtained from (13-15), however, is proportional to 
sin (nz j/N + 1) = sin jr = Osince/jis an integer. Thus the casen = N +1 
does not really correspond to a normal mode at all, but rather to equi- 
librium. 
Suppose n = N + 2; then 
nw (N+1+1)7 


T 
cos ——— = cos ————————- = Cos («+ 
N+1 N+1 N+1 





( 7 Na 
= cos | —7 + ——_]} = cos —— 
N+1 N+1 


Where we used the fact that cos « = cos (a — 27). We now see from 
(13-14) that w5,,. = @,?. In a similar manner, we can easily show that 


sin pitted uf = —sin ei 
N+1 N+1 
so that 4; vig = —G;y if we choose A, to be positive for both cases. 


Thus for the mode n = N + 2, the frequency is the same as for n = N, 
but all displacements are of opposite sign. The latter does not correspond 
to a real difference, however, since the relative displacements of the 
particles remain the same. 

In the same way, we can show that, ifm = N + 3, we obtain the same 
solution as form = N — 1, etc. Thus, as we said, there are only N different 
modes, and we can restrict n to the valuesn = 1,2,...,N. 


Example. Three Particles. If N = 3, we find that 


: md 

In order to compare the shape of the string in the various normal modes 
we need only look at the factor sin (n7j/4) for 7 = 0, 1, 2,3, 4. These 
functions are illustrated in Fig. 13-3 for the values of from | through 6, 
in order to show explicitly how the modes for larger n are the same as 
those forn = 1,..., N. The dotted curve is sin x plotted as a function 
of a continuous variable; it is helpful in evaluating the displacements 
for the finite values of jd. 


ot = 27 (1 — cos), aj, = A, sin, n=1,2,3 (13-17) 
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Fig. 13-3 


The normal modes (13-15) were written with the factor A, because they 
must still satisfy the orthonormal condition (12-41), which can be written 
in terms of our present notation as 


Xt inft = Sn» (13-18) 
a 


From (13-4) and (12-11), we see that for the weighted string ¢,, = m 6,, so 
that (13-18) becomes 





PS M4 57.9 jy = 845 (13-19) 
s 
Substituting (13-15), we find that (13-19) becomes 
x naj F ( prj 
mA,A, > sin sin (——_]} = 6, 13-20 
D> (5 +i Ne ’ ay 


The sum can be evaluated directly, and it will be left as an exercise to show 
that 


Ssin (ee ‘- sii sin (=) = iN + D3.) Gee 


Therefore, ifn 4 p, > may,,a,, = 0, verifying the orthogonality property. 
j 
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The case n =p enables us to evaluate the normalization factor A,, 
because, when (13-20) and (13-21) are combined, we find that 


mA,?+3(N + 1) = 1, 


/ 2 


which is independent of n. When (13-22) is substituted into (13-15), we 
find that our final expressions for the normal modes of the weighted string 


are 
an = {2 — sin ( sal (13-23) 
mN+1) \N+1 


We can now write the general solution for the displacements of the 
weighted string by are (13-23) into (12-47); we find that 


->, mre + 1) = (~~ +1 


where the frequencies w, can be found from (13-14) and the c,, and d,, are 
2N constants of integration whose values can be found from the initial 
displacements and velocities. 

We can also find the normal coordinates for the weighted string from 
(12-52), (13-4), and (13-23) to be given by 


= > Ujl Ain = x MU 5 jn 


= Edooe (gh) om 


or 








Je, cos w,t + d,, sin w,t) (13-24) 


Exercises 


13-1. Verify (13-21). [This is most easily done by using 
sin x = (e# —e~**)/2i.] 


13-2. What sort of initial conditions will be necessary to get the string oscil- 
lating in the normal mode corresponding to n = 3 in Fig. 13-3? 

13-3. As was done in Fig. 13-3, sketch the shapes of the normal modes for 
four particles. 
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I4 The continuous string 


Many of the systems we want to consider can be described as continuous 
systems in the sense that various properties are continuous functions of the 
coordinates. For example, the mass of the system may be distributed 
continuously throughout space rather than be concentrated in the discrete 
particles which we have assumed to be the constituents of all the systems 
we have studied up to now. The methods of treating continuous systems 
also find applications as well in fields such as electromagnetic theory and 
quantum theory, and we shall find that the normal mode concept is very 
useful in discussing general continuous systems. The system we consider 
first is the uniform continuous string—a string of constant density and 
uniform tension 7. Our first approach is to treat it simply as a limiting 
case of the weighted string, and later we shall attack the problem from 
quite a different point of view which is forthrightly based on the fact that 
the system is continuous. 


14-1 Continuous string as limiting case of the weighted string 


To go to the limit, we can let the number of particles, N, become infinite 
while the mass of each particle approaches zero and the distance between 
particles also approaches zero—all this being done in such a way that we 
are left with a string of length L and mass per unit length, u. The string is 
also to be held rigidly at the ends, that is, at x = 0 and x = L, where z is 
the continuous position variable of each point. Therefore we want 


(N + 1)d——>L and mN = total mass——>uL (14-1) 
a8 te 
Since N + 1 =~ N when N is large, we see that we can simply make the 
replacement 


=a, (14-2) 


to make weighted string results become those appropriate for the 
continuous string. Similarly, we can make the replacements 
; j x 
d—x and ——-—+-— 14-3 
; N+i L CF 
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the latter following with the help of (14-1). The displacement u,(t) of the 
jth mass now becomes the transverse displacement of the string at the point 
x at the time t, which we shall simply write as u; thus we also make the 


replacement 
u,(t) seats u,(t) = u(x, t) (14-4) 


The displacement now becomes a function of two continuous variables. 
Since the normal modes of the weighted string are given by (13-23), we 
can use (14-1) and (14-3) to find that the normal modes of the continuous 
string are =! 
2. nx 
u,(x) = /— sin — 14-5 
nl) rE (14-5) 
since m(N + 1) ~ mN = wL when N— oc. From (13-14), we find that 
the expression for the normal frequencies becomes 


2 27 nr 2T nid 
@, = —|1—cos S| cack aera 





"md N+1/ wd? 
2 
= lim “75(=) + terms of order d* + -> | 
ao pd*L2\ L 
a (z)2 
Li p 


and the normal frequencies of the continuous string are 


nx /T 
~~ — (= 14-6 
@ = fF (14-6) 


where n = 1, 2,3,.... Thus we see that the continuous string has an 
infinite number of normal modes and frequencies corresponding to its 
infinite number of degrees of freedom. 

It is interesting to compare the dependence of w, on n for the weighted 
and continuous string. The curve given by (14-6) is a straight line with an 
indefinite increase in w,. The curve obtained from (13-14) has a maximum 
given by @nax = vy, = 2V T/md. These curves are shown in Fig. 14-1. 

The orthonormal condition for the weighted string is given by (13-21) and 
(14-1) as 


+E sin ("=) sin ("=*)ana = O. (14-7) 


where we were able to insert Aj because the sum is over only integral values 
of j so that Aj = | always. Since jd-—» x, then, as d— 0, we can replace 
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Continuous 


® max 





Fig. 14-1 


(Aj) d by the increment of distance dx and replace a summation over j 


by an integral over x as follows: 


2hidyt {i f(x) dx (14-8) 
nae 


Therefore for the continuous string the orthonormal condition (14-7) 


becomes 
2 (2. (navx\ .) (max 
— | sin {—]} sin |——} dz = 6,,,, (14-9) 
LJo L L 


which is a result that can also be verified directly. This equation can be 
written in terms of the normal modes if we use (14-5); we find that it 
becomes 


i “phen @) da— bey (14-10) 


which we shall meet again in the same form, for an even more general case 
in which w is not constant. 

We shall also have an infinite number of normal coordinates £,. If we 
use (12-51), (14-4), and (14-5), we can write the equation connecting the 
displacement and the normal coordinates as 


u(x, t) = 2 C,u,(%) = > C,(t) lz sin (=) (14-11) 


Again, we see how we can interpret the normal coordinates as essentially 
the amplitude with which each normal mode of the vibrating string goes 
into the superposition which makes up the general displacement for all # 
and f. 

For the continuous uniform string, it is of interest to verify explicitly that 
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the normal coordinates reduce the problem to one of a system of independ- 
ent oscillators. Using (13-4), (14-11), and (14-9), we find that the kinetic 


energy becomes 

T= 2 mu; = [au (S) dx =~ # I's tf = sin ("=2) | ae 
ssn (on (2) 
2 LEnbm Sum = FD Sn" (14-12) 


which is exactly what is expected from our general results. Similarly, if we 
use (13-5), (14-11), (14-6), (14-8), and 


L 
al cos (=) cos (=) dx = bam (14-13) 
L Jo L L 


we find that the potential energy becomes 


rye 2 
: : ake ut ‘ cs (222) fae 
= ie oct." sik 


Ly 
Le 
=} 


™m 


Then the Lagrangian is 
L=T-V= iz Giant.) (14-15) 


which is exactly that for a system of independent harmonic oscillators. 

The Lagrangian equations of motion then are f,+,2C, = 0, for 
which we have the solution £,, = C,e~**»', where C,, is a constant. If 
we insert this into (14-11), write C, = c, + id,, and take the real part 
of the resulting expression, we obtain the general solution for the displace- 
ment of the continuous string in the form 


u(v, t) = 3/2 sin (= *\(en cos@,t +d,sinw,t) (14-16) 


where w,, is given by (14-6). The doubly infinite set of constants of integra- 
tion, c,, and d,, can be obtained from the initial conditions by using the 


a 
fl 
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orthonormal relations. We shall defer the detailed discussion of this, 
however, since we shall be able to discuss it again in another context. 


14-2 Equation of motion of a continuous string 


Although we have just found the general solution for the motion of the 
continuous string in (14-16), we had first to solve the problem of a discrete 
number of coupled systems, the weighted string, and then go to the limit. 
What we want to do now is to start all over for the continuous string, treat 
it completely as a continuous system from the very first, and then apply 
the normal mode concept to it. In so doing, we shall have basically extended 
the range of utility of the normal mode concept from the system of coupled 
particles with which we started and shall thus be encouraged to use the idea 
more freely in the future. 

Again the system we consider is a string stretched between rigid supports. 
The horizontal equilibrium position is shown dashed in Fig. 14-2, which also 
shows a possible position at a given time, as if we had taken a photograph 
of it. We let u be the displacement from equilibrium of an element of 
string at the distance x from the end, and, since we know that the shape 
can vary with position along the string at a fixed time and with time at a 
fixed point, we must write uw = u(x,t). Our first problem is to find the 
equation of motion, that is, to write F = ma in a form appropriate to the 
string. The result which we obtain below is called the wave equation, for 
reasons which will become clear later. 

We let u = mass per unit length and T = tension; we neglect gravity, 
i.e., the weight of the string. If we consider the element dz of the string at 
the time ¢, we see from Fig. 14-3 that 


Resultant force on dx = T,,, gy SiN 92,47 — T, sin 6, (14-17) 


We shall assume small displacements and therefore small values of 0, so 
that we can make the approximation 


sin 6 ~ tan 0 = ey (14-18) 
Ou 
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x x+ dx 
Fig. 14-3 


Making this substitution in (14-17) and equating the resultant force on the 
element dz to the time rate of change of the momentum of this element of 
mass p dx, we obtain 


Ou a) ( Ou 0 ( =) 
Oy PO ae eh ede de P| 
(v3) ( Oz), ai\ a) Qa\ Be) 


and, upon canceling out the constant factor dx, we obtain the equation of 
motion for the continuous string in the form 


0 Ou 0 =) 
8 (pou) _ O( du 14-19 
3(rs) (1 at rie 


We have left (14-19) in this form because in general we could have T and wu 
given as functions of x and t; for example, u could be a function of the 
time if we were spraying paint on the string and thereby changing its mass 
distribution. 

For the present, however, we assume that both T and wu are constant; 
then (14-19) becomes 
wake He 6 Oe (14-20) 
da® =T Ot? 
which is the equation of motion for the uniform string and is known as the 
wave equation in one dimension. We also note that now our equation of 
motion is a partial differential equation; this is a characteristic feature of 
continuous systems, and we shall meet other examples as we go along. 


14-3 Normal modes and boundary conditions 


Suppose we try to find normal modes in which all parts of the string are 
oscillating with the same frequency. Accordingly, we try a solution of the 


form u(a, t) = X(a)e-!" (14-21) 
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so that 


2 2 2 
Oru =< X tot Ou = —w*Xe-ivt 


ax? dx? or? 
and therefore (14-20) becomes 
d?x w 
aa =— 3 X (14-22) 
where we have set 
v=VT/u (14-23) 


There are two possible solutions for X which we can write as cos (w2/v) 
and sin (wa/v). Since the two real parts of the time factor in (14-21) are 
cos wt and sin wt, we see that there are four possible real forms for u(x, t) 
of unit amplitude which satisfy the equation of motion (14-20): 


u, = sin (~) sin wt, wu, = sin (=) cos wt 
v 
wx (14-24) 


Wx ‘ 
Ug = cos |—] sin wt, u, = cos cos wt 
v 


v 
Since the differential equation is linear, an arbitrary sum of these four 
results will also be a solution, and the general solution of (14-20) for a 
given w has the form 


u(a, 1) = yu, + agli, + guy + Ayu (14-25) 


where 4}, ay, dg, dy are constants. We note here that (14-25) is the general 
solution to the partial differential equation without reference to the fact 
that we are considering the particular problem of a string fixed rigidly at 
its ends; in this connection, it is important to realize that in the derivation 
of (14-19) we made no mention of how the string was fastened, or even if it 
were fastened at all! 

Now we must apply our boundary conditions, that is, we must make sure 
that our solution is such that we always have 


u(0, t) = u(L, t) = 0 (14-26) 


Since cos 0 # 0, the first condition of (14-26) as applied to (14-25) tells us 
that we must have aj = a, = 0. The second part of (14-26), combined 
with (14-24), now tells us that we must have sin (wL/v) = 0; this can be 
satisfied only for certain values of w because everything else is fixed. 
Therefore we must have 

oL 


Pees nw 1,2, 3, ..+ (14-27) 
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Thus the application of the boundary conditions of our special case has 
told us two things: first, the solutions involving cos (2/v) can not enter 
because they do not satisfy the boundary condition at x = 0, and, second, 
only certain normal frequencies are possible and they were determined 
from the boundary condition at x = L. Hence only a certain discrete set 
of frequencies is allowed and they are found, by combining (14-27) and 
(14-23), to be 
eat l= (14-28) 
L LN up 
[Comparing with (14-6), we see that these frequencies are the same as 
obtained from the limit of the weighted string.] 
Therefore to each normal frequency «,, there correspond two solutions 
of the general form 


Uns = sin (=) sin @,t, Un, = sin (=) cosw,t (14-29) 


which are known as standing waves. When sin (n7x/L) = 0, the point x is 
always at rest; such a point is called a node. When sin (nrx/L) = +1, the 
point « oscillates with maximum amplitude; such a point is called an 
antinode. As an example, in Fig. 14-4, we show the solution u,, corre- 
sponding to n = 3; that is 


; (=) ; 
sin | —} sin wet 
L 


The three curves show the position of the string at three different times. 
In all of them, the nodes at = 4L, 3L remain undisturbed; the antinodes 
are evenly spaced between the nodes. 

A possible solution corresponding to ,, is an arbitrary sum of the two 
special solutions given in (14-29), or 


u, = (A, COS Opt + B, Sin w,t) sin (=) (14-30) 


where A,, and B,, are constants. Again, since the differential equation is 








may 
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linear, the general solution is a superposition of these particular solutions 
for all possible frequencies, and the general solution can be written 


u(a, t) = ¥(A, cos w,t + B, sin w,t) sin (=) (14-31) - 


n=1 


which is, of course, the same solution found in (14-16) from the limit of the 


weighted string, where A, = V2/uLc,, etc. We now have a doubly 
infinite set of arbitrary constants A, and B, to be determined from the 
initial conditions: 


u(a#, 0) = u(x) and (#) - u(x, 0) = u(x) (14-32) 





where u(x) and (2%) are two given functions of position along the string 
which give us the initial displacement and velocity of each point of the 
string. 

In order to find these constants, we make use of what we know now is 
essentially an orthonormal condition, namely, (14-9), and which can also 
be proved by straightforward elementary integrations. The initial condi- 
tions as obtained from (14-31) by setting t = 0 are 


_ . nwx 
U(x) = 2 An sin (=) (14-33) 
tig(2) = z w,B,, sin (=) (14-34) 


If we multiply (14-34) by sin (m7a/L), integrate over the length of the 
string, and use (14-9), we find that 


L 
. . (maa % 
| U (2) sin ("=") dx= 2 OB. | sin (=) sin (=) dz 


Then 
Be, oui ae .. (mx 
Bn = eke A Up( 2) sin (=) dx (14-35) 
Similarly, one can show from (14-33) that 
2.7% . (mma 
A, =— —— - 
z [ Uo(%) sin ( 5 ) dx (14-36) 


Thus, if we are given the initial conditions as a function of #, we can 
calculate the coefficients A, and B, from (14-35) and (14-36); when they 
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are then inserted into (14-31), we obtain the general solution which tells 
us how the shape of the string changes in time after having been started in 
the given way, and which is, of course, the complete solution to the prob- 
lem. These results naturally agree exactly with what we obtained in the 
first section of this chapter by treating the uniform continuous string as the 
limiting case of the weighted string. Of more importance than this, 
however, is that we have seen that we can usefully apply normal mode 
concepts to mechanical systems which depend continuously on position 
and time. 


14-4 External forces 


The string provides us with a good example for illustrating the use of 
normal coordinates and Lagrange’s equations in treating the effect of 
external forces on a coupled system. Suppose that there is a force F(a, t) dx 
acting on the element dz of the string at x and #, so that F(a, t) is the force 
per unit length. We want to find the corresponding generalized force. 

In order to apply (12-88) to the continuous string, we should replace 
dy, bY uj, and convert the sum to an integral with the help of (14-8); in 
this way we get 

L 
0,=>5 (=) d— [ F(x, t)u,(x) dex (14-37) 
j 0 
since F,/d— force per unit length = F(x, t). If we now combine (14-5) 
and (14-37), we find that the generalized force associated with the normal 
coordinate €,, is 


= rs nae 
n=| F [> sin (=) dx 14-38 
On =| Fee, /= sin ( (14-38) 
and Lagrange’s equations become 
ba + On en 7 2, (14-39) 


If, for instance, F(x,t)~e'”, then QO, ~e ™ and the forced 
motion obtained from (14-39) is 


| 2, 
$n = 2 2 
On, — @ 


and, when this is substituted into (14-11), the forced motion of the whole 
string is found to be 


u(x, 1) = foe) {z sin (=) (14-40) 


which shows that an infinite number of resonances are possible because 
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the displacement will become very large whenever the applied frequency 
approaches one of the natural frequencies w,, of the system. 

Now let us suppose that the string is also subject to a damping force 
proportional to the velocity; we could get such a force by immersing the 
whole string in a fluid such as air or water. We can write the frictional force 
per unit length as 


Frric(%, t) = —ku(x, t) = —k> taf sin (=) (14-41) 


where k is a constant and where we have used (14-11). When (14-41) is 
put into (14-38) and (14-9) is used, the result is that 


Qn tric = kon 2 [sin (=) sin (=) dz = — (*) f, (14-42) 


uL L 
Then, if Q,’ is any additional force, (14-39) becomes 


, + : fn + OC, = Q,' (14-43) 


We see that this equation is still separated in the sense that only one 
normal coordinate is involved, so we can still think of the normal co- 
ordinates as representing independent oscillators, even in the presence of 
friction. This equation (14-43) is now in the standard form of a damped 
harmonic oscillator which we discussed at length in Secs. 5-2 and 5-3. If 
Q,,, ~ e~', we can find the forced motion of £,, by assuming C,, ~ e '; 
the solution obtained in this way from (14-43) is 


ee Q,,' 
n~ 2. 2 
0,2 — 0 — ia(k]p) 
We can obtain the complete steady state forced motion of the string by 
using this expression for @,, in (14-11); the result is 


u(a, t) = (2 _ Qn" sin (n7e/L) _ (14-44) 
BML ‘x w,? — w? — iw(k/p) 
We must still take the real part of this expression, and, in order to satisfy 
arbitrary initial conditions, we must still add to it a general solution of the 
equation of motion for Q,’ = 0, that is, the sum given by (14-16) or 
(14-31). 


Exercises 


14-1. Verify (14-36). 

14-2. Beginning with (14-15), find the Hamiltonian and Hamiltonian equations 
of motion for the continuous string and show that they also lead to the general 
solution (14-16). 
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14-3. A uniform string of length L is pulled aside a distance d at a point x = a 
and then released from rest, so that its initial shape is made up of two straight 
line segments. Find its subsequent displacement as a function of position and 
time. Consider the special case a = $L, and explain the physical significance of 


the result. a 
14-4. A uniform string is undisplaced and at rest at t = 0. Thereafter, it is 


subjected to a force Fy sin wt applied in a very small region about the point 
x =a. Find the displacement for all future times. 


IS Waves on the string 


We can describe the displacement of a uniform string in another way by 
using the concepts associated with traveling waves. In order to do this, let 
us temporarily disregard the fact that the string must be somehow held 
at the ends, and consider only the differential equation appropriate for the 
uniform continuous string. As given by (14-20) and (14-23), this equation 
is 
tu = 2 (15-1) 
dx? Or? 
where v = V Tu. The method of solution based on normal modes which 
we used in the last chapter is the convenient method for obtaining the 
standing waves which are appropriate for a string rigidly fixed at both ends. 
We now want to show that a perfectly general solution of (15-1) is 


u(x, t) = f(x — vt) + g(a + vt) (15-2) 


where f and g are two completely arbitrary functions. In order to prove 
this, we let w = 2 — vt; then we can write f = f(w) and find that 


and 
af _ dif dw _ a’f 
ax2 dwdx dw? 
and 
of _ dfow_ _ af 
at dw at dw 
and 


my df w_ af 
or dw® at dw? 


he 


174 Introduction to Theoretical Physics 


so that 

dw® @2° v* dr? 
which shows that /(# — vf) is a solution of (15-1). Similarly, we can show 
that g(w + vf) is also a solution of (15-1), and therefore the sum (15-2) is 
also a solution of the linear differential equation (15-1). 

We interpret this result by saying that f(a — vt) is a wave of arbitrary 
form traveling to the right with velocity v; that is, it is traveling in the 
direction of the positive 2 axis. In order to show this, let us consider a 
particular value of fat t = 0 and a = 0, which we call fy; then fy = f(0). 
At a later time f, f will also equal the same value fj at a new position 2, 
such that the argument is again zero; that is, 

S(%o — vt) = fo = fO) 
%q = vly (15-3) 
Thus the particular feature f = fh, which appeared at x = 0 and t = 0, 
now has moved to a new point 2 given by (15-3), i.e., a point reached by 
traveling to the right at constant velocity v. These relations are illustrated 
in Fig. 15-1. Similarly, one can show that g(x + vt) represents a wave of 
arbitrary form traveling to the left with velocity v. 

The form of solution given in (15-2) therefore says that any displacement 
of the string can be written as the superposition of two waves—one 
traveling to the right and the other traveling to the left, but both with the 
same velocity v which is determined by the properties of the system. We 
might wonder how this can be reconciled with our results of the last 
chapter in which we found solutions in terms of standing waves. In order 
to see that the two treatments are compatible we consider the particular 
solution u, of (14-24), which we can transform with known trigonometric 
identities as follows: 


u, = sin (° *) sin wt = [3 cos = (x — v)| _ [3 cos (2 + w)| (15-4) 


so tha 





Fig. 15-1 
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so that we see that this particular solution can be written as a sum of 
oppositely traveling waves, as asserted by (15-2). 

Ata given time, the first sinusoidal wave on the right of (15-4) repeats its 
value whenever (w2/v) increases by 27; calling this distance 1, we get 
(wA/v) = 27. Thus this particular traveling wave is periodic in space with 
a spatial period A which is called the wavelength; we see that 


A2e=v (15-5) 
27 
At a given point in space, the displacement is periodic in time, and when- 
ever the quantity wt increases by 27, the displacement repeats itself. If 
we let 7 be the period, we have wr = 27 or 


pei meee (15-6) 
v 


where » is the frequency. Therefore we can also write » = «/27, and (15-5) 
becomes 
Av=v (15-7) 


which is a simple and useful relation for a wave. 

We also note the interesting fact that the velocity v given by (14-23) for 
the continuous uniform string is independent of the frequency. We know 
from (14-31) that the general displacement can be written as a superposition 
of standing waves for all the possible frequencies. We have also just seen 
in (15-4) that each of these standing waves can in turn be written in terms 
of traveling waves and that all these traveling waves move with the same 
velocity. The consequence of this finding is that any general displacement 
of the continuous uniform string will travel along the string with its form 
unchanged. The reason, of course, is that each wave which goes into the 
superposition travels right along with all the others so that they are always 
‘in step,” and thus always add up to the same total displacement. This is 
not true of the weighted string, as we shall see shortly. 

If the velocity of sinusoidal wave propagation in a medium depends 
on the frequency (or, equally, on the wavelength), the medium is called 
dispersive and the general phenomenon is known as dispersion. (AS we 
have just seen, the uniform string is an example of a non-dispersive 
medium.) Therefore, in a dispersive medium, an arbitrary wave form which 
is written as a superposition of sinusoidal waves will not travel with its 
form unchanged. In other words, the general shape of the displacement 
will alter as it moves along because the various components of its super- 
position will travel at different velocities, will become relatively “out of 
step,” and will generally add up differently as the wave form moves along. 
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A simple example of a dispersive medium is the weighted string. As we 
see from (13-7), (13-9), and (14-3), it is possible to write a solution in the 
form u, = Aeie-of _ Zoillk/@2-ot] _ Zoil/@e-(ooa/Re) (15-8) 
and by comparing it with (15-2) we see that this equation has the form of a 
wave whose velocity is given by the coefficient of ¢ as 


od _ [Pra — cos ay" 
k mk? 


when we use (13-10) to obtain the relation between w and k. Thus we see 
that v does depend on w (or, equally, on k), so that the weighted string is 
dispersive. We recall from (13-10) that k can vary from 0 to z in order to 
cover the whole range of frequencies. 

For low frequencies, cos k ~ | and k is small, so that, if we also use 
(14-2), we can approximate (15-9) as 


oes (274 GRY) fie iE (15-10) 


Thus, for low frequencies, the velocity is independent of frequency and 
equal to that for a continuous string of the same ratio of tension to 
equivalent linear density u~. The maximum frequency is obtained when 
k = 7, and the corresponding velocity is found from (15-9) to be 


,= 


(15-9) 


v(@max) = £ ji < v(low freq) (15-11) 
aNm 


and we see that the velocity decreases as k (and w) increases. 
We can also write the first two terms of (15-9) as 


v, = (w/k) d = dtana (15-12) 


where « is shown on the w vs. k curve of Fig. 15-2, which is like that of 
Fig. 14-1; we note that tan « is a 
function of w or k. In other words, 
(15-12) says that the velocity for a given 
frequency is proportional to the slope 
of the line drawn from the origin of the 
w vs. k curve to the corresponding 
point on the curve. If the velocity is the 
same for all frequencies, the slope of 
this line is constant and the w vs. k 
curve is a straight line. The velocity v, 
is called the phase velocity. This name 
is given to it because it is the velocity 
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with which a certain characteristic or “phase” of the wave is propagated 
along. 

The slope of the w vs. k curve of Fig. 15-2 can also be given a physical 
interpretation; thus we want to consider 

v, = (2) d = group velocity (15-13) 
dk 

We see from Fig. 15-2 that v, < v, for the weighted string, since the slope 
of the curve is less than the slope of the chord. The name arises from the 
fact, which we shall show at once, that if we superimpose two waves of 
almost the same frequency the resultant pattern travels with the group 
velocity v,, while the individual components of the superposition travel 
along with their own phase velocity. 

Let us choose the particular superposition to be the sum of two traveling 
waves of unit amplitude and of nearly the same values of k and w; thus, 
if we use (15-8), we can write the superposition as 


el (+k) (a/d)—(co+de)t] 4 etl (k—6k) (a/d)—(a—6a) t] 


= pillkx/d)—ot] { gl@Ma/e tof) + gas 
; 6k dw 

aos, eilk/@La—(od/k)t] -2 cos ee a— |— dt 
d 6k 


= ef(*/Mlz-%4). 2 cos = (x — os) | (15-14) 


with the use of (15-12) and (15-13); v, is the average phase velocity of the 
two waves. The real part of (15-14) is 


2 cos E (x — nt) | cos F (x — v4) | (15-15) 


whose second factor is a wave with the average wavelength and velocity 
of the superimposed waves, while the first factor is a wave traveling with 
the group velocity since dw and 6k are small. This modulation of the 
amplitude given by the first factor travels more slowly because the group 
velocity is less than the phase velocity; this result is an example of the 
more general phenomenon known as beats. The resultant displacement 
represented by (15-15) is shown at a given time in Fig. 15-3; this figure does 
not show the individual waves which are added to give this result. 

In (13-16), we found that a, = 2J/ T/md and corresponded to 
cos k = —1 ork = 7, and we said at that time that this meant that no mode 
or wave was possible for a higher frequency. Of course, we could easily 
imagine the actual possibility of shaking one end of the weighted string 
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Fig. 15-3 


at a frequency greater than w,,,,, and we would then like to know what 
would occur; therefore we want to look into the whole question a little 
more deeply than before. 
We assert first of all that in order to get w > @,,,,, With w given by 
(13-10), it is necessary that 
k =m + ik’ (15-16) 


where k’ is real; that is, k must be complex. As proof, we see that then 
cos k = cos (a + ik’) = —cos (ik’) = —}(e™ + e*) = —cosh k’ 
so that (13-10) becomes 
2T -” 
o= [=a + cosh k’| > Wmax (15-17) 
md 
since cosh k’ > 1. Now let us see how a complex k affects our solution. 
If we substitute (15-16) into (15-8), it becomes 
u,;= Ae (a +ik’ tot Aeiit—ik’—twt A(—1)%e~* 18 


and the real part is 
u,; = A(—1)’e~* cos wt (15-18) 


This is not a wave, but it describes a situation where the displacement 
decreases exponentially and changes sign as one goes from one particle 
to the next along the weighted string. This gives us a picture at a fixed time 
like that shown in Fig. 15-4. In other words, for frequencies greater than 
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the maximum frequency, we do not get wave propagation along the 
weighted string, but the displacement can be described as an attenuated 
“disturbance” instead. Thus the weighted string cuts off higher frequencies 
in the sense that, if the string were long enough, no disturbance would be 
observed at the other end because of the exponential decrease in the 
displacement; the weighted string, therefore, is an example of a “low-pass” 
filter. 


16 The string of variable tension and density 


If we assume the linear density of the string to be independent of the time, 
the general differential equation (14-19) for the string becomes 


r) ( = O7u 
—(T—) = u— 16-1 
Oa\ Ox rm ot? Gh 
We are interested in problems in which the tension and density can both 
vary with position; that is, we have T = T(x) and w = u(z). In spite of 
this complication, we can still look for normal modes. In order to do this, 
we assume a Solution of the form 


u(x, t) = i(x)e (16-2) 
so that 02u/dr2 = —wie~*”, and (16-1) becomes 
d (du 
—{|T— "ui = 0 16-3 
<( =) + w'pu (16-3) 


This is a second order differential equation with variable coefficients for 
which there are no general methods of solution. At most, one can hope 
to be able to solve special cases, or to use various approximate methods 
which have been developed, such as expansion in power series. 


16-1 Exponential string 


As an example, let us consider a case in which the tension and density 
both vary exponentially in the same way along the string; that is, we 
assume 

T= Tye’, w= foe (16-4) 


where 7), 4, and « are constants. The principal importance of the 
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exponential string is that we can solve (16-3) exactly for this string and are 
thereby able to see the general effect of a variation in T and yp. 
Let us try an exponential form for # and assume that 


u(x) = tige””* (16-5) 
When (16-5) is substituted into (16-3), the latter becomes, 


ee , 
 Totoive's*"*] + co'ugiige'*”* = 0 


from which we find that 


—y? + iyo + w =0 (16-6) 


0 
which can be solved for y, with the result that 


io "Uy ()]° 
er oe feed =» Seay pos . 
a? [ T  \2 uss 


Since there are two possible values of y, the general expression for i 
obtained from (16-5) will be a sum of terms: 


(2) = er Yeaaey ¢ iller/vg)*—(a/2)*V"4e i. fig_e~ lolvo)*(a/2)*y"4e 9 (16-8) 
where a, and i#_ are constants and 

vy = VT otto (16-9) 

When we substitute (16-8) into (16-2), we see that we shall have “waves” 


again, and we now want to look at these solutions more closely. 
Asa check, we can let « = 0, and then (16-8) and (16-2) give us 
u(2, t) = igo ee? + g_.o- Helteatee) (16-10) 
which is exactly of the proper form for waves on the uniform string for 
which the velocity is given by (16-9). 

If « ¥ 0, we notice first that the amplitude of @ in (16-8) is proportional 
to e~***, Thus the amplitude is small where the tension and density are 
large, and vice versa, as seems reasonable in view of the larger inertia and 
constraining force. The velocity of propagation is also affected. We can 
find the velocity easily if we look at (15-4) and note that the coefficient of 
iz in the exponential can be set equal to w/v; therefore, from (16-8), we 


can say that - oo 4 
ried exo 


1a 
[1 — (avp/2w)*]* 


so that 


(16-11) 
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We see that the phase velocity given in (16-11) depends on frequency; 
hence the exponential string is also a dispersive medium. 
Suppose that the square root appearing in (16-8) is zero; that is, 


Coc 


Then we see that (16-8) becomes simply 
i= te” (16-13) 


where i%y = i, + iiy_. Therefore we have only an exponentially damped 
displacement and no wave propagation. For a given value of « and vp, 
there is always a frequency w for which (16-12) is possible. For frequencies 
greater than this frequency, the square root is real and we get wave propa- 
gation along the string with a velocity given by (16-11). For frequencies 
less than this frequency, however, the square root is a pure imaginary and 
(16-8) describes attenuated displacements, rather than wave propagation. 
Thus the exponential string acts like a “high-pass” filter in the sense that 
waves can be propagated along it only if their frequency is greater than a 
certain critical frequency which, as seen from (16-12), increases as « 
increases. 


16-2 General properties of the normal modes 


Now we again assume that the string is rigidly fixed at the ends x = 0 
and « = L. We have seen in the two examples of the weighted string and 
the continuous uniform string that the existence of these boundary 
conditions was sufficient to determine the possible frequencies of the 
normal modes. Hence in this general case, too, we can be sure—without 
solving the problem explicitly—that the system will have a series of allowed 
normal frequencies which we simply write as «,,. 

Let i,(a) be the displacement in the normal mode corresponding to 
w,. Since a satisfies (16-3), we know that the equations satisfied by any 
two normal modes, #,, and i,,, of the system are 


d (7) roe oes < (rita) + Wp 2ttiin, = 0 (16-14) 


du\ dx dx\ dx 
They also satisfy the boundary conditions 
i,(0) = a,,(0) = 0, a,(L) = a,,(L) = 0 (16-15) 


We now want to show that the requirements given in (16-14) and (16-15) 
are sufficient to make the functions @,, and @,, orthogonal. We multiply 
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the first equation of (16-14) by i,,, the second by a,, subtract the two 
resulting equations, integrate the final expression over the length of the 
string, and simplify part of the result by integrating by parts; in this way, 
we obtain 


of a © ae d [_.dii © 
m (T=) — a, <(7T) | de = (0,2 — 0,2) | pity 
[| <( a) a £(r qe )| dx =(0,, On rf Li, t, dx 


- - ea, L - - - - 
™ [7 (iy St = i, ta) -| 7 (Sin di = oe tin) dem 0 
dx dx] lo Jo dx dx dx dx 
since the first term vanishes because the functions a, and #,, vanish at the 


ends according to (16-15) and the integrand of the second term is zero. 
Thus we get the general result 


L 
(On? — 0) hi,t, dx = 0 (16-16) 
0 
If w,, % ,, we see that 


‘L 
I Lu,t, dx = 0 (16-17) 


while, if w,, = @,, we can choose the multiplicative factor which will 
always appear in #, in a way which is compatible with (16-16) and is 
convenient for further applications by making 


L 
i mii,’ dv = 1 (16-18) 


We finally see then that it is a consequence of the form of the equation of 
motion (16-3) and the boundary conditions that 


L 
I a(t) a) (0) der i By (16-19) 


and u,, and a,, are then said to be orthonormal in the sense that the weighting 
function (x) is a necessary part of the integrand. We see that (16-19) is 
similar to our previous results, obtained for the coupled system of discrete 
particles in (12-43) and for the uniform string in (14-10). 

The general displacement of the string fixed at the ends « = 0 and 
x = L can now be written as a superposition of the normal modes in a 
form which follows from (16-2) as 


u(x, t) = >} (A, cos w,t + B, sin w,t)ii,(«) (16-20) 


In this equation, we do not know the explicit form of the normal modes 
ii,(%) because we have not solved (16-3) for a particular case, but we do 
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know from (16-19) that the normal modes are orthonormal. The initial 
conditions are 


u(a, 0) = u(x) = ps Aj Uin(%) (16-21a) 
(=) 1s U(x) = = o,B,U,(x) (16-21b) 


In order to find the coefficients, we can use (16-19) in the now familiar 
way: 


L L 
[ fii,Uy dz = > A, [iin ti, dx = F Ay Sam = Aq (16-22) 
0 n 0 n 
and, similarly, 
L 
Bn = ne I Mig dx (16-23) 
Wm JO 


We can see now that our method of obtaining our previous results for 
the uniform string in which the displacement was expanded in a series of 
sines is simply a special case of the general method of expansion of 
arbitrary functions in series of orthogonal functions. This general concept 
is of great importance in theoretical physics generally and is particularly 
useful in the formulation of quantum theory. In our next section, we 
consider an important approximation method in which the expansion of a 
function in a series of orthogonal functions plays an essential role. 


16-3 Perturbation theory 


This method is useful when the problem is “almost solvable”; that is, 
the tension and density are only slightly different from the values for a 
problem which can be solved. We shall illustrate the method by finding 
approximate expressions for the normal frequencies. In order not to make 
the situation too involved, let us assume that T = const., so that only the 
density varies with position. 

Let jio(x) be the density for which the problem can be solved exactly. 
The results of the solution will be the normal frequencies w , and the 
orthonormal functions i,(z) which we can assume to be known. Using 
(16-3) and (16-19), we can also say that these known functions satisfy the 
equations 





2- 
a fom + 694, %toiion = 0 (16-24) 


dx 


T 


L 
I ‘elles Slan de — Sam (16-25) 
0 
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Let (x) be the density for the actual problem of interest. Although we 
are not able to solve this problem exactly, we do know that there must 
exist a set of normal frequencies w, and associated normal modes #,, which 
satisfy the equation 
aii, 
dx* 


Our problem is to find the w,, approximately; in the general case, we would 
also want to find the d, as well, but for many applications a knowledge of 
only the frequencies is sufficient. 

If we expand the general function i,(«) as a superposition of the known 
orthonormal set a,,, we can write 


ui,(x) = > A ny loy(®) (16-27) 





T= + w,4uii, =0 (16-26) 


where the a,,,, are constants which, if they were known, would determine the 
exact form of a,. Substituting (16-27) into (16-26), and using (16-24), 
we get 


di < : 
> ank [7 * + oa = x A nx — Dox’ Lo + Wy M) Ux ad 0 (16-28) 
k 





2 
dx 
In order to eliminate the a, in (16-28), we can multiply by %,, and use 
(16-25); in this way we obtain 


L L 
2 -— 2 ~ sas 
Z Ink Ee i MoomUox dx — Dn [ HUgmUox de 
k 0 0 


= 2 Anx(@ox” Ome — On’ mg) =O (16-29) 
where we have set 


L 

Hn = | Hlon og (16-30) 
0 

Since is known from the statement of the problem, and the i%,, are 

assumed to be already known, the ,,;, defined in (16-30) can be found in 

principle. Since 4 ~ po, by hypothesis, the integral (16-30) is almost the 

same as that in (16-25); hence My ~ Ome: 

For a given n, the equations in (16-29) are an infinite set for the unknown 
constants a,,, because we obtain one equation for each possible value of m 
and m can be 1, 2, 3,.... The general procedure is then similar to what 
we did in finding the normal frequencies in Sec. 12-2, and the frequencies 
would be determined in principle from the requirement that the determi- 
nant of the coefficients of the a,,, in (16-29) be equal to zero. We shall not 
do this, however, but proceed differently. 

Up to this point, all our results have been exact, and now we shall begin 
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b. 
to make approximations. If « does not differ very much from fi, we must 
expect that i, will not differ very much from fin, i.€., %y  Uyn. Then we 
see from (16-27) that as a first approximation we can take 


Gyn 1, dye ZO if kn (16-31) 


nk — 
and (16-29) becomes simply 
Ann(@on” a ac On?" Umn) =0 
Since Minn &~ Smn> the only one of these equations which will give us any 
information about ,? is that for which m=n. Then we obtain 
Ann(Oon _ On*Unn) = 0, or ? 
o,2 = on (16-32) 
nn 
which is our desired approximate result. It can be put into a more con- 
venient form by introducing the difference, ’, of the two densities; then 
we can write iwmiral Wee (16-33) 


If we use (16-30), (16-33), and (16-25), we find that 


L L 
Han = [Wo + Hin! d2 = 1 + [waa 
0 0 


and therefore, if we use the approximation (1 + 2) -l~1—~2 for 
a <1, we can write (16-32) in the more useful form 


L 
Oe > oye | 1 a i I Hon? ae] = 0,(1—A,) (16-34) 
0 


We see from the last result that if 1’ is positive everywhere, so that the total 
mass of the string is increased, then the frequency is decreased, as we might 
have expected from the increased inertia of the whole system. If we desire, 
we can use this approximation for w,? in (16-29) in order to find a better 
approximation than 6,, to the a,, and thereby obtain from (16-27) a 
better approximation to the actual normal mode of the system. 


Example. Linearly Varying Density. Suppose the density is given by 

Me = Uy + €(x/L), where vy and « are constants and € < Mo. Clearly, 
bw’ = e(2/L) (16-35) 
Since jy = const., the i, and w, we want are the normal modes and 
frequencies of the uniform string as given by (14-5) and (14-6); in our 

present notation, therefore, we have, 
‘ sand 
Oy! = (“) a ee ee ("“*) (16-36) 
LI Mo Mol. L 


> '@ 
od | 
ey | 
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The integral needed in (16-34) then is 
L L 
A, -{ filo, dz = ad sin? (=) dx 
0 0 Mol 
If we let z = (n72/L), this equation becomes 


2€ WP oo 
cutee z sin? z dz 





5B fo(nm)” Jo 
owt Be [= _ 2sin2z cos | gee Ae 
fo(na)”L4 4 8 Jo = 2Wo 


and, when this is substituted into (16-34), and (16-36) is used, the 
frequencies are found to be given by 


2 
w,2 (=) Z(i “ =| (16-37) 
L! to 2[o 


In this particular example, the correction term turned out to be inde- 
pendent of n, although this does not generally occur. 


Exercises 


16-1. An exponential string of length L is held rigidly fixed at the ends. Show 
that the normal frequencies are given by 


02 (Bh + (ZI) 


Also show by direct integration that the corresponding normal modes satisfy 
the orthogonality relation (16-17). 

16-2. A very small mass m is fastened to a string of constant tension and 
density at the point 2 = a. Show that the new normal frequencies are given 
approximately by 


2 
er tad ee Pema ree yt . 
On ~(2] - [ rt a L 


Explain the significance of the result obtained if a = }L. 


I¢ The membrane 


We now want to discuss briefly some of the complications which can arise 
when our vibrating system has more than the one dimension characteristic 
of the string. We shall consider our system to have a two-dimensional 
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plane surface; that is, it is a membrane such as a drumhead. If we let the 
surface of the membrane lie in the zy plane, we can define a displacement 
which is at right angles to the equilibrium plane; we again represent the 
displacement by u, and now it is a function of three variables and we can 
write u = u(x, y, ft). 

From what we have learned from our study of the string, we can now 
expect that, after we have found the equation of motion of the membrane 
and found the solution, we shall find that the possible frequencies of 
vibration of this system as a whole will be determined by the boundary 
conditions. Our string had relatively simple boundary conditions in that 
it was rigidly fixed at the ends. We shall consider only analogous boundary 
conditions for the membrane, in that we shall assume that it is held rigidly 
around its perimeter. However, we can have so many different possible 
shapes for a two-dimensional membrane that the boundary conditions 
can become analytically quite complicated, and, in fact, it is only for very 
simple shapes that we can get explicit solutions at all. 


17-1 Equation of motion and normal modes 


First of all, we want to put F = ma into a form suitable to the membrane. 
If we let yw be the mass per unit area, which we assume to be constant, the 
mass of a small element of the membrane bounded by dx and dy is wu dx dy 
and the mass of this element times the acceleration normal to the plane is 


Ou 
yd dy (17-1) 

We let T be the tension per unit length; by this we mean that, if we 
imagine the membrane cut along a distance ds, the total force normal to the 
cut is T ds, as illustrated in Fig. 17-la. We assume that T is constant over 
the whole surface. 

The calculation of the net force acting on an element dx dy of the 
membrane is very similar to our calculation for the string, and it is 
illustrated in Fig. 17-1b. We assume small displacements so that we can 
make the same type of approximation as in (14-18). Then the force along 
the u direction at x + dx due to the force perpendicular to dy is seen to be 


ray) (2) (17-2) 
Ox a+dax 
Similarly, the force along the u direction at 2 is 
—(T dy) (=) (17-3) 
Ox 


> 
| 

<4 | 

oun @ 
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T ds 


(a) 


jute) lu(x + dx) 


x x+ dx 
(b) 
Fig. 17-1 


Hence, when (17-2) and (17-3) are added, we find that the net transverse 
force due to the membrane forées perpendicular to dy is 

Ou 

(Ss *) da dy (17-4) 


(ray) (= x) - | si 


In the same way, the net transverse force on dx dy due to the membrane 
forces perpendicular to the side dz is found to be 


(5) ong Cn 


If we add (17-4) and (17-5), we obtain the total transverse force on the 
element dx dy of the membrane; we can then equate this to (17-1), cancel 
out the common factor dz dy, and finally get 


ui dui 1 du 
<< +24 =<" (17-6) 


where 
x 
v= — (17-7) 
Bb 


This result (17-6) is called the wave equation in two dimensions. 

Rather than directly looking for the normal mode type of solutions of 
(17-6), we shall illustrate a method of solving partial differential equations 
known as separation of variables. We try to find a solution of the form 


u(x, y, t) = w(x, y)O(¢) (17-8) 
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so that au 3% au 7 3 atu a 


de da?” Oy? dy Or de 
If we substitute (17-9) into (17-6) and divide by the product w0, we obtain 


aw , tw) 1 dO 
Ga Sy) ~ Hae arg 


(17-9) 


v6 dt® 
On the left side of this equation we now have a function only of x and y, 
while on the right side we have a function only of ¢. These two functions 
of different variables cannot generally be equal unless they are equal to the 
same constant, which we shall write as —k?. Then, from (17-10), we get 
the two equations 
zy 2. 2 
x (o ee ) o20 ad eee i 
Ox® = Oy”. v6 dt? 
The last equation involves only the time, which has thus been “‘separated” 
by this process. The first equation of (17-11) can also be written 
d’w 4+ 2% a°w 
Ox® dy? 
which is known as the wave equation without the time. The second equation 
of (17-11) can be written a’ 


+ kw =0 (17-12) 


2 
7D + o°f =0 (17-13) 
where 
k? = w/v? (17-14) 
A solution of (17-13) is 
6 = Ae (17-15) 


which thus automatically gives us a normal mode type of expression for w. 
We can also solve (17-12) by separation of variables by writing 
ww, y) = X(x) Y(y) (17-16) 
If we substitute (17-16) into (17-12) and divide the result by the product 
XY, we find that 


a ms const. = —k,” (17-17) 
dy 


after we again use the fact that a function only of x cannot always be equal 
to a function only of y unless they both equal the same constant. We now 


obtain the two equations 
d*X a’y 
—+k,*X =0, —+k/7V=0 17-18 
qt dy? + (17-18) 
ae k2 m ke? + k,? (17-19) 


<I 
r* 


a Ld 
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These equations have the solutions 
X(@) =sink,« or cosk,x (17-20a) 
Y(y) =sink,y or cosk,y (17-206) 
Combining (17-20) with (17-16), (17-15), and (17-8), we find that there 
are four possible expressions for u which are obtained from all the com- 


binations we can make from the sines and cosines of (17-20) by multiplying 
them together in pairs; we can write these expressions schematically as 


sin tal ky | _—teot 


cos k,a||cos k,yf° rey 


u=u(a, y,t) = of 


where « = const. Of course, an arbitrary sum of these solutions will also 
be a solution of (17-6). 


17-2 Rectangular membrane 


As an example let us consider a rectangular membrane whose sides have 
lengths a and 6 and which is oriented as shown in Fig. 17-2. The boundary 
conditions are that the displacement is 
; zero along the edges, or that 
u=0 for «=0, x=<a, 

y=0, y=b (17-22) 
0 a * We see at once that any terms in (17-21) 
Fig. 17-2 which involve the cosines cannot appear 
because they do not vanish at 2 = 0 and 

y =0. Therefore the solution is reduced to the possible form of 
u = asin k,z sin k,y e** (17-23) 
In order that u = 0 for x = a, we must have sin k,a = 0 or k,a = mr, or 


k,=o=, mei, 3)... (17-24) 
a 


Similarly, in order that u = 0 for y = b, we must have 
ki=—, Oa RCV ES hee (17-25) 


These conditions fix the allowed frequencies, for by (17-4) and (17-19) we 
see that the frequencies are given by w = vk or 


cm=m[(e QT wa 





Part One. Mechanics 19] 


where m and n independently take on the values 1, 2, 3,.... In contrast 
to the string, where the higher frequencies (overtones) were all integral 
multiples of the lowest (fundamental), we see that the various possible 
frequencies of the rectangular membrane are determined by a more com- 
plicated formula. 

The general solution for the displacement will be given by a sum of 
terms like (17-23) with one term for each possible normal frequency; 


thus : : 
us > > omy Sin ("=") sin ("z2) et mnt 
mn a b 


If the real part of this is taken, we obtain 
u(x, ¥, t) = ¥ ¥ (Ann COS Omnt + Bry SiN Ompt) Sin ("=") sin (=) 
mn a 


(17-27) 
which is the general solution for the rectangular membrane which satisfies 
both the equation of motion and the boundary conditions and involves a 
set of constants of integration which can be evaluated from a knowledge 
of the initial displacement and velocity of each point of the membrane. 

Just as we did for the string, we could now prove that these normal modes 
of the membrane satisfy orthonormal relations; thus we could obtain 
explicit formulas for the expansion coefficients A,,,, and B,,,, by using 
these orthonormal properties. 

It is of interest to see what shape the membrane has in some of the 
normal modes. As examples, we consider three modes in which the dis- 
placements are proportional to 


m=n=1 sin (=) sin (=) 
a b 

. (2rx\ . (ay 

Miz: 2, n= 1 sin {——] sin {|— 

a b 


m=3,n=2 sin [=] sin (22) 
a b 


These functions are plotted as parts (a), (b), (c), respectively, of Fig. 17-3. 
For the one-dimensional string we had nodal points, but we see here that 
we have nodal lines in this two-dimensional case, that is, lines on which 
the displacement is always zero. These nodal lines are parallel to the edges 
of the rectangle; we also see that the number of nodal lines normal to a 
given axis is always one less than the index for that direction, as, for 
example, when m = 3, there are two nodal lines at « = 4a and §a. 
Another complicating property of the membrane, which did not exist 
for the string, is that of degeneracy, by which we mean that different 
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14 


kaa! 





Fig. 17-4 


normal modes have the same frequency. Degeneracy generally occurs when 
the dimensions are simply related. For example, if the membrane is 


square and therefore a = b, (17-26) becomes o,,,, = (xvja)V m? + n*® and 
all modes which have the same value of m? + n? will have the same 
frequency; thus @,. = @ 1, @17 = Ws5, etc. As another example, if b = 2a, 
then Wm», = (rv/a)[m? + (4n)?]4 and 44 = Wo, Wog = Waq, etc. The 
normal modes for 44 and gg are illustrated in Fig. 17-4 which shows only 
the dashed nodal lines. We can get a clue to why these frequencies might 
be the same when we note that in both modes the membrane vibrates in 
four equal parts which are the same individual size although they are 
differently arranged. 

Discussions similar to what we have just given for the rectangular 
membrane can also be given for other shapes of the bounding surface, 
e.g., circular. The mathematical details are a little more complicated, but 
the basic ideas and results remain exactly the same. 


Exercises 


17-1. Explain why the integers m and n of (17-24) and (17-25) do not take on 
the values 0, —1, —2, —3,.... 

17-2. Verify the normal mode structure shown in Fig. 17-4. 

17-3. Derive the orthonormal relation satisfied by the normal modes of the 
membrane, and then obtain explicit formulas for the expansion coefficients Am» 
and B,,, in terms of the initial displacement and velocity of each point of the 
membrane. 


py ho 
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18 Ideal fluids 


As a final example of a continuous mechanical system, we shall briefly 
consider some of the results which can be obtained for an ideal fluid. 
Many of the concepts and mathematical methods which we shall use in 
this chapter will be of great importance in our subsequent discussion of 
electromagnetism, and it is useful to be able to become acquainted with 
these ideas in connection with a system with tangible properties. As we 
shall see, many aspects of the study of fluids have close analogies in electro- 
magnetism and these have been of importance in the development of the 
theories. 

By an ideal fluid we mean a system which offers no resistance to a 
shearing stress, that is, to a force which is tangent to the surface bounding 
that fluid element of immediate interest. Thus we are assuming that there 
are no internal forces which offer resistance to flow and hence the only 
internal force we have to consider is the pressure, that is, the force per unit 
area normal to the surface bounding the fluid element. Another way of 
describing this is to say that we are assuming that the fluid has no viscosity. 
By treating the fluid as continuous, we are assuming that when we consider 
differential volume elements they are small compared to macroscopic 
dimensions but still large enough to contain so very many molecules that 
the basic molecular structure of the fluid is not evident. 


18-1 Kinematics 


If we let v be the velocity of a small element of the fluid which is located 


at the point P(x, y, z) at the time 7, the fluid velocity at a nearby point ~ 


O(« + dx, y + dy,z + dz) ata slightly different time ¢ + dt can be written 
v + dy. If we regard the velocity as a function of position and time so that 
we can write v = v(x, y, z, t), we have 


dv = ae + ie eee 
x y iz 


Ot 0 to] a: 
pe eat + (dr - grad)v (18-1) 


where 


dr = dri + dyj + dzk (18-2) 
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is the position vector of Q with respect to P, and 


dr+ grad = és: + dy Ea + dz a (18-3) 
Ox oy Oz 
So far, we have assumed no necessary relation between Q and P. If, 
however, we now assume that 


dr = v dt (18-4) 


the fluid which is at Q at ¢ + dt is the same element of fluid which was 
located at P at ¢, and we are now talking about a particular fluid element. 
If we substitute (18-4) into (18-1) in order to find the total change in velocity, 
and then divide by dt, we find the acceleration of this particular fluid 
element to be 
a= gs = oy + (v+ grad)v (18-5) 
dt ot 
We want now to investigate the average rotational motion of the fluid 
particles which are in the immediate neighborhood of a given point P 
at a given time ft. We consider first the fluid particles in a small ring of 
radius r which is normal to the z axis and at a distance dz from P so that 
the ring’s z coordinate is z + dz; this situation is illustrated in Fig. 18-1. 
If we calculate the line integral of v for this ring, use (1-40) and (1-7), we 
obtain 


$ v-ds = [eur v-da = [(curl v),],,2,° 79° 


= {curt v)].+ E (curl »,| ds} (18-6) 
@ z 
The average tangential component of y for the particles on this ring is 
Dtang = a $ ve ds (18-7) 
2nr 
z+dz 
r 
¥ 
ds 
| 
P 
Pig, 18-1 
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and their average angular velocity about the 2 axis as obtained from (9-2) 
is 


Bite “nt (18-8) 


Combining (18-6), (18-7), and (18-8), we get 
2m, = [(curl v),], + E (curl »,| dz (18-9) 
@ z 


In order to obtain a result which describes the average for all particles 
neighboring P, we must average (18-9) over all similar rings about P. 
For a ring like that shown in Fig. 18-1, there will be a ring of the same size 
on the opposite side of P but at the distance —dz from P. When we write 
an expression like (18-9) for the latter ring and add it to (18-9) in order 
to get the average over the two rings, the terms in dz will cancel because 
of their opposite signs and we shall be left with 2w, = (curl y),. Since this 
result will be obtained for each pair of rings, we can say that the average of 
w, for the complete neighborhood of P will be given by 


®, = (curl v), (18-10) 


We shall obviously obtain similar expressions for the other two com- 
ponents; then we can write the vector equation for the average angular 
velocity of the fluid particles as 


6 = }curlv (18-11) 


This result is helpful in clarifying the physical significance of the curl of a 


vector. 
If the average angular velocity of the fluid is zero everywhere, we see 


from (18-11) that 
curly = 0 (18-12) 


everywhere and the flow is said to be irrotational. As a result of the general - 


vector theorem that curl grad uw = 0 where u is any scalar, we see from 
(18-12) that for irrotational flow we can always write 


v = —grad ® (18-13) 


where ® is a scalar called the velocity potential. An equipotential surface 
is defined as a surface on which ® is constant. A streamline is defined as a 
curve which at every point has the same direction as the velocity v. We 
know from Fig. 1-15 that grad ® is everywhere perpendicular to the 
surface ® = const., and we can conclude that the streamlines are per- 
pendicular to the equipotential surfaces. This result is often helpful in 
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Fig. 18-2 


sketching out the flow pattern of the fluid once the shapes of the equi- 
potentials are known. 

Now let us consider a boundary condition at the surface of a solid with 
which a fluid is in contact. In order that the fluid may remain in contact 
with the solid, yet not penetrate the solid, the fluid velocity normal to the 
surface must be the same as that of the solid. Only the normal components 
enter because the fluid and solid can slip freely past each other tangentially 
as we have assumed no viscosity. From Fig. 18-2, we see that this boundary 


dition j 
condition is v-f=V-ft=Vcos0 (18-14) 


where V is the velocity of the solid and fi is the unit vector normal to the 
bounding surface. 


18-2 Equation of continuity 


This important kinematical relation, which we want to derive now, 
expresses the fact of conservation of matter. We define a mass current 
density M as the mass of fluid flowing through a unit cross section perpen- 
dicular to the flow in unit time. In order to evaluate this in terms of other 
quantities we make use of Fig. 18-3a. Ina time dt, the particles which were 


da 





lie abeieg 





(a) (b) 
Fig. 18-3 
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originally located on the shaded cross section of area A will have traveled 
a distance uv dt; clearly, the total mass which has passed through this 
shaded cross section is equal to the mass contained in the volume which 
has height v dt and base area A. Then, from the definition of M, we have 


Mass in volume = M - A dt = (density) x (volume) = p(v dt A) 
so that M = pv; since the vectors M and v are parallel, we have, 
M = pv (18-15) 


We now want to consider an arbitrary volume of fluid bounded by a 
surface S as shown in Fig. 18-3b. Since the total mass must be conserved, 
the total rate of flow out through the bounding surface must equal the 
rate of decrease of mass in the volume, and, since density is mass per unit 
volume, this statement of conservation of mass becomes 


[m-da=-2{ pao= divM dv =| (- $2) ao (18-16) 
s ot Jv Vv v\ ot 


with the use of (1-33) and of the fact that the volume is fixed so that the 
second integral can change in time only if p does. This equation (18-16) 
must hold for an arbitrary volume, including an arbitrarily small one; 
this is possible only if the integrands are equal everywhere, so that we 
obtain 3 3 

divM + a = div (pv) + = =0 (18-17) 


which is the equation of continuity. 
Under appropriate conditions, (18-17) leads to important consequences. 
If the fluid is incompressible, so that p = const., then (18-17) becomes 


divy =0 (18-18) 


If, in addition, the flow is irrotational, then (18-13) is also applicable and 
can be combined with (18-18) to give 


div grad D = VO = 0 (18-19) 


Thus the velocity potential for incompressible flow satisfies this partial 
differential equation which is known as Laplace’s equation. As we shall 
see, if a solution of (18-19) can be found which satisfies the given boundary 
conditions, the problem is completely solved. 

Laplace’s equation is extremely important in many branches of theo- 
retical physics, and we shall have many occasions to consider it. If we use 
(1-32), then (18-19) can be written in terms of rectangular coordinates as 


PO ad ao 


te 18-20 
ba Ope eat 2 ea 
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(r, 2, 2) 





Fig. 18-4 


It is often convenient to have explicit expressions for Laplace’s equation 
in other coordinate systems. Although these expressions can be derived 
for very general systems, we need to consider only the two important cases 
of cylindrical and spherical coordinates illustrated in parts (a) and (5), 
respectively, of Fig. 18-4. It can be shown by a long but straightforward 
transformation that, for cylindrical coordinates, (18-20) becomes 
10/00 100 ao 
Vd = o(r | —~—+ —=0 18-21 

rar\ ar rag? | oz ( ) 
and it is written 

42 (x ) 1 = (si | 1 ao 

+ —| sin 6 — =0 (18-22 

*@r\ Or r* sin 0 00 06 ( ) 


VO = stints, eae 
r* sin? 6 0p 
in terms of spherical coordinates. 





18-3 Uniqueness of solution of Laplace’s equation 


Before we go on, let us digress and show that, if we have found a solution 
of Laplace’s equation which satisfies the given boundary conditions (that 
is, it reduces to the correct preassigned values on all points of the surface 
surrounding the region), this solution is unique. Let ®, be a solution of 
(18-19) which satisfies the boundary conditions, and suppose we assume 
that there is another distinct solution ®, which also satisfies these same 
boundary conditions. We want to prove that ®, and ®, are identical. 

We let D=%,—,. Then V?0 = V?0, — V?®, = 0 because of 
(18-19); therefore ® is also a solution of Laplace’s equation. On the 
bounding surface S, ®, = ®, so that 


@® = 0 on boundary (18-23) 
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Now we see that i ;: 
<(0 ~) mele (=) (18-24) 

Ox\ Ox Ox? Ox 
and, if we write the two similar equations for y and z, add them, use 


(1-29), (1-25), and (1-11), we obtain 
div (® grad ®) = ® V*® + (grad ®)? (18-25) 
which is a general result for any function ®. We now integrate (18-25) over 


the volume V in which ® satisfies (18-19); therefore, if we also use (1-33), 
we get 


I (grad ©)? dv -{ div (® grad ®) dv -| ® grad®-da=0 (18-26) 
Vv Vv Ss 


since ® = 0 on S, according to (18-23). As the integrand in the first 
integral of (18-26) is a sum of squares, and thereby intrinsically positive, 
the integral can be zero only if the integrand is zero everywhere; therefore 


ansor= 2) CA GBeo cue 


The quantity in (18-27) is again a sum of squares, and therefore the indi- 
vidual terms must be zero, or 


so that ® = const. But, since ® is zero on the boundary and is constant, 
we see that ® = 0 everywhere, and therefore 


®,=@®, everywhere (18-28) 

which was what we were to prove. 
The significance of this result from a practical point of view is that, 
once we find a solution of Laplace’s equation, by any means whatsoever, 


which satisfies the given boundary conditions, we know that it is the only 
solution and we do not need to consider the possibility that there are others, 


18-4 Equation of motion 
Let us consider the rectangular parallelopiped of volume dx dy dz which 


is fixed relative to our xyz axes as shown in Fig. 18-5. If p is the fluid 
pressure on side A, the pressure on A’ is 


p=pt+ (22) dx (18-29) 
Ox 
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Fig. 18-5 


Since pressure is normal force per unit area by definition, we see that the 
net force in the positive x direction on the fluid inside the volume, which 
is due to the pressure on the faces perpendicular to the x axis, is 
Op Op 
pA — p'A’ = pdydz— |p+—=— On P dx dy dz = — a, At y de (18-30) 
x 
This is actually the total force in the x direction since there are no 
tangential forces. Similar expressions hold for the y and z directions; 
therefore, if we add these three forces and divide by the volume dx dy dz, we 
find the net force per unit volume due to pressure to be 


_ oP; 
Ox 


There may also be external forces acting on the fluid such as that due to 
gravity; it is customary to write these forces in terms of 


— 22j_ PK —grad p (18-31) 
z 


F = external force per unit mass (18-32) 


so that the external force per unit volume is pF. If we add the last result to 
(18-31), we get the total force per unit volume, which in turn is equal to 
the mass per unit volume (density) times the acceleration of the fluid; 
hence, if we also use (18-5), we find the equation of motion to be 


pF — grad p = pa= |= + (v- grad) | (18-33) 
This is usually written in the form 
: + (v- grad = F — S20? (18-34) 
p 


which is a fundamental equation describing the motion of an ideal fluid; 
its components are called Euler’s equations. The x component of (18-34) is 
dv dv dv ov 1 Op 

tbat | +0 aoe + ov petind + v, heb L = en 
at i Oa a Oy dz p 0x 
and we see that it involves products of the velocity components with 


(18-35) 
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gradients of the velocity components. Thus the equations are not linear 
and we cannot use all of the nice methods of superimposing special 
solutions to get the general solution which we found so useful in preceding 
chapters. This non-linearity is the basic source of much of the difficulty 
of solving problems in the mechanics of fluids. 

For the static case in which the fluid is at rest and v= 0, (18-34) 


becomes simply pF = grad p (18-36) 


As an example, consider the fluid in a tank; the fluid surface coincides 
with the value z = 0 of the vertical coordinate. The external force of 
gravity per unit mass has only a z component given by (7-44) to be 


F,= —g (18-36’) 
so that (18-36) becomes 
p= —pg = 2h =o 
: TEE be de 
This equation can be integrated to give 
P = —pgz + const. = pg(depth) + Prim (18-37) 


since the depth below the surface is —z, and the pressure at the surface is 
the atmospheric pressure p,;,. Thus we see that the static pressure in- 
creases linearly with depth; this is a familiar result for an incompressible 
fluid. 


To turn to non-static cases, we consider only the fairly common one in — 


which the external force (18-32) is derivable from a potential energy per 
unit mass Q; hence 


and (18-34) becomes 


* + (v+ grad)y = —grad Q — peep 
t 


(18-39) 
We now want to show that, if, in addition, the flow is irrotational and 
the density is at most a function of pressure only, we can integrate (18-39) 
exactly. If the flow is irrotational, v is given by (18-13), and we can say 
that 
tg as HY z 
Ox” ” Oy Ox Ou a Oz Ox 
aD AD ad AO re ad ab 


Ox 02? be Oy Oxdy 02 Oxdz 
~ salt G+ (SI 
r) IE * oy = dz 


(v," + v,? + 0,") = 2 yy (18-40) 
Ox 


2, 2D 2 
(v- grad)o, = —(v grad) 2 = —| o*® FO < | 
x 
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F = —grad Q (18-38) 
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Because similar equations hold for the y and z components, in general we 
have 
(v - grad)v = grad (40) (18-41) 
Since we also have 
ov 0 o® 
1 a grad 0 = —grad 1 
(18-39) becomes 


grad (— 2 40+ got] + BP 


p 
Let us now use our assumption that p = p(p) and define a function P(p) by 


=0 (18-42) 


dp 
18-43 
P(p) = = (55 (18-43) 
so that 


grad p 
Pp 


grad P = = grad p = (18-44) 
Pp 


and (18-42) can now be written 


grad [- S++ a +f’ a= 


The quantity in brackets is constant as far as differentiation with respect 
to the coordinates is concerned and can be set equal to a possible function 
of t, G(t): 
d D 
[i ett le 0 + a (18-45) 
0 p(p’) ot 
For steady flow in which the flow pattern does not change in time, we 
must have ® and v both independent of the time; therefore G(t) = const., 
and (18-45) becomes 
” dp 
0 p(p’) 


This equation is known as Bernoulli’s equation. It takes a more familiar 
form for an incompressible fluid for which p = const. and (18-46) becomes 


+ dv? + QO = const. (18-46) 


P + 4v® + Q = const. (18-47) 
p 


Example. Flow in a Smooth Horizontal Trough. Here Q is due to 
gravitational forces and, since the fluid is always at the same height, 
(2 = const. and (18-47) becomes p + }pv? = const. This tells us that 
the pressure is lowest where the flow velocity is highest, and vice versa, 
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Example. Velocity of Efflux. The fluid is con- 
tained in a large tank in which there is a hole 
near the bottom at #H as illustrated in Fig. 
18-6; we want to find the velocity vz with 
which the fluid leaves the container. At the 
open surface S, the fluid is very nearly at 
rest and vg = 0. The pressure is equal to 
the atmospheric pressure p, at both S and 

Fig. 18-6 H, so that pg = py = Py AS we saw in 

(18-36’), the gravitational force per unit mass 

is —g, and Q = gz from (18-38). Therefore, since (18-47) has the same 
value at S and H, we obtain 





Pot gag = PO + doy? + gy 

p p 
Therefore 

vy = J 28s — 2) = J2g Az (18-48) 
This familiar simple result is known as Torricelli’s law. 


18-5 Kelvin’s circulation theorem 


One might wonder why so much emphasis has been put on irrotational 
flow so far, since it may seem like such a special case that it would not 
persist long enough to be of practical interest. The answer to this question 
is provided by the theorem which we shall prove below and which essen- 
tially says that, if a flow is initially irrotational, it will always be irrotational. 

Let us consider a closed curve L which we imagine drawn in the fluid 
at some specified instant. This curve is shown in Fig. 18-7, which also 


ni 


Fig. 18-7 
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includes some of the streamlines. We define the circulation of the fluid 
about this curve as the line integral 


K= $ v- Os (18-49) 


taken around this closed curve. We are using ds as the element of dis- 
placement in the integral, as we want ds to refer to the actual displacement 
of the fluid as it flows along the stream- 
line, and (18-49) involves displacements 
in which we move at a given time from 
one streamline to another. We already ds(t + dt) 
know from (1-40) that a vector will be 
irrotational, that is, have a zero curl, if  4s(t) 
its line integral about any closed path is 
zero. Hence another way of saying that ds} 
the flow is irrotational is to say that the Fig. 18-8 
circulation vanishes everywhere. We 
now want to consider how the circulation changes in time, and in order 
to do this we have to see how segments of the curve L are altered as L 
goes along with the fluid particles whose locations define it, so that we will 
always be calculating the circulation for the same elements of the fluid. 

If the external force can be derived from a potential, (18-39) and (18-5) 
give us 


em —grad Q — greg (18-50) 
dt p 
Also 
d dy d 
Sly «Saya ce 23 -—(6 18-51 
7 ) zs S+vV = hm ( ) 


where the last term involves the change in the separation between two 
streamlines as the fluid particles move along; we can calculate this factor 
with the help of Fig. 18-8. In the figure, curves | and 2 are streamlines; 
the separation between two given particles initially is ds(t), and it is 
s(t + dt) a time dt later. We see from the figure that 
Os(t) + ds, = ds, + ds(t + dt) 

so that 

ds — Os(t + dt) — ds(t) _ ds, _ ds _ 
d dt dt dt 


: (*) = dv (18-52) 


where dv is the difference between the fluid velocities on the two streamlines, 
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If we substitute (18-50) and (18-52) into (18-51) and use (1-26), we obtain 


grad p08 , sy 


a - 6s) = —gradQ- ds — 
dt 


~ 90 — 2P +. oar’) (18-53) 
p 


where 6Q is the difference in Q between the two streamlines, etc. If we 
integrate (18-53) over the closed path L at a given time ¢, we get 


# bv ds= SE = — $00 $2 + facet (18-54) 

dt dt p 

Now consider the first of the integrals on the right; its value is found as 
f 6Q. = Q (final point) — Q (initial point) = 0 (18-55) 


since the path is closed and hence the final and initial points are identical. 
The last integral of (18-54) vanishes in the same way. If p is constant, or 
is a function of the pressure only, the middle integrand is also an exact 
differential, that is, the differential of a definite function of position, and 
it will also vanish, for the same reason as in (18-55). Therefore all the 
integrals on the right of (18-54) will vanish under these conditions; thus 


—=0 or K= $y - ds = const. (18-56) 
dt 
and the circulation about any closed curve carried along by the fluid is 
constant; this is the theorem we desired to prove. 

Therefore, if the circulation is initially zero everywhere, it will always 
remain zero; if irrotational motion has once begun, it will persist in- 
definitely, since zero circulation is equivalent to irrotational flow. Similarly, 


an initial circulation will never decrease. However, if the external force . 


cannot be derived from a potential or if there is friction between the fluid 
and the walls of the container, it may happen that a circulation may be 
produced in an initially irrotational flow, leading to the formation of 
eddies and turbulence. 


18-6 Uniformly moving sphere in an incompressible fluid 
As an example of the solution of a problem in the dynamics of ideal 


fluids, we consider a sphere of radius a moving with constant speed V in 
the z direction as shown in Fig. 18-9, The sphere is immersed in an 
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incompressible fluid of infinite extent, and we want to find the velocity of 
the fluid at every point P. 

Since the fluid is of infinite extent, we can assume that the portions of the 
fluid at very large distances from the sphere are at rest; we shall neglect 


. external forces such as gravity. We shall 


assume the flow to be irrotational, and 
therefore the basic equation to be solved 
is (18-19). The origin is chosen to be at 
the center of the sphere, and we shall use 
spherical coordinates. As a result of 
the symmetry illustrated in Fig. 18-9, 
the velocity potential ® cannot depend 
on the azimuthal angle ¢, but only on r 
and 6; then 0®/0y =0 and (18-22) 
becomes 


a +2) 1 ae ) 
f(A) 4. Siig Zh eg 
mal Oe a O00NT  O | 


We can get an idea about how to proceed in solving this equation by 
considering the form of the boundary conditions. Ifv, is the component of 
v in the direction of increasing r, for which the increment of distance is dr, 
then from (18-13) we obtain 





p= — zd (18-58) 

or 
The boundary condition at the surface of the sphere as given by (18-14) is 
Ur,sphere = — (=) = Vcos 0 (18-59) 

l /poa 


while at infinity where the fluid is at rest we have 


Vr, = — (2) =0 (18-60) 
, or T=0 
Since we shall eventually have to make our solution reduce to (18-59), it 
seems reasonable to try to include this particular dependence on angle from 
the very outset, with the hope that this will make the satisfying of the 
boundary condition easier; we also know that the solution we obtain will 
be unique, regardless of the method we use to obtain it. Accordingly, we 
try a solution of the form 
M(r, 0) = R(r) cos 0 (18-61) 
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When (18-61) is substituted into (18-57), we get 


cos 0-2(r# 48) 4 Boe ah Gym G 
r 


dr sin 0 d6 
which, after we cancel out the cos 0, gives us the following equation for R: 
aR dR 
r?— + 2r— —2R=0 18-62 
dr’ ss dr ( ) 
Now let us try to solve (18-62) with the form 
R(r) = kr (18-63) 


where k is a constant and n is to be found; when (18-63) is substituted into 
(18-62), we obtain 
k[n(n — 1) + 2n — 2]r”7 = 0 


and therefore n2 + n — 2 = 0, which has the solutions n = 1, —2. Thus 
there are two possible forms (18-63), but, since (18-62) is a linear differen- 
tial equation, the most general form for R is an arbitrary sum of the two, or 


RQ) = Ar +4 (18-64) 
r 


where A and B are constants. Substituting (18-64) into (18-61), we find 
the velocity potential to be 
© = (ar + 5) cos 6 (18-65) 
r 


Our remaining task is to determine A and B so that the boundary con- 
ditions (18-59) and (18-60) are satisfied. Now 


ao 2B 
a = (4 — 4 cos 0 
and (18-60) becomes 
(2) = Acos#=0 
OF |, 


and therefore A = 0. We now find that (18-59) gives us 


-(2) = 2 0s 6 = Vcos 
Or/iq a 

so that B = }Va®, and therefore the complete solution to our problem is 
given by 


3 


On to eae (18-66) 
2r* 
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Fig. 18-10 


The components of the fluid velocity in the directions of increasing r and 
6 are found to be 


3 
v,=— cad = (2) cos 0 (18-67a) 
or r 
3 
sila ocd Bae ¥(¢) in (18-676) 
r 00 2\r 


[The latter expression can be seen to be correct by referring to Fig. 18-40, 
where it is seen that the increment of distance in the direction of increasing 
6 is r d6.] The streamlines obtained from (18-67) are shown in Fig. 18-10, 

Let us calculate the total kinetic energy of the fluid. Using (18-67) and 


3\2 
v? =v, + 0," = () (cos? 6 + 4 sin? 0) 
r 
we find that 
T;, -{ i }pv”: 2zr’* sin 6 dr dO 
0 Ja 


= npva'| al (cos? 6 + }sin*@) sin 0 dO = 4m,V* (18-68) 
a r JO 

where m, = $7ra*p is the mass of the fluid displaced by the sphere. If the 

mass of the sphere is m, the total kinetic energy of the whole system of 

sphere plus fluid is 


T,= T, + T, = 4mV? + $m, V2 = 3(m + 4m, V? ~— (18-69) 
This result shows us that, as far as the kinetic energy is concerned, the total 
effect of the fluid is equivalent to adding one half of the mass of the 


displaced fluid to the mass of the sphere; thus'we can speak of an “‘effec- 
tive” mass of m + 4m,. The essential reason for this is that, when we 


It 


a 
pe, 


210 Introduction to Theoretical Physics 


apply a force to the sphere, we have to do work on the fluid as well as on 
the sphere in order to increase the velocity (and hence the kinetic energy) 
of the system so that the total effective inertia is greater than that of the 
sphere alone. 


Exercises 


18-1. How would (18-16) and (18-17) be modified if there were a source of 
fluid which produced P kilograms of fluid per (meter)* per second? To what 
sort of situation would this apply ? 

18-2. Verify (18-21) and (18-22) by direct transformation of Laplace’s equation 
in rectangular coordinates. 

18-3. Using the static equation (18-36), prove Archimedes’ principle, which 
says that if a body is submerged in a fluid there is an upward buoyant force on it 
equal to the weight of the fluid displaced by the volume of the body. 

18-4, Calculate the total momentum of the fluid for the problem discussed in 
Sec. 18-6 and interpret the result. Is it reasonable? 

18-5. Starting with the general equations of motion and the equation of con- 
tinuity and assuming that: (1) F = 0, (2) all velocity components and their rates 
of change are small, (3) p = p(p), and (4) p = pg(1 + o) where o <1 and py is 
a constant, show that the excess density o approximately satisfies the three- 
dimensional wave equation 

1 @o 


Perales 
si c2 ar? 


#) 
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where 
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19 Mazxwell’s equations 


Electromagnetism is most conveniently summarized in a set of partial 
differential equations known as Maxwell’s equations which describe the 
properties of the electromagnetic field vectors. Our primary purpose in 
this chapter is to derive these equations from a small number of basic 
experimental results and concepts. The remainder of our study of electro- 
magnetism will then be devoted to looking at the solutions of these funda- 
mental equations for certain special conditions and classes of problems. 
These subdivisions have been given such names as electrostatics, electro- 
magnetic waves, diffraction. A convenient starting point for us is the 
concept of electric charge. 


19-1 Electric charge 


The idea of electric charge was introduced to help describe phenomena 
such as those associated with electrification by friction. Electric charge can 
be given a precise definition in terms of forces and distances. An excellent 
description of this lengthy procedure can be found in American Journal of 
Physics 18, 1 (1950), but we shall start by accepting the idea of electric 
charge as well known and proceed from there, noting, however, that 
charge differs from mass in that it can be assigned both negative and 
positive values. 

We use the notation that charge is represented by g, while charge 
density = charge/volume = p. 

From long experience, it has been concluded that electric charge 
satisfies a conservation law similar to that for mass and energy; thus we 
say that the total charge in the universe is constant or (net) charge cannot 
be created or destroyed. The mathematical statement of this principle is 
the equation of continuity which we have already discussed in Sec, 18-2. To 
state it here, we introduce the important concept of current density = 
J = charge passing through unit area normal to the flow per unit time, 
If the velocity of the charges is v, we have, as before, that J = py, where p 
is the moving charge density and the equation of continuity becomes 


i Op i Op _ ad 
divI +3, div (pv) + 5 0 (19-1) 
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19-2 Coulomb’s law 


The experimental law which we take as our starting point is due to 
Coulomb, and it expresses the facts that like charges repel each other while 
unlike charges attract and that the force between these charges at rest 
varies inversely as the square of the distance between them: 


F, = EE (19-2) 





In this equation, F,, is the force on q’ due to q and y is a constant which 
depends on the units used. Also, g and q’ are assumed to be point charges; 
that is, the dimensions of the charge distributions associated with q and q’ 
are so small compared to the other distances of interest that we can neglect 
any influences arising from a finite size of g and q’. The direction of r is 
toward the charge for which the force is being calculated, as shown in 
Fig. 19-1. 

We shall use exclusively the rationalized mks system of units. Thus 
the unit of length is a meter, that of mass is a kilogram, and the unit of 
time is a second. The unit of force (= mass times acceleration) is therefore 
one kilogram meter/(second)?; this unit is given the name one newton. 
The unit of work and energy is one newton-meter = one joule. 

Electric charge is measured in coulombs; for the moment, we can 
define a coulomb in terms of the fundamental charge of the electron; thus 
the magnitude of the electronic charge is 1.60 x 10~** coulomb. Then the 
unit of p is coulomb/(meter)', and that of J is coulomb/(meter)? second = 
ampere/(meter)?. 

Once the units have been decided upon in this way, the constant y in 
Coulomb’s law (19-2) can no longer be given an arbitrary value but must 
be found by experiment. The result is usually written in the form 


qq 
F, = 19-3 
* — Aregr® on 





where €) = 8.85 x 10-12 farad/meter. It is useful to note that (47¢9)"* = 
9 x 10°, approximately. 
Suppose now that there are a lot of point charges q, at positions r, with 


ee 
q y q 


Fig. 19-1 
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Fig. 19-2 


respect to q’; that is, r, is the radius vector from gq, toq’. Then, when we 
add the forces vectorially, the total force on q’ is 


_ 4:9; a, qXi ¥ 
ne > Aneor;? a ~ Areor;? “7 
Thus the force is a product of the charge q’ and a vector which depends 
only on the distribution of the other charges. As a result, it is useful to 
define the electric field E as the ratio of the force on the point charge to 
the charge itself; that is, we write 
F, =qE (19-5) 
and therefore we see that the electric field resulting from a given dis- 
tribution of point charges can be easily calculated, for from (19-4) and 
(19-5) we obtain 
ati yt! yuh . 
- tna re 4meg tr? ee) 
where f, is a unit vector drawn from the point charge q, to the point P at 
which we wish to calculate the field E, as illustrated in Fig. 19-2. 
If the charges are distributed continuously with a total density p,, we 
can regard the charge p, dv in the small volume dv as a point charge and 
write 








1 pf dv 
E = — 19- 
Arey | r? ( 0 
19-3 Gauss’ theorem 
We want to show that 
[Baan S=i 5a (19-8) 
Ss € € 
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Fig. 19-3 


where Q = >,q; = net charge contained within the volume enclosed by 
the arbitrary surface S, as illustrated in Fig. 19-3. 
Now, from (19-6), 


[e- a= a, * ce (19-9) 


TTEg i Yr; 





There are two cases to consider. 


1. q; is inside S (Fig. 19-4). Now 


f,-da dacosa _ areal tof, d 
= => SS (60) 


2°. 2 2 
i "; 


= element of solid angle subtended at q; by the area da 


Therefore, in this case, 


I fend i daw = 4n (19-10) 
S S 


r; 


2. q; is outside S (Fig. 19-5). Consider the two elements of area da, 
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Fig. 19-5 


and da, cut out by the same solid angle dw but on opposite sides of S. 
Since % > 7/2, cos x, < 0, and therefore 
day -f, 


r? 


day, * f, 


r? 


= dw =— (19-11) 


Hence as we integrate over the surface these two will cancel each other 
out. Since all the elements of area on the surface can be paired off in this 
way, their contributions to the integral mutually cancel and we obtain 


(4 wf (19-12) 


Therefore, from (19-9), (19-10), and (19-12), 
JE -da=7— 3 al “Ra a= (19-13) 
s 


a 
Arey inside r? €9 inside 





Thus we have proved Gauss’ theorem as stated above. 


We can write 
Q -| p, dv, 
V 


where V is the volume enclosed by S, and by the divergence theorem we 
can also write (19-13) in the form 


[ E-da= div Edv =~ | p,dv (19-14) 
S V €9 JV 
Since this result holds for an arbitrary volume V, it will hold for an 
infinitesimal volume, and we can equate the integrands. In this way, we 
obtain the important result 

div E = P (19-15) 

€o 

which is to be remembered as another way of stating Coulomb’s law for 
the force between point charges. 
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This particular equation, however, is inconvenient in some respects, and 
we want to put it into a somewhat different form to take account of 
essentially two ways in which the charges contributing to the field can be 
classified for convenience in calculation. 


19-4 Electric polarization and displacement 


One type of charge we want to discuss is the “free” (or “true”) charge, 
by which we mean, in a crude sense, the charges which we can distribute 
around in space at will on conductors or on the surfaces of insulators. The 
others are the so-called “bound” (or “‘polarization’”) charges which are the 
constituent charges of matter—protons and electrons—and over whose 
distribution we generally do not have much control. In this connection, 
we should note that the charge density in a material fluctuates very widely 
as we pass from proton to electron in an atom, but ordinary electrical 
measuring instruments are unable to measure these fluctuations because 
they occur in so short a distance. The measurements which we make and 
which are to be described by the theory we are developing here have rather 
to do with mean values of the charge densities averaged over regions 
containing many thousands of atoms yet still small on the macroscopic 
scale. Then, of course, we shall mean by electric field the smooth field 
resulting from this smoothed-out distribution of charge. 

In general, the normal density of bound charge is zero, since each atom 
and each molecule contain equal quantities of positive and negative charge. 
Now let us consider what happens, for example, in the presence of an 
externally applied electric field: The forces on the positive and negative 
atomic charges are oppositely directed, and thus they tend to be displaced 
in opposite directions. As a result, these bound charges are displaced until 
the forces due to the external fields are balanced by internal forces— 
leaving the previously “coincident” positive and negative charge distri- 
butions slightly displaced with respect to each other. This indicates that it 
will be useful to consider the properties of the simple arrangement of 
charges shown in Fig. 19-6. Such a configuration is called an electric 
dipole, and we define p = gd = electric dipole moment. Our preceding 
considerations then lead us to the idea of replacing the actual matter by an 
assemblage of electric dipoles for the purpose of describing its electrical 
properties. 


————— — — ——  —————————— 


Fig. 19-6 
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The dipoles we spoke of above are called “induced” dipoles because 
they are produced by the action of the electric field on atomic and molec- 
ular charges. It sometimes happens that the structure of a molecule is 
such that the positive and negative charges are separated even in the 
absence of a field; such dipoles are called permanent dipoles. We there- 
fore have to consider both types of dipoles when evaluating the effect of a 
field on the material. 

We can now define a quantity characteristic of the electrical state— 
again averaged over a region large compared to the size of an atom but 
small compared to the usual macroscopic dimensions. It is 


Polarization = P = average electric dipole moment per unit volume. 
(19-16) 


Example. Suppose there are N molecules in a volume V and the dipole 
moment of each is p; then P = (Np)/V. 


Now, of course, if P is uniform throughout the material, the average 
density of positive and negative charges will be numerically equal and the 
net density of bound charge will be zero. However, if P is not uniform, it 
is possible that the positive and negative bound, but displaced, charges will 
not cancel each other out, thus resulting in a net charge density due to the 
displacement of the charges. 

We now want to make these general considerations more quantitative. 
Let pp = density of “bound” (or “polarized”) charge, and let p= 
density of “free” charge. Then the total charge density is given by 


Pi =p + Pp (19-17) 
and our previous equation (19-15) can be written 
div (eg5E) = p + pp (19-18) 


There is a relation between P and pp which we now wish to find. 

When a material is not polarized, there are no induced dipoles and the 
contribution from any permanent dipoles which may be present is zero. 
The latter effect arises because the permanent dipoles are randomly 
oriented; hence there are as many with their axes in one direction as 
another and they cancel out on the average. Therefore the positive and 
negative charges within a given volume cancel; thus the net bound charge 
is zero for the unpolarized state. When the matter is polarized, bound 
charge will be displaced; this displacement may arise from the separation 
of positive and negative charges when induced dipoles are formed, or from 
the rotation of permanent dipoles. In any event, charges will pass through 
the surfaces bounding a given volume and the result may be the appearance 





— 
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y 





Fig. 19-7 


of a net bound charge within the volume. We now proceed to calculate 
this effect. 

Let p, = positive charge of the dipoles per unit volume, and R = mean 
displacement of this positive charge when the material is polarized. From 
Fig. 19-7, we see that the positive charge which passes into the volume 
through the left-hand face perpendicular to the x axis when the matter is 
polarized equals the charge in the volume R, Ay Az = p,R, Ay Az. 

Similarly, the positive charge ai out through the right-hand face is 


[pRe+ 2 + On (p,Ra) as| Ay Az 
Therefore the net gain of charge due to the motion of positive charge is 
— 2 (6,R,) Av Ay Az 
Ox 
Let R’ = mean displacement of the negative charge of the dipoles per 


unit volume (—p,). The net gain of charge due to motion of negative 
charge is 


me (—p,R,’) Ax Ay Az 
Ox 
Therefore the net gain from both sources is 
- 2 [p,(R, — R,')] Ax Ay Az = — oa Aw Ay Az 
x 


since p,(R — R’) = p,d = mean electric dipole moment per unit 
volume = P. 
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Proceeding similarly for the other faces, we find that the net gain in 
charge from all the faces is 


- (2 rips rh + 2) Av dy de = ppAvdy de 
Ox oy 0 
from the definition of pp, and therefore 


pp = —divP (19-19) 
is our desired relation. 
Combining this with (19-18), we obtain 


div (@E) = p — div P 
or 
div («gE + P) = p 


(Remember: ,p is the density of free charge.) 
It is convenient to define 


D = electric displacement = «gE + P (19-20) 
so that 
div D = p (19-21) 


The unit of D is coulomb/(meter)?. 

Equation (19-21) is one of the fundamental equations of electromagnetic 
theory, and it is one of Maxwell’s equations. We recall that it summarizes 
Coulomb’s law of force between charges plus the effect of bound charges in 
matter. 

There is another consequence of Coulomb’s law which we wish to point 
out now. Consider the line ile of E along the path shown in Fig. 19-8: 


2 2 
[E-a=; a8 t5i4, JB = 3a JS 
1 r; 





Airey i 4tey i 
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Fig. 19-8 
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We see that this integral is independent of the path since it depends only on 
the coordinates of the end points. If we now consider this integral to be 
taken over a closed path, so that r;; = r;2, we get 


$ E-ds=0 = {curl Eda 


and, since this holds for a path of any size, it holds for a closed path enclosing 
an infinitesimal area; therefore 


curl E = 0 (19-23) 


and thus the electric field as given by Coulomb’s law is a conservative 
field. 
Because of (19-23), we can write 


= —grad¢ (19-24) 


where ¢ is called the scalar potential. Now 


[e-as= —['srad $ ds = -[ag= aes 


Comparing this with (19-22), we see that we can write for the scalar 
potential 


¢= yt (19-25) 


t 47€ or; 
Hence we can calculate the scalar potential from the given charge distri- 
bution and then find E from (19-24). This is often much easier than trying 


to calculate E directly from (19-6). If the charges are distributed with total 
density p,, we have 


Piss be | ot (19-25’) 


Are, 


P 


r2 As usual, any scalar constant can be 
added to (19-25) or (19-25’) without 
changing the physical situation, i.e., 
the value of E as calculated from 
P (19-24). 


“q d q Example. Potential of a Dipole. We 
Fig. 19-9 want to calculate the potential due to 
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the dipole at a point P whose distance from the dipole is large compared 
to the separation between the charges, ie., ford <r. Now from (19-25) 


and Fig. 19-9 
Amegd = a(+ te *) 
ie cliags 


oC Si i ae nn go 
- laa + (d?/4) — dr cos 0)* (7? + (a®/4) + drcos md 
_4 RENT EYES ETT c = | 
~ r \f1 + (d/2r)® — (d/r) cos OJ — [1 + (d/2r)® + (d/r) cos 0)4 


m8 4 SP 4 SO.) _qdcos 6 _ pcos 8 
r 


2r r? r 








r 
Therefore 


pcos 0 p-r 

= —_ = —_,; 19-26 

Painate Aregr? Arte gr® ( ) 
Now we want to go on to the study of the forces between currents and 

the magnetic analog of Coulomb’s law. 


19-5 Ampére’s law 


Ampére studied the forces between closed loops of wires carrying 
currents and by a remarkable analysis was able to deduce the law of force 
between infinitesimal current elements. Rather than go through this 
procedure, we shall simply accept his final result, which is 


3 


de, ae bt jj, 1 eX I (19-27) 
4a r 


where dF, is the force on current element i, ds, due to the element i, dsp. 
[Equation (19-27) is the magnetic equivalent to Coulomb’s law, and it 
describes the situation illustrated in Fig. 19-10.] 
By definition, 

My = 47 X 10-7 henry/meter (19-28) 
At this point, we can see that (19-27) and (19-28) together give us our 
ultimate definition of the unit of charge, for, once fp is defined, (19-27) can 
be used to determine the ampere experimentally in terms of the forces and 
distances involved. Since an ampere is defined as one coulomb/second, 
we can obtain an experimental value for the coulomb which of course 
agrees with the value we first gave in terms of the electronic charge. 
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Fig. 19-10 


The total force on element i, ds, due to all other current elements is 
then given by 
Mo ids xr 


19-29 
4n or ( ) 


F, = iy ds; x| 


We define the magnetic induction B so that 


F, = iy ds, x B (19-30) 
and therefore 
My [idsxr 
B= — | —— 19-31 
4a | r ( ) 


where the integral is taken over the complete circuit for which we wish to 
find the induction produced by it at the point P. This is illustrated in Fig. 
19-11. In (19-31), B is measured in units of webers/(meter)”. 

Before we go on to consider the properties of B, let us look a little more 
closely at the expression i ds. Suppose we had, instead of a current element, 
a charge g moving with velocity v. We feel that this is in some way 
equivalent to a current element and we wish to find the precise relationship. 
To do this, let us assume that the charge has an average charge density p 
and across section A. Then, ina time dt, the charge having flowed across 


Fig. 19-11 
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v dt=ds (y v 


Fig. 19-12 
the surface shown in Fig. 19-12 will be that contained in the volume shown; 
this charge is pAv dt = i dt, and, if we multiply by v, we get 
(pAv) ds = ids = (pA ds)v = qu 
and, since ds and v are parallel, 
ids =qv (19-32) 
Combining this with (19-30), we get for the magnetic force on a moving 
charge 
F,=qv xB (19-33) 
and, if we add this to the force due to the electric field given by (19-5), we 
get the important expression for the total force on a charge: 
F =q(E+ Vv x B) (19-34) 


Now we return to discussing the properties of B. We begin by calcu- 
lating its divergence. From (19-31), we can write 





div B = = i div (= Z ") (19-35) 


7 r 
We can show that 
div (F x G) = G- curl F— F-curlG (19-36) 


At the field point where we wish to calculate div B, ds is independent of the 
coordinates of the point P in Fig. 19-11, and therefore curl ds in (19-35) 
is zero. Using this and (19-36), we can write (19-35) as 


divB = — ct ids+ curl (5) (19-37) 
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Rather than evaluate this directly, we can recall that the electric field 
due to a point charge is E = qr/4zregr* and, since curl E = 0, we see that 
curl (r/r*) = 0, and therefore 

div B = 0 (19-38) 


We now proceed to evaluate the curl of B. We shall do this somewhat 
indirectly with the aid of Fig. 19-13. 

Consider a closed loop of current giving rise to an induction B at P. 
Let Q be the solid angle subtended at P by the loop. Suppose we displace 
the point P by the amount do. Let dQ = change in solid angle subtended 
by the loop at P resulting from the displacement of P. But we can also get 
the same change in solid angle dQ by keeping P fixed and giving every 
point of the loop the same, but opposite, displacement —ds. Then, from 
Fig. 19-13, we see that dQ. equals the sum of solid angles subtended by each 
of the parallelograms bounded by ds and —de and therefore equals the 
sum of projections of these areas along r with each divided by r; thus 
we have 

ia Oe a —do.[ XT = grad Q-de 
r r 
(Note: grad Q is evaluated ar the field point P.) 
We can now see that 





grad = — [St 


r 





Fig, 19-13 
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Fig. 19-14 
and, using this in (19-31), we have 
B = —pMy grad (=) = —My grad dy (19-39) 
TT, 


Thus we see that this induction can be written as the negative gradient of a 
scalar quantity. The quantity $,, = (iQ/47) = magnetic scalar potential. 
In this case, therefore, curl B = 0. The last result does not generally hold, 
however, and we shall have to go back to Stokes’ theorem to calculate the 
more general value of the curl. Using (19-39), we can write 


p B-ds = os Ee gradQ-ds = - tt fag 
4 dn 


TT 


= + 4° AO (19-40) 
4a 
where AQ is the total change in solid angle observed as we integrate B over 
the closed path. 

Suppose our path of integration is like that shown in Fig. 19-14. For 
this path, when we come back to the initial position, 2 has the same value 
as before, and 

AQ = 0 


$ B-ds = 0 = [eurl B-da 


and, therefore, 
curl B = 0 
as we know. 

Now suppose our path of integration encloses the current, as shown in 
Fig. 19-15. Note the sense of the normal and how it is determined from 
the direction of the current by using the right-hand rule. For simplicity, 
let us imagine starting at A and ending at B. At A,Q = 27; atB,Q= 
—27; hence 

AQ = (—2m) — 207 = —4r 
and therefore 


f B+ ds = jigi = fo (current enclosed by the path of integration) (19-41) 


as ==) 8 


ae 3 


> 2) 
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Fig. 19-15 


[Note “similarity” to Gauss’ theorem (19-8).] 
Now, if J, = total current density, 


i= [3,-da 


where the integral is taken over the surface spanning the path around 
which we calculated the line integral of B. Hence we can write (19-41) as 


$ Bas = Ho S.>da = [curl B- da 


Since this result holds for any contour and any surface spanning it, we 


obtain 
curl B = J, (19-42) 


This is another way of stating Ampére’s law. In contrast to E, we see that 
curl B = 0 only in regions where there are no currents—and we cannot 
always define a scalar potential from which to calculate B as we were 
able to do for E. The magnetic scalar potential has the additional dis- 
advantage that it is not single-valued. Nevertheless, we now want to 
calculate the potential for a special case. 


Example. Potential of a Current Whirl. Suppose we have a current / 
around a small area S (Fig. 19-16). We want to calculate the magnetic 
scalar potential of this “whirl” at a point P whose distance from the 
whirl is large compared to its dimensions, i.e., when r > JS. From 
above, 

my ge S cos 0 _ (iS): , 
Om 4n a r 4nr* (7 
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P 





Fig. 19-16 


Comparing this equation with (19-26), which gives the potential of 
an electric dipole, we see that (19-43) is very similar in that it has the 
same dependence on r and 6 and differs only in numerical factors. 
Hence it is appropriate to speak of this small current whirl as a magnetic 
dipole and to define 


m = magnetic dipole moment = iS (19-44) 
and therefore 
m-r 
Pm,mag dipole = 4a? (19-45) 


Now we can discuss the magnetic properties of matter in a way similar 
to that which we used when we replaced the material by a collection of 
electric dipoles. 


19-6 Magnetization and magnetic field 


When we considered electric polarization, we used essentially the model 
in which it is assumed that matter is composed of molecules which in turn 
are composed of positive and negative charges such that the whole material 
is electrically neutral. Another feature of this model is that the charges are 
not at rest but are assumed to.be in continuous motion. We have seen 
in (19-32) that a moving charge is equivalent in many ways to a current; 
presumably these charges will be moving in essentially closed paths and, 
since macroscopic distances are large compared to atomic dimensions, 
this gives us the idea that they will appear to us to be current whirls or 
magnetic dipoles. Thus we arrive at the concept of regarding a material, 
with respect to its macroscopic magnetic effects, as being equivalent to a 
collection of magnetic dipoles. 

These dipoles can arise in essentially two ways. First, it is possible that, 
when B = 0, the charges are circulating in such a manner that the net 
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current whirl is zero; that is, the dipole moments of the individual charges 
add vectorially to zero. Now suppose that somehow things are arranged— 
by external currents, for example— so that B # 0. This will give rise to a 
force gv x B on each of the charges. It is conceivable that these additional 
forces will change the paths of the charges enough so that the resulting 
configuration will give rise to a magnetic dipole moment which is different 
from zero. This moment can properly 
be spoken of as being “induced” by the 
field. Second, it can happen that an atom 
or molecule in the absence of B has 
associated with it a structure that results 
in a permanently circulating current so 
that the molecule has a permanent dipole 
moment. Then the application of a B will 
give rise to new forces on these currents 
which can change the alignment of the di- 
pole moment. These permanently circulat- 
ing currents are often called “Ampérian 
currents” after Ampére who first postu- 
lated them to account for the magnetic 
properties of matter. Their presence and magnitude cannot be accounted 
for classically; however, it is not part of our task here to account for them, 
but merely to accept their presence, try to describe them macroscopically, 
and include them in our equations. 

Thus, as far as magnetic effects are concerned, we are replacing matter by 
a collection of magnetic dipoles. Now, in the same way in which we intro- 
duced a polarization vector P which we defined as the average electric 
dipole moment per unit volume, we can define a quantity: 





Magnetization = M = average magnetic dipole 
moment per unit volume _—_ (19-46) 


In general, we can expect to find some relation existing between M and B, 
but we leave this to later discussion. 

Consider a piece of material composed of magnetic dipoles, which, for 
simplicity, we assume to be aligned. Suppose for the present that M is 
uniform. When we look at Fig. 19-17, showing an end-on view of all the 
current whirls, we see that, in the interior, the current due to one whirl in 
one direction is cancelled by the opposite current of the adjacent whirls, 
Hence, in the interior of a uniformly magnetized material, the “bound” 
current is zero. But at the surface there are no adjacent dipoles to cancel, 
and, since the currents in the whirls are all in the same sense, the net result 
is the appearance of a current circulating on the surface of the material. 
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Thus we conclude that the existence of a magnetization within a medium 
implies the existence of surface currents. Now we want to find the quanti- 
tative relation. 

The definition of surface current density is: M 


K = current passing across unit length 
normal to the flow (19-47) in” A 


If the cross-sectional area of the small uni- 
formly magnetized figure shown in Fig. 19-18 
is A and the height is Ah, the volume is A Ah, 
so that from (19-46) Ah 


Total dipole moment = M(A Af”) a 
=(MAA)A_ (19-48) 


This is the same dipole moment that would be 

obtained by a current M AA circulating about 

the area A in the sense shown. Hence, from Fig. 19-18 

(19-47), we can say that the numerical value 

of the surface current density is M. Looking at the figure again, we 
also see that the direction as well as the magnitude of this magnetic 
surface current density is given by 


K, =Mxaf (19-49) 


where fi is the outer normal to the surface. This is a general result since it 
does not depend on the shape of the figure we used. 

We can also use this result to find the effective surface current density at 
the surface of discontinuity between two regions of magnetization M, and 
M, shown in Fig. 19-19. The respective densities are K; = M, x fi and 
K, = M, x fi’. Therefore the total surface current density is K,, = 
K, + K, = M, x i+ M, x fi’. But, since the normals are defined as 

outward normals, we have fii = —fi; 


hence 
K,, = (M, — M,) x fi (19-50) 


Mi This reduces to our previous result if 
M2 M, = 0, as it would be in the empty 

fi space we previously assumed. 
Looking again at our end-on picture, 
Fig. 19-19 Fig. 19-17, let us now assume that M is 
not uniform throughout the material, 
as could be the case if the currents in each whirl were different. Then 
we see that there will no longer be complete cancellation of the oppositely 


=> 
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M;(y + dy) 





Fig. 19-20 


directed currents of the dipoles and there will be a resultant current in 
the interior. Hence we suspect that there is a relation between the 
volume density of bound current and a non-uniformity of the magne- 
tization, similar to that found for polarization in(19-19). Our next step is to 
find this relation. For this purpose, we consider an interior portion of the 
magnetized material represented by the two adjacent cubes in Fig. 19-20. 

The total surface current circulating around the upper cube and resulting 
from the x component of magnetization is, in magnitude, M,(y + dy) dx, 
while that around the lower cube is M,(y) dx. Therefore the net current in 
the positive z direction through the contour shown and which is due to the 
x component of the magnetization is 


Mili) dat War dg) div-an Seed 


dy dx = J‘) dydx (19-51) 
oy 





where J, is the equivalent current density due to bound charges. There- 
fore the contribution to the z component of the current density from the 
x component of magnetization is 
jin, = — Tee (19-52) 
dy 
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From Fig. 19-21, we see that the y component of M will also contribute 
to the current in the z direction. By going through the same type of 
argument as above, we find that its contribution is 

J” = aM, (19-53) 
Ox 

Therefore the total z component of J, is the sum of (19-52) and (19-53), 

or 


Fg ts ae (uel MD), (19-54) 
Ox oy 
and, since we could have chosen any component of J,,, we can say that 
J,, = curl M (19-55) 


This verifies our idea that a variation in M gives rise to an effective current 
density. 

Now, as we did for charges, we can divide our total current into two 
types and let J = real (or true) current density, J,, = magnetization cur- 
rent density; then the total current density can be written as 


J,=J+J,, (19-56) 
Substituting (19-56) into (19-42), we get 


curl (=) =J,=J+J, =J+curlM (19-57) 
Ho 
y 
My 
fi 
—_> 
x 
2 
Fig, 19-21 
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or 


curl (= - M) =J (19-58) 
Ho 


This result makes it convenient to define a new quantity: 


Magnetic field = H = Sins M (19-59) 
Ho 
so that 


curl H = J (19-60) 


This equation expresses Ampére’s law describing the forces between 
current elements plus the magnetic effects of matter. We note that curl H 
is determined only by the real currents and is independent of the medium. 
In this respect, it is similar to D. The unit of H is amperes/meter. 

There is another way of looking at one of our results which is of some 
historical interest. We find from (19-38) and (19-59) that 


div B = 0 = wy (div H + div M) 
so that 
div H = —divM (19-61): 


We recall that, for electric charge, we found that pp = —div P, where 
pp is the volume density of bound charge. In the same way, it is some- 
times convenient to define an analogous quantity 


Pm = —divM (19-62) 


as the volume density of magnetic charge or volume density of magnetic 
poles. Then (19-61) becomes 
div H = py, (19-63) 


which is similar to that found for electric displacement (19-21). This result 
is essentially the basis for the common older method of introducing mag- 
netic poles into magnetism as a way of calculating the field. But the 
magnetic case is different from the electric case in the important respect 
that there is no experimental evidence for the existence of free magnetic 
poles. Their introduction into magnetism according to the present point of 
view is done merely as a computational convenience without physical 
justification. As a matter of fact, one can discuss electromagnetic theory 
very adequately without using isolated poles at all, but instead by dealing 
only with dipoles. This is what we shall do. 

Now we proceed to the formulation of another experimental law which 
forms an important part of the foundation of electromagnetic theory, 





Part Two. Electromagnetic Fields 235 


19-7 Faraday’s law of induction 


Ampére’s law expressed a relation between electricity and magnetism, 
namely, that magnetic fields can be produced by electric charges in 
motion. The converse production of electric fields by a magnetic system 
was long suspected and looked for and was finally discovered by Faraday. 
He did his experiments with circuits and wires, and then his results were 
assumed to hold in space even if no wires were present to demonstrate the 
effect. The content of Faraday’s law is summed up as the law of electro- 
magnetic induction: The induced emf is equal to the negative of the time 
rate of change of magnetic flux. Let us define these terms so that we can 
write Faraday’s law in a quantitative form. 


Magnetic flux = ©,, - |p -da (19-64) 
Magnetic flux is measured in webers. 


emf = work done per unit charge around a 
closed path = $ E-ds (19-65) 


emf is measured in volts; from the definition we see that 1 volt = 1 joule/ 
coulomb. As a result of (19-65), it is sometimes convenient to use the unit 
of volt/meter for electric field, as well as our previous unit of newton/ 
coulomb obtained from (19-5). 

Thus Faraday’s law says that 


GE -ds = - a= — 4 B-da (19-66) 
dt dt 


In (19-66), the surface integral is taken over a surface with the closed path 
as boundary, as illustrated in Fig. 19-22. 


B da 


Fig, 19-22 
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We shall, for the time being, consider only the case in which the path is 
fixed in space, so that the flux changes in time only because B does. There- 
fore we can write (19-66) as 


$ E+ ds = — & «da =[eurl E-da (19-67) 
and we obtain, as usual, 
0B 
curlE = — — (19-68) 
Ot 


which is the desired differential formulation of Faraday’s law. 
This result shows that our previous equation (19-23) is true only in the 
static case when the fields are all constant in time. 


19-8 Displacement current 


Let us pause now and review what we have obtained so far. The funda- 
mental experimental results are summarized in equations (19-21), (19-38), 
(19-60), and (19-68), together with the relations (19-20) and (19-59). 

We also have the equation of continuity (19-1) which describes the law of 
conservation of charge. It was Maxwell’s discovery of the fact that the 
equations mentioned above are not compatible with the equation of 
continuity that led him to make his really great contribution to electro- 
magnetic theory—the introduction of the displacement current. 

It is a general theorem of vector analysis that div curl A = 0, where A 
is any vector. If we calculate the divergence of (19-60) and use (19-1), we 
get 3 
div curl H = 0 = divJ = — a #0 
Thus we see that our equations lead us to a contradiction. Because of this, 
Maxwell assumed that (19-60) was not complete but should have another 
“current” added to it. If we call this additional current density J,, we 
should write, instead of (19-60), the equation 


curlH=J+ J, (19-69) 
In order to identify Jz, we calculate the divergence of (19-69) and get 
div curl H = divJ + divJ, = 0 
Therefore, using (19-1) here, we find that 
; , dp 
div J, = —divJ = — 
: at 
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But, if we assume that (19-21) also applies to time-dependent fields, we 


obtain 
op = div gD 
Ot ot 
so that 
div J, = div 2 (19-70) 
t 
Because of this equation, Maxwell assumed that one must set 
J, = sb (19-71) 
Ot 
so that (19-69) becomes 
curlH = J+ ide (19-72) 


Ot 


At the time Maxwell did this, there was no direct experimental evidence 
for the existence of the additional term 0D/0t, and the only arguments 
available were plausibility ones such as that we gave above. The main 
evidence for the validity of (19-72) is the agreement of its consequences 
with experiment. It is extremely well founded, as we shall see. 

The expression (19-71) is called the “displacement current.’ We note 
that, in the static case, (19-72) becomes (19-60), as it should. 


19-9 Maxwell’s equations for stationary media 


The basic equations of motion of the electromagnetic field are sum- 
marized in the following set of equations. 


divD = p (19-21) 
curlE = — eB (19-68) 
ot 

divB=0 (19-38) 

oD 
curlH=J+ i (19-72) 

t 
These are known as Maxwell’s equations. With them we need the defi- 
nitions D=<E+P (19-20) 
we Poca M (19-59) 

Ho 


which account for the presence of matter as described macroscopically by 
the vectors P and M. 











m 


p? 
» 


adhd 
1] 
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In order to use these equations, it is necessary to know how P and M 
depend on the fields—this is not discussed or provided by this macroscopic 
theory, but must be left to determination by experiment or deduced from 
other theories which discuss the microscopic properties of matter, such as 
quantum mechanics and statistical mechanics. 

Thus a knowledge of the distribution of applied currents, charges, and 
polarizations enables us in principle to calculate the fields E, B and D, H. 
The connection with experiment is then provided by the force equation 


F = qE+v x B) (19-34) 


If we know the fields, we obtain the forces on the particles carrying the 
charges from (19-34), and then by integrating the equations of motion we 
can find their subsequent motions, which can then be compared with 
experiment. 


Exercises 


19-1. A particle of mass m and positive charge g moves in a plane which is 
perpendicular to a constant induction B. Show that the particle moves in a 
circle with constant speed, and that the radius of the circle is given by a = mv/qB. 

19-2. An electric dipole of fixed moment p is in a constant field E. Show that 
there is a torque on the dipole given by p x E. 

19-3. Find the rectangular components of the field produced by a dipole. 


20 Boundary conditions 


It often happens that one wants to discuss situations in which the physical 
properties of the matter, in the field, change abruptly across a surface. 
Such a surface is known as a surface of discontinuity. It is necessary to 
know how the electromagnetic field vectors change as one goes across this 
boundary, and we shall now deduce these changes from Maxwell’s 
equations. Since we have assumed in our writing of these equations that 
the vectors involved are continuous and have continuous derivatives, it is 
customary to imagine the bounding surface to be replaced by a very thin 
transition layer in which the material properties change continuously but 
very rapidly, and then later let the transition layer shrink to zero thickness. 
We shall see that we can get from each of Maxwell’s equations an equation 
which tells how a component of one of the field vectors changes as one 
goes across the bounding surface. 
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We let the values of the vectors in the two media be labeled by subscripts 
1 and 2, and let fi be the normal to the bounding surface which points from 
region | to region 2. The first situation we want to consider is illustrated 
in Fig. 20-1. 

In the transition layer, we construct a small right cylinder of height A 
and area AS. Let us first consider the surface integral of B over this 
cylinder; using (1-38) and (19-38), we find that 


[ B-da = {div B dv =0 (20-1) 
Jcyl 


If we choose the area of the base to be small enough, we can assume that B 
is nearly constant over the faces, so that a good approximation to the 
surface integral can be written: 


B,- AS, + B,- AS, + Wg = (B,° fig + B, +f) AS+ Wz=0 = (20-2) 
In (20-2), Wz is the contribution to the surface integral from the walls of 
the cylinder; since the cylinder is so small, Wz will be proportional to h. 


As we let the transition layer shrink to zero thickness, so that h — 0, 
then W, — 0, and the limiting value of (20-2) becomes 


(B, + fig + B, + fi,) AS = 0 (20-3) 

If we cancel out AS and use the relations fi, = fi = —fi, obtained from 
Fig. 20-1, we find from (20-3) that 

fi- (B, — B,) = B,, — By, = 0 (20-4) 


This is the first of our boundary conditions; it says that the normal com- 
ponent of B is continuous across a surface of discontinuity in the medium. 
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Similarly, using (1-38) and (19-21), we find that 
[ D-da=[pdv=4 = phAs (20-5) 
cyl 


where q is the total free charge contained in the cylinder. As we now let 
the transition layer shrink to zero thickness, this charge g must be conserved 
and accordingly can be thought of as a surface charge in the limit as the 
volume charge density becomes infinite. Then it is convenient to replace 
the limiting value of ph by a surface charge density o where 


o = charge per unit area = lim ph (20-6) 
ho 


Then we can write the total charge q = o AS, and (20-5) becomes 
i D-da=ocAS (20-7) 
cyl 


We can discuss the left-hand side of (20-7) exactly as we did above, 
replacing B in (20-3) by D, and 0 by a AS. The result is 


fi: (D, — D,) = D,,, — Dy, = 9 (20-8) 


This tells us that the change in the normal component of D equals the 
surface density of free charge. These normal components are continuous 
only if there is no free charge on the surface of discontinuity. 

The remaining Maxwell equations involve the curl, and from them we 
can get information about tangential components. We construct a small 
rectangular contour in the transition layer as shown in Fig. 20-2. 

Using (1-40) and (19-68), we find that the line integral of E around this 
contour is 


$ Eds = fourtE-da = -[ Fas (20-9) 


The unit vectors in the direction of integration are t, and @,; the normal 
to the area enclosed by the contour is fi’, and it lies in the surface of 
discontinuity. The vector area is fi’ As. 





Fig, 20-2 
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We can approximate the integrals in (20-9) and we obtain 
‘ Rp OB ,, 
Bag Reems Da Be + Wem a he (20-10) 


W,, is the contribution to the line integral from the ends; it will be 
proportional to / and thus will vanish as h — 0. 

If we define the unit tangent vector ¢ by fi’ x fi, we see from the figure 
that 4, = = —%,. Then, if we also use (1-20), we find that #,-E, = 
&-E, = (f’ x fi)- E, = fi’- (fi x E,) and @,-E, = —fi’- (fix E,). If we 
insert these into (20-10) and let the transition layer shrink to zero thickness, 
we find that 

; 0B 
fi’ - [a x (E, — E,) + lim (1 =) | =0 (20-11) 
noo \ Ot 
We naturally assume that the field vectors and their derivatives are bounded 
and hence @B/0¢ is finite. Then 


lim (s 4 =0 (20-12) 
h>0 Ot 
Also, since the orientation of our contour is completely arbitrary, the 
direction of fi’ is arbitrary and we can obtain from (20-11) and (20-12) our 
final result that 

fi x (E, — E,) =0 (20-13) 


Since the normal components of E, which are parallel to fi, will not con- 
tribute to the cross products in (20-13), only the tangential components of 
E are involved; thus (20-13) says that the tangential components of E 
are continuous across a surface of discontinuity. 

Similarly, we find from (19-72) that 


$ H-ds ={(3 + | -da (20-14) 


and therefore that 
fi x (H, — H,) = lim E (3 + >) = lim hJ (20-15) 
h>0 Ot h>0 
because 0D/dt is bounded and we can apply an equation like (20-12). 

If the total free current passing through the contour is squeezed down 
into a layer of infinitesimal thickness as the transition layer is shrunk, it is 
convenient to describe the situation by the surface current density K. 
Since the total current through the area was originally i = J - fi’h As and 
would then be written in terms of K as i = K+ fi’ As, we see that we have 

K = lim hJ 


hoo 
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and (20-15) becomes 
fi x (H, — H,) = K (20-16) 


The discontinuity in the tangential components of H equals the free 
surface current density. 

We now have found that we can supplement the Maxwell field equations 
by the four derived relations (20-4), (20-8), (20-13), and (20-16), which 
determine the transition of the electromagnetic field across a surface of 
discontinuity of the electromagnetic properties. 

Now that we have defined the electromagnetic field vectors, found their 
equations of motion, and discussed some of their properties, we can discuss 
electromagnetic theory, which basically consists of the various solutions 
of Maxwell’s equations for varying sets of conditions. After we have done 
this, we shall take up the question of the interaction between the fields and 
matter. 


21 Electrostatics in vacuum 


In the static situation, all derivatives with respect to time are zero and the 
two relevant Maxwell equations, (19-21) and (19-68), become 


divD = p (21-1) 
curlE = 0 (21-2) 
If, in addition, we have a vacuum, P = 0 since there is no matter, and 


(19-20) becomes D = e,E, and (21-1) becomes 


divE =f (21-3) 


€9 


The boundary conditions (20-8) and (20-13) are 


A-(E,-E,) =— (21-4) 


fi x (E, — E,) =0 (21-5) 


Hence we need deal only with the single vector E. 
Some problems can be solved by simple, although special, methods if 
there is sufficient symmetry. 
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(b) 
Fig. 21-1 


Example. Field of a Charged Plane. Consider an infinite plane which is 
uniformly charged with the constant surface charge density o, as shown 
in Fig. 21-la. We want to calculate the field E resulting from it. By 
symmetry, E must be normal to the plane and of equal magnitude E 
on each side. Nowfi: E, = E and fi-E, = —E£E; hence (21-4) becomes 
2E = o/e, and thus 

o 
E (21-6) 

Example. Field outside a Spherically Symmetric Spherical Charge 
Distribution. Suppose p is independent of angle so that p = p(r), where 
r is the distance measured from the center, as shown in Fig. 21-15. By 
symmetry, E must be in the radial direction as shown, and its magnitude 
E can depend only on r. If we calculate the surface integral of E on 
the sphere of radius r where E is parallel to the element of area da, we 


obtain 
fe -da= {da = 4rr°E = {aiv Edom t fe do = & 
€0 £0 
where Q is the total charge of the sphere. Therefore 


Q 
E= : 
7 (21-7) 





This is precisely the formula for the electric field produced by a point 
charge Q at the origin. Thus we have proved that a spherically symmetric 
charge distribution acts as if it were a point charge with its total charge 
concentrated at the center. This result also holds for the inverse square 
gravitational field produced by a spherically symmetric mass distribu- 
tion, 








' 
{ 
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Most problems, of course, do not permit such simple solutions, and we 
must now turn to more general methods of attack. 


21-1 The potential 


Since curl E = 0, we know that we can write 





E = —grad ¢ (21-8) 
We have already shown how to calculate the potential; the result as given 
by (19-25’) is 
1 p dv 
= “—— 21-9 
2, 9.2) = ieee (21-9) 


We shall prove this again more elegantly later on. The potential is 
measured in volts because E can be measured in volts/meter. 

A surface on which the potential is constant, as given by the equation 
(zx, y, 2) = const., is called an “‘equipotential surface.” Some possible 
surfaces are indicated by the solid curves of Fig. 21-2. Since E = —grad 4, 
and since the gradient was shown to be perpendicular to the surfaces of 
constant ¢ (Sec. I-8), we see that the directions of the electric field are 
perpendicular to the equipotentials. Lines which are everywhere tangent 
to the electric field are called “lines of force”; some are shown dashed in 
Fig. 21-2. Such concepts as these are often useful in giving one a visual- 
ization of the state of the field. 

A conductor is defined as a region in which charges are free to move about 
under the influence of an electric field. Now, if an electric field were present 
in a conductor, the charges would move about, and we would no longer 
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(a) (b) 
Fig. 21-3 


have the static situation we are assuming. Hence we see that E = Oat all 
points within a conductor. From (21-8), we see that then the potential is 
constant in the interior of a conductor, so that a conductor forms an equi- 
potential volume. Therefore, at the surface of a conductor, the gradient 
is perpendicular to the surface at each point, and (21-8) then tells us that 
the electric field is everywhere perpendicular to the surface of a conductor 
in a completely static situation. 

Let us apply Gauss’ theorem (19-8) to an arbitrary surface in the interior 
of a conductor, such as is shown dashed in Fig. 21-3a. Since E = 0 inside, 


[e-aa=2=0 (21-10) 
£0 

and Q = 0 = total charge within the surface. Because the surface is 
completely arbitrary and can be so deformed as to coincide with the 
bounding surface of the conductor, we can conclude that Q = 0 every- 
where. In other words, we have found that the net charge in the interior 
of a conductor is zero; consequently whatever charge is present resides 
entirely on the surface. This was first shown by Faraday in his famous 
“ice-pail experiment.” 

Let us apply our boundary condition to the surface of a conductor, as 
illustrated in Fig. 21-3b. Since E, = 0 and E, = E is parallel to fi, so that 
fh» E, = E, (21-4) and (21-8) yield 


ef = o = —e,fi- grad (21-11) 


Thus, if we somehow know ¢ as a function of position, not only can we 
find E everywhere by using (21-8), but also we can calculate the distribution 
of charge on conducting surfaces by using (21-11). In our next section, 
we take up the general problem of calculating ¢. 
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21-2 Poisson’s and Laplace’s equations 


We can get a differential equation for ¢ by combining (21-3) and (21-8): 


div grad $6 = V2g = — © (21-12) 
€o 
This equation is known as Poisson’s equation. We already know the 
solution (21-9). 
At points where there is no charge, p = 0 and ¢ satisfies Laplace’s 
equation: 
V*b = 0 (21-13) 
As we have already seen, this equation appears in problems other than 
those of electrostatics. 
We see now that the basic problem of electrostatics is that of finding 
the solution of (21-12) or (21-13) which satisfies the given boundary 
conditions. 


Example. Spherically Symmetric Problem, ¢ = ¢(r). Since 06/06 = 
d¢/Adp = 0, (21-13) as now given by (18-22) becomes simply 


1 d (M8) 
redr\ dr 
Therefore 
pdt = const. = —A 
r 
Then 
dg__A 
r r 
so that 
A 
é=—-+B (21-14) 


where B = const. This is the complete solution; all that remains is the 
determination of the constants A and B in terms of the boundary 
conditions. 


Application. Spherical Condenser. Consider the two concentric conduct- 
ing spheres shown in Fig. 21-4. Let us assume that there is a charge q 
on the inner sphere, while the outer sphere is kept at a fixed potential 
$,. We want to find the potential at all points like P which are in the 
region between the spheres. 
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Fig. 21-4 


The applicable solution of (21-13) is clearly (21-14). Since ¢ depends 
only on r, its gradient must be in the radial direction. Thus 


dd A 
raddé = — fF = —E=——f . 
grad , 3 (21-15) 


If we now apply (19-8) to the surface of the inner sphere where r = a, 
we find by using (21-15) that 


fe-da=4 [aa =5-4nat = dna = 4 
a a 


€o 


so that A = g/47e), and now 





q 
= + B = 
; . 4reor Sree 
Atr=), 
$= $= dee, 
Solving this for B, and inserting the result into (21-16), we get as the 
complete solution to the problem 


eu L(t - ;] ae (21-17) 


, We can now use (21-17) to find the potential of the inner sphere, 
an tile 
ocx: ji 
b =z-(1 2) + 4, (21-18) 


Arey a b / 
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The capacitance C is defined as the ratio of the magnitude of the 
(equal) charge of either sphere to the potential difference. From (21-18), 
we see that the capacitance of this spherical condenser is 


ee. See 4rregab 
ba iz. by b—a 
As b — o, C > 4ze,a and this is the formula for the capacitance of an 


isolated sphere. Since €) has the units of farads/meter, we see that 
capacitance is measured in farads. 


(21-19) 


Now we want to present a more rigorous derivation of the solution of 
Poisson’s equation given by (21-9). For this we need Green’s theorem, 
(21-21) below. 

We previously showed the equivalent of 


div ($ grad y) = PV*y + grad ¢- grad p 
in (18-25) where ¢ and y are arbitrary functions. Therefore 


I ¢ grad y+ da -{ div (¢ grad y) dv 
s Vv 


= i (6V2p + grad f+grad y)dv (21-20) 
Vv 


If we interchange ¢ and y in (21-20) and subtract the result from (21-20), 
we find that 


[ard p — yerad 4)-da=[ (Vy — pV*4) dv (21-21) 


For our application here, we choose y = 1/r. Since y becomes infinite 
at the origin, which is chosen at the point P in which we are interested, 
we shall have to exclude this region from the volume of integration. We 
therefore surround P by a small sphere of radius R (Fig. 21-5) and apply 


L 


dv 


Fig. 21-5 
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(21-21) to all space except this sphere. The outer normal to the bounding 
surface, fi, then is directed toward P as shown. 

Now V2y = V%1/r) = 0; we can prove this directly, or more simply 
by noting that in (21-14) we have already found this to be a solution of 
Laplace’s equation. We also see that 


grad y-da = grad p:fida = -da= 4 (21-22) 
r r 
and 
o¢ 
grad 6-fida = — oa da (21-23) 
r 
Inserting these into (21-21), we find that 
2 
die, ( Qe (Fee oxen 
xr x \or/ r ver 
where = is the surface of the sphere and V includes all space except the 
sphere. 
On the surface of the sphere, r = R and we can write 
¢da_ 1 [ 1 P 
nr R? Js ¢ R é $ ( ) 
where ¢ is the average value of ¢ on the surface of the sphere. Similarly, 
{, (72) den (28) rer 
z \or/ r or 
and (21-24) becomes ‘e 
2 
and + 4nr(28) = —[ VER (21-27) 
r 7 7 


If we now let the sphere shrink down to the point P, ¢ approaches the 
value at the point P; that is, as R>0,4—>¢p=¢. Also 


lim 47R (<¢) =0 
R-0 or 
and V — all space. Therefore, in the limit, (21-17) becomes 
2 
¢=—- + | Vig dv (21-28) 
4m Jallspace fr 


This result holds for any function ¢ and shows that, if we know the value 
of V% at all points in space, we can find the value of ¢ at any point by 
direct integration, 








ee 4 


me § F & 
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If we now let ¢ be our potential which satisfies (21-12), we see that here 
(21-28) becomes exactly (21-9). 


21-3 Solution in a bounded region 


We have just seen that in principle we can calculate ¢ from a knowledge 
of the charge density at all points in space. In many problems, however, 
p is known only within a certain finite volume which is surrounded by a 
surface outside of which we do not know the charge distribution. Never- 
theless, we shall now show that, if the potential is known on this bounding 
surface and the charge density is known within the bounded region, we 
can still be able to find ¢. 

Going back to Poisson’s equation (21-12), we see that we should be able 
to write the general solution as a sum of a special solution of the inhomo- 
geneous equation (21-12) and the general solution of the homogeneous 
equation (21-13). Thus the arbitrary boundary conditions can be satisfied 
with the appropriately chosen general solution of (21-13), while (21-12) 
will be satisfied because of the inclusion of the particular solution. 

We can show this explicitly by again using (21-21). The new situation is 
illustrated in Fig. 21-6. The surface S’ now encloses the volume V 
throughout which we know p, while outside of S’ we do not know the 
charge distribution although we do know the value of on S’. Again the 
small sphere around P is temporarily excluded from V. Now on S’, 


dy r 
rad y= —- fF = — — - 
grad p rr 3 (21-29) 
and, in (21-21), S consists of & plus S’. Proceeding as before, we obtain 
2 
Sat, ( 1(08) co 4 [ (2 Emit) gg sf 
xr =r\dr 8’ r r Oy 
(21-30) 





Fig. 21-6 
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where V’ equals V less the volume of the sphere. This will now lead to 


Now, as R->0, 6>¢p= ¢, V’— V, and S’—S, where S is the total 
surface surrounding V. If we also use (21-12), (21-31) becomes 


1 pdv, 1 I (5 grad é) 
Saetteesity tok ae shy bre cee bad 21-32 
é Airey I, r ats s\r* i r ( ) 


This result shows that we really are able to calculate the potential within a 
bounded region provided that we know the charge distribution within 
the volume as well as ¢ and its gradient on the bounding surface. The 
surface integral summarizes the effect of the unknown charge distribution 
outside the volume. The volume integral can be considered to be the 
particular solution of (21-12), while the surface integral is the solution of 
the homogeneous equation, i.e., Laplace’s equation (21-13). 

We can obtain our previous result (21-9) from (21-32) by letting V 
expand to enclose all charges. Once we get far enough away from all the 
charges involved, they will appear much like a point charge so that, for 
very large r, 6 ~ 1/r and |grad ¢| ~ 1/r?. Then, in the surface integral, 
the integrand ~1/r° while the area ~r*, so that the whole integral ~1/r, 
which approaches zero as r—> 00. Therefore the contribution of the 
surface integral will vanish and we are left with (21-9). 

Although (21-32) enables us in principle to calculate ¢ at any point 
within V, this is not always a convenient way of solving a given problem. 
In addition, many problems require us to find the potential within a 
bounded region when no charge is present in the region. In the latter 
circumstance, especially, the more appropriate equation to solve is (21-13); 
because its general solution is needed to solve (21-12), we now want to 
consider some of the methods of solving (21-13). 


21-4 Separation of variables in rectangular coordinates 


The equation to be solved is 


ad a*d ad 
pn TR ll a 4" 21-33 
Ox" “# oy” * 2? ( ) 
If we assume a solution of the form 

P(x, y, %) = X(x) Y(y)Z(2) (21-34) 





“ 


e 
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then (21-33) becomes 
ax d’y aZ 
+ ZX —~ + XY— =0 
da” dy” dz? 
and, upon dividing by (21-34), then becomes 


1 dX 41 1dY _1d@Z Z 
z de Y dy Z d2 
If we use arguments similar to those we have used before (Chapter 17), 


we see that each of the terms in (21-35) must be equal to a constant. In 
fact, 





YZ 


(21-35) 


fs Sere 2 ee 


21-36 
X dx a Y dy ( ) 


where 
a + P+ 72> =0 (21-37) 
Therefore d?X/dx? = «2X, so that 
X(x) = aye** + aye” (21-38) 
Similarly, 


Y(y) = b,e*” + bye" 
Z(z) = cye”* + coe” 


Because of (21-37), the constants «, 6, y cannot all be real or all imaginary; 
hence some of the functions X, Y, Z vary sinusoidally with the argument 
and others vary exponentially. 

Since (21-34) is a solution, the most general solution of (21-33) is a sum 
of products of terms like (21-38) and (21-39); that is, 


& = > (aye™ + age *”)(bye*” + dae *")(cye”* + coe”) (21-40) 


where the sum is taken over all possible values of «, 6, y which satisfy 
(21-37). In addition, (21-40) involves all the constants @,, dy, ..., C2 where 
there is a different set for each possible «, 6, y. Thus the general solution 
(21-40) contains an infinite number of arbitrary constants whose values 
must be determined so that ¢ will satisfy the given boundary conditions, 


(21-39) 


Example. Semi-infinite Strip. See Fig. 21-7. This is a two-dimensional 
problem where ¢ = d(x, y); hence y = 0 and (21-37) becomes «? + 
6% =0. Thus « = if, where we shall assume, for definiteness, that 
B > 0. Therefore (21-40) becomes 


¢ = > (Aye** + Age #*)(B,e"” + Bye?) (21-41) 
B 


where A, = a,(c, + ¢g), ete. 
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Let us assume that we are given the four boundary conditions: 


atz = 0, ¢(0, y) = 0 (21-42) 
atx = L, d(L, y) = 0 (21-43) 
at y = 0, $(x, 0) = f(z) (21-44) 
aty = ©, d(x, 0) = 0 (21-45) 


where f(x) is some given function, and could be produced by an 
appropriate distribution of charge out- 
side the strip. 

In order to satisfy (21-45), B, =0. » 
Let A,B, = A, and A,B, = B;; at 
this stage, then, ¢ has the form 


b = > (Age + Bree" = (21-46) 
Therefore, from (21-42), we find 

$(0, y) =0 => (Ag+ Bye (21-47) 
so that B, = ay g and (21-47) becomes 





d= 2 (2iAy) sin (Bax)e*" (21-48) Fig, 21-7 
With this form, (21-43) yields 
A(L, y) =0 = 2, (2iAs) sin (BL)e*" (21-49) 


Then BL =nz or B =nz/L, where n = 1,2,3,... and ¢ now is 
given by 


¢ => A, sin (=) ermvll (21-50) 
In order to satisfy the remaining condition (21-44), we must have | 
Hx, 0) = fle) = ¥ A, sin (") (21-51) 


so that a knowledge of f(z) is sufficient to determine the coefficients A,,. 
To do this, we use the orthogonality properties of sin (n72/L): 


[. f(x) sin ("2 *) dz = 2 An {- sin (=) sin (=) dx 
= 2 An L Omn = 4LAm 
Then 
An => 2 J (#) sin (= *) dx (21-52) 
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Once the coefficients A,, have been determined from (21-52), they can 
be inserted into (21-50), and we can calculate ¢ at any point of 
the strip of Fig. 21-7. 


Thus we have here an example of determining the constants in the 
general solution (21-40) by making the general solution reduce to the 
required values on the boundaries of the region. 


21-5 A few solutions in spherical coordinates 


The form Laplace’s equation takes in spherical coordinates is given by 
(18-22). The general solution of this equation can also be found by the 
same systematic method of separation of variables illustrated in the last 
section. However, the result is much more complicated than is (21-40), 
and since we do not need it in what follows we shall content ourselves 
with a few of the simpler solutions in spherical coordinates along with 
their interpretations. 

We have already found and applied one solution—that for which the 
potential is spherically symmetric and independent of the angles. This 
is given in (21-14). 

The simplest result which does depend on the angle can be shown to be 
proportional to cos @ and independent of gy. Suppose, for example, we 
consider a constant field along the z axis: E = Ek. A potential which 
describes this is clearly 6 = —Ez =—Ercos@. Thus one solution in 
spherical coordinates can be written ¢ = ar cos 6 where a = const. We 
now recall the potential of a dipole given by (19-26). This is also pro- 
portional to cos 6, and, since we calculated it directly, we know that it is a 
solution of Laplace’s equation. Thus another solution in spherical 
coordinates can be written ¢ = (b cos 0)/r?, where b = const. We saw in 
Sec. 18-6 that these are the only ones ~cos 6, so that the most general 
solution of Laplace’s equation which is ~cos @ can be written as the sum 
of these, or 


¢= (ar + 4 cos 8 (21-53) 


There is an interesting application of this result. 


Example. Grounded Conducting Sphere in a Previously Uniform Field. 
See Fig. 21-8. One boundary condition is that at large distances the 
field is uniform and of magnitude £; that is, as r— 00, 6» —Ez = 
—Ercos@. The other boundary condition is that, at r= R, d= 
const. = 0, if the potential of a grounded sphere is taken to be zero, 
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Fig. 21-8 


If we let r — 00, we see from (21-53) that ¢ — ar cos 0, so that upon 
comparison with our boundary condition we find that a= —E. At 
r = R, (21-53) now gives 


¢=0= (-er +=) cos 6 


so that b = ER’. Therefore the solution of (21-13) that satisfies the 
boundary conditions is 


3 
— (-e + =F) cos 8 (21-54) 
r 


and from Sec. 18-3 we know that it is the only one. 

This result shows that, when a grounded conducting sphere is placed 
in a uniform field, the resultant potential (21-54) is a superposition of the 
potential of the uniform field plus the potential of a dipole. By com- 
parison with (19-26), we see that the dipole moment is 

P = (47re)R®)E (21-55) 
Thus the conducting sphere has acquired a dipole moment proportional 
to the field and has been, in effect, polarized. The ratio of induced 


moment to applied field is called the polarizability «, and we see from 
(21-55) that 


= 4egR® = 3¢, (volume) (21-56) 


“a= 


ils 


Exercises 


21-1. An infinitely long straight conductor of radius a has a charge o per unit 
length, Find the potential at a distance r from the axis. [Hint: make use of 
(19-8)). 
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21-2. A capacitor is made from two large parallel conducting plates, each of 
area A, which are separated by the small distance d. The potential difference 
between the plates is A¢. Find the surface charge densities o and —o on the 
plates. Show that the capacitance is C = <)A/d. Neglect any non-uniformities 
in the field near the edges of the plates. 

21-3. Find the potential ¢ at all points inside a cube of side L. There is no 
charge within the cube. The potential on the face at » = 0 has the constant 
value ¢p, and the potential on all other faces is zero. 

21-4. Solve the two-dimensional form of Laplace’s equation expressed in 
plane polar coordinates by separation of variables. Thus show that the general 
solution can be written as a linear combination of terms like 


r(A,, cos nd + B,, sin n6) 
where n can be any positive or negative integer. 


22 Electrostatics in matter 


The relevant Maxwell equations are still div D = p and curl E = 0, and 
we can continue to write E= —grad¢. The potential, however, does 
not necessarily satisfy a simple analog of Poisson’s equation (21-12) 
because now we must use the general relation D = «gE + P. If we try 
to find an equation like (21-12) for ¢ by the same method, we obtain the 
result 
—e,V*¢ + divP = p 

which can become quite complicated because P is generally a function of 
E and thence of ¢; that is, P = P(E) = P(—grad ¢). Fortunately, it 
turns out that certain simplifying assumptions can be made which are 
satisfied quite well by many ordinary materials. 

Matter which can be polarized by a field or which can have a permanent 
polarization is called a dielectric. 


22-1 Linear dielectrics 


In our introduction of the idea of polarizing a dielectric, we considered 
it as being caused by the field. The simplest assumption which we can 
make along these lines is that the components of P are proportional to the 
first powers of the components of E. The general relation connecting P 
and E would then be written 

Py = <o(Xeeks + NayEy + XeaEs) 
Py = €(XveEe + %wEy + XueEs) (22-1) 
Py = €(XeeEe + LevEy + heres) 
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Materials described by (22-1) are called “linear” dielectrics. There are 
materials, such as some ceramics, which do not obey this law. 

We see from (22-1) that, in general, P will not be parallel to E even in 
linear dielectrics, and therefore D will also not be parallel to E. This 
condition is quite common in crystals, and it accounts for such phenomena 
as double refraction. The proportionality coefficients y,,; are called the 
components of the electric susceptibility tensor. In general, the y,, can 
vary in magnitude from point to point within the material. Let us now 
go on to our next simplifying assumption. 


22-2 Linear isotropic dielectrics 


We now assume, in addition to the linear assumption, that at a given 
point the electrical properties of the dielectric are independent of the 
direction of E. Such a condition is known as isotropy. Then P will 
necessarily be parallel to E, and we can write 


P = 7,¢,E (22-2) 


where x, = electric susceptibility. 
Combining (22-2) with (19-20), we find that 


D=(1 + x,)egE = «,€9E = cE (22-3) 
k, = 1+ x, = dielectric constant (22-4) 
€ = K,€) = permittivity (22-5) 


We see from (22-3) that D is parallel to E in this situation. 
Using (22-3), we can obtain a differential equation for ¢: divD = 
p = div (e€E) = —div (e grad ¢), or 


div (« grad ) = —p (22-6) 
Since we must allow for the possibility that « can vary from point to point 


within the dielectric, i.e., « = «(x, y, z), (22-6) cannot be further simplified. 
This leads us to our next assumption. 


22-3 Linear isotropic homogeneous (l.i.h.) dielectrics 


We now assume in addition that the electrical properties are independent 
of position; such materials are called electricallyhomogeneous. Generally, 
gases, liquids, and many solids fall into this category. Thus « is a constant 
which is characteristic of the material. 
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Fig. 22-1 


Then (22-6) becomes 


div grad 6 = V26 = —£ (22-7) 


€ 
which is Poisson’s equation with €) replaced by «. This means that, for 


Lich. dielectrics, we can take over bodily solutions found for Poisson’s 
equation for the vacuum case and simply replace ¢, by «. 


If we use (22-3), the boundary conditions (20-8) and (20-13) can be | 


expressed completely in terms of E; they now are 
fi- (e,E, — «,E)) =o (22-8) 
fi x (E, — E,) = 0 (22-9) 


From (22-8), we see that, even if o = 0, the normal components of E 
will not be equal in general at the boundary separating the two dielectrics, 
although the tangential components will be equal. Then, as illustrated in 
Fig. 22-1, E, will not be parallel to E, and the direction of E changes at 
the boundary. In other words, the lines of force will be refracted as they 
cross the boundary. 

An interesting case is that in which the boundary separates a dielectrie 
and a vacuum, and, in addition, o = 0, so that there is no free surface 
charge. If we let region 2 be the vacuum, (20-8) becomes 


f+ [e9E, — D,] = fi- [egE, — (egE, + P,)] = 0 
or 


a-(E, -E,) =8-2 (22-10) 


€9 
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We now recall that E is determined by a// charges. Then, by analogy with 
the case for D, (20-8), we see that we can interpret (22-10) as saying that 
the discontinuity in the normal components of E arises from and is equal 
to a bound surface charge density given by op/e) = fi- (P/e,), or 


Op=h-P=P, (22-11) 


Hence we can say that a bound surface charge will appear at the interface 
between a polarized dielectric and a vacuum, and its magnitude will be 
equal to the normal component of the polarization. 


Example. Field of a Point Charge in a 1.i.h. Dielectric 

Suppose a point charge is embedded in a L.i-h. dielectric as illustrated 
in Fig. 22-2. The field of this charge will polarize the dielectric. If the 
dielectric has a finite size, the bound charges induced on the surfaces 
will also contribute to the field, and the problem of calculating the field 
at all points could be extremely complicated. The contribution of the 
surface charges can be neglected only for an infinite dielectric, and only 
then can we say that the problem will have spherical symmetry. In 
this case, then, we can take over our previous result (19-6), replace €y 
by «, and say that the field due to the point charge is given by 





E= yee (22-12) 


The force between two point charges g and q’ will be equal to 
qq't 
F= = 22-13 
Aner® ( ) 
This, of course, is Coulomb’s inverse square law with « replacing ¢). 


This result (22-13) is the basis for a common statement that the presence 


of a dielectric decreases the force between charges by the factor e/eg = «,. 








“ 
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Fig. 22-3 


We see now, however, that this is true only for a L.i.h. dielectric of infinite 
extent, or, as a good approximation, one so large that the polarization 
charges on the surfaces will not affect the field. In any case, the inverse 
square law of force between two charges separated by a dielectric does not 
generally hold; this point is often overlooked in elementary textbooks, 
and the erroneous impression is given that (22-13) is always correct. 

Now we want to turn to an important boundary value problem involving 
electrostatics and the presence of dielectrics. 


Example. Dielectric Sphere in a Uniform Electric Field. See Fig. 22-3, 
which illustrates the directions of the fields. At large distances, the 
field has constant magnitude E, and is in the z direction. Therefore, for 
the potential outside the sphere, we try the solution (21-53) which 
reduces to the appropriate form at large r and thus satisfies the boundary 
condition at infinity: 


$= (Es + +) cos 6 (22-14) 
ig 


In order to find an appropriate choice for the potential inside the 
sphere, we recognize that we have to satisfy boundary conditions at 
the surface of the sphere in order to obtain the result which we know will 
be unique. It seems reasonable that this will be more easily accom- 
plished if we also use the form (21-53) for ¢,. However, we cannot 
include the term in 1/r? as this diverges at the origin; accordingly we 


shall use 
¢; = —E,r cos 6 (22-15) 


This also corresponds to a plausible assumption that the field inside the 
sphere is uniform and of magnitude E,. We are now left with two 
constants, b and E,, which are to be determined by our satisfying the 
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boundary conditions at the surface of the sphere, which is also a surface 
of discontinuity between a dielectric and a vacuum. 
First, we use (22-9), which tells us that the tangential components of 


E are continuous; that is, E,» = Ey». Since E = —grad 4, this 
becomes 
Sy ee ( 126) 
( r Oh-r \ rOOhar tes 


Using (22-14) and (22-15), we find that (22-16) leads to 
b 
—E,R+ R = —E,R (22-17) 


Second, we use (22-8), which tells us that the normal components of 
D = cE are continuous since o = 0. From Fig. 22-3, we see that 
fi = f, so this becomes «,£,, = €£,,, or 


wr? 


2egb 
R 

Equations (22-17) and (22-19) can be solved for b and E,; the results 
are 





which leads to 


€yE, + 2° = «Ek, (22-19) 


3€9E, 3E, 


E, = => —— - 
ee % +26 «,+2 Ge) 
_ 3 Ke — 1 3 
b = (E, — E,)R® = rae R’E, (22-21) 
K 


e@ 


Since x, > 1, we see that E, < E,, and the field is less in the sphere 
than outside of it. 

By following the same procedure as in Sec. 21-5, comparing (22-14) 
and (19-26), and using (22-21), we find that the electric dipole moment 
of the dielectric sphere is 








p = 4ne9b = (® = ;) dre R°E, (22-22) 
and the (uniform) polarization P = p/$7R° is 
-1 
P = (2 )s E . 
= (* + > €o 0 (22 23) 
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As a simple check on (22-23), we can calculate P in a more direct way: 


k,—1 


3¢,E, 
;) by 





P= D— 6 E, = (€ — &)E, = (x, — Nek = ( 
which is the same as above. Thus we see that the external field has 
uniformly polarized the sphere, giving it a net dipole moment which is 
parallel to the external field and proportional to it. : 

Now, by using (22-23), we can rewrite E, as given by (22-20) in an 
interesting and instructive way: 


E, = _3Eo _ i= (=—2)e, = E,— s. (22-24) 
kK, +2 k, +2 3€9 


This shows that the resultant field in the interior equals the sum of the 

external field and an “internal field’ which is proportional to P but 
oppositely directed. The source of 
this internal field is, of course, the 
bound surface charges appearing on 
the surface of the sphere, since this 
is a boundary between a dielectric and 
a vacuum. These surface charges are 
given quantitatively by (22-11), and 
their effect is illustrated qualitatively 
in Fig. 22-4. When we calculate the 
field produced by these surface charges, 
we obtain exactly —P/3«, as required 
by (22-24). 


Fig. 22-4 Some special cases of these results 

are of interest. As x,— 1, €>&€, 

E, > E,, and P—0. This is what should occur, and it gives us another 

check on our work. As x,— 0, «> 0, FE, > 0, P— 3e9E,, and p> 

47re,R°E,. If we compare the last result with (21-55), we see that it is the 

same as that obtained for a conducting sphere. Thus we see that a con- 

ductor acts just like a material of infinite dielectric constant, at least with 
respect to electrostatic effects. 


22-4 Cavity ‘‘definitions’’ of E and D 


The two preceding examples have illustrated the important effect that 


bound charges, arising at the surface between a dielectric and a vacuum, 
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can have in determining the electric field. If we were to consider the 
problem of calculating the field within a cavity cut out of a dielectric, we 
would see that it could become quite complicated; the degree of com- 
plication would depend on the shape of the cavity. It turns out, however, 
that for two special shapes the fields inside the cavity are exactly equal to 
the value of D and E in the dielectric. Historically, these results were 
suggested for use in experimental definitions of these vectors, because, as 
we shall see, they would enable one to determine the vectors in the di- 
electric by means of measurements made in the cavity. 

The-first cavity to be considered is shown in Fig. 22-5a. It is a small 
right cylinder whose height is very small compared to the radius of the 
base, and which is cut out so that its base is perpendicular to the field in 
the dielectric. If we consider a point near the center of the cavity, the 
edges will be too far away to affect the fields, so that D, (in the cavity) 
will be parallel to D (in the dielectric). Since, by construction, the only 
components are normal components, which are continuous according to 
(20-8), we have D, = D. Then E, = D,/eg = D/eo. If we now imagine 
putting a small test charge 6q into the cavity, and measuring the force F on 
it, we shall have F = 6qE, = dgD/eo, so that D = e,F/dg. Thus we can 
in principle measure D in the dielectric by measuring the force on a small 
test charge placed within this type of cavity. 

Now imagine instead a long needle-shaped cavity cut with its axis 
parallel to E in the dielectric as shown in Fig. 22-5. Near the center of 
the cavity, the effects of the ends will be negligible and E, (in the cavity) 
will be parallel to E (in the dielectric). Since we have only tangential 
components by construction, and they are continuous according to 
(20-13), we have E, = E. The measurement of the force on a test charge 
placed in this cavity will now enable us to write E = E, = F/ég. Thus, 
for this type of cavity, we are able to get a direct determination of E in the 
dielectric. 
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Fig, 22-5 
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Exercises 


22-1. If the fields shown in Fig. 22-1 make the angles 0, and 0, with the normal 
to the surface of separation, show that x, ctn 6, = x, ctn 8). 

22-2. Two large parallel conducting plates are separated by a distance d. 
The space between is filled with a material of dielectric constant «,. If the free 
surface charge density on one plate is 7, and is —o on the other, find the value of 
P in the dielectric and the bound charge density on the surface of the dielectric 
next to the positively charged plate. 

22-3. Show that the field produced at the center of the dielectric sphere by the 
bound surface charges is exactly —P/3e, as is shown in (22-24). 

22-4. Two point charges g and —g are initially in a vacuum and are separated 
by a distance a. Then a slab of dielectric of thickness d < a is inserted halfway 
between them, with the faces of the slab perpendicular to the line connecting 
the charges. Show qualitatively that the force on q is increased. 

22-5. A capacitor is made from two concentric spherical conducting shells of 
radii a and b. If the region between them has a dielectric constant x, from a to ¢, 
and x, from c to b, show that the capacitance is 


P = doth 2 vi 
7°01 ka Kyb  C\ky Ky 


22-6. Show that, if the free charge density is zero, the bound charge density in 
a Li-h. dielectric is always zero. 


23 Electrostatic energy 


Our objective in this chapter is to calculate the energy required to establish 
a given configuration of charges. We begin by calculating the work W we 
would do in moving a charge q, from a point a to a point b when q, is in the 
field of another point charge g. and therefore experiences a force F given 
by (19-3). Using (19-5) and (19-22), we find that 


b b 
W=—- F-ds = —q,[ E-ds =" (2-1) =u, —U, (23-1) 
a 4meg\ry a 


where U is the potential energy of the system of two charges, and r, and 
r, are their corresponding separations. Neglecting an additive constant, 
we can therefore say that the potential energy of the two charges is 


Ui = eHiday (23-2) 
Ame orto 


where rj, is the distance between them. 
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The total energy U, of a system of point charges will then be a sum of 
similar quantities taken over all pairs of charges. We write the energy of a 
given pair as U,,;; if we sum over all values of the indices 7 and /, we will 
count all the pairs twice. Therefore, when we find U, by using (23-2), 
we must divide by two, so that 


U,= DD U;; = ee = 44> te 


Are gr; i §#4 Aregr;; 





Gi GFE 


But, according to (19-25), the last sum is ¢,, the potential at q; due to all 
the other charges, so that the result above can be written 


U,=}3 Ladi (23-3) 


If we use our classification of charge into free and bound, we can 
write (23-3) as a sum of two parts: 


U, = U, free + Ue round = bd dun +4 2 Gio Fi (23-4) 
usr a 


where the first sum is over the free charges, and the second over the bound 
ones. Thus, if we desire, we can divide the energy of the charge distribution 
into two parts—one associated with the free charge distribution and one 
associated with the bound charge distribution. We must remember, 
however, that ¢, is the potential at the ith charge resulting from a// charges. 

Let us now consider the energy of the free charges, supposing they are 
continuously distributed with density p. We can then replace the sum 
over 4,7) by an integral over p du so that 


U, tree = 4 ph dv (23-5) 
charges 
This result suggests the point of view in which the energy of the system is 
regarded as concentrated at the charges. We now proceed to transform 
this into a form which is more convenient for modern interpretations of 
the theory. 
If we use (19-21), we can write (23-5) as 


U, tree = fe div D dv (23-6) 


Using E = —grad ¢, we can also write a general theorem of vector 
analysis in the form 


div (#D) = ¢divD + D-gradd = ddivD—D-E 
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and (23-6) becomes 


U, tree = i{p -Edv+ 1 [div (¢D) dv = i{p *Edv+ {eo -da 
(23-7) 
Because we now want these integrals to be evaluated throughout an 
extremely large volume, the surface integral is taken over the large bound- 
ing surface which is a very great distance off. For a finite distribution of 
charges, when we get a large distance r away, 


dink, [Dp mvc, Area ~ r? 
r z 
so that 


[ep-da~*—o, as r—> 0 
r 


Then we shall get from (23-7) our final result that 
U, tree = 4 [ D-E dv (23-8) 
all space 


The interpretation of (23-8) which is made today, and which is certainly 
possible, is that we can regard the electrostatic energy of the system as 
being distributed continuously throughout the field, and with an energy 
per unit volume given by 

Electrostatic energy density = u, = 3D-E (23-9) 

This is a perfectly general result, but, if we are dealing with a case 


where D = cE, (23-9) can also be written 
2 


i, = $e fee = (23-10) 
€ 


Now let us turn to the energy associated with the bound charges, also 
assuming that they are continuously distributed with density pp = —div P 
as given by (19-19). Using the same method of calculation as above, we 
find that 


U, cena 4 | ppd dv = —} | $ div P dv = —} [, vee E40 (23H) 


As indicated, we need only evaluate the integral over the dielectric since 
P = 0 in the absence of polarizable matter. This result can be interpreted 
in a manner similar to that above: The energy is regarded as being local- 
ized in the dielectric, the energy density associated with the polarization 
being given by 

—}P-E = —}e7,E? (23-12) 
The last form follows if (22-2) is also satisfied. 
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The factor } in our expressions above arose because we calculated the 
total energy of interaction of all the charges which could be grouped by 
pairs. It is often of interest to consider a somewhat different situation, 
that of finding the energy of a specific group of charges in the presence of 
an external field produced by other charges outside of the system of interest. 
In this case, we do not want to consider the mutual energy of these specific 
charges, nor that of the external charges. If we review the steps involved 
in obtaining (23-3), it is clear that the energy expressions involved here 
will have the forms 


Uc tree = 2 dun Gext = | pen dv (23-13) 
a(f 
Ue,bouna = > Fito) Pext = [rvtex dv = -|P * Eext dv (23-14) 
i(b) 


where ¢x_ and E,,, are produced by the external charge system. 


Example. Energy of a Permanent Dipole in an External Field. \f the 
positive charge g is located at r + dr, and the negative charge at r, 
so that the dipole moment is p = q dr, it follows from the first expression 
in (23-14) and (1-26) that 


U;, dipole = — bext(¥) + qdext(t + dr) 
= q dr grad dext = —p> Eext (23-15) 


We can also obtain the same result from the last form given in (23-14) 
if we regard the polarized body as so small in extent that the external 
field is constant throughout its volume, for then we would also obtain 


U; dipole 7 -{ 


P- Eext dv = —Eext ‘| P dv =-p: Eext 
dipole 


dipole 
after using (19-16). 


Whenever one speaks of the electrostatic energy of a system, without 
using any qualifying phrases, one is generally referring to the mutual 
energy of the free charge distribution. We shall also follow this convention 
and shall consider the energy density to be that given by (23-9) unless we 
specifically say otherwise. 


Exercises 


23-1. Why were we able to extend the range of integration in (23-5) to include 
all space so as ultimately to get (23-8) without either adding anything to or 
subtracting from our original expression for Us free? 

23-2. Evaluate (23-8) for the region between the plates of a parallel plate 
condenser whose difference of potential is 44, and thus show that the energy can 
be written }C(A¢)*. 
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23-3. A conducting sphere of radius R in a vacuum has a charge q uniformly 
distributed over its surface. Show that the electrostatic energy for this charge 
distribution is q?/87€9R. 


24 Stationary electric fields and currents 


Up to this point we have considered only the static case in which all 
charges are at rest, and, in particular, we found in Sec. 21-1 that it is 
impossible for an electric field to exist within a conductor in a completely 
static situation. On the other hand, we are all familiar with the fact that, 
by applying a difference of potential to a conductor and by continuously 
supplying energy to it, a steady motion of charge can be set up; that is, 
there is an electric current in the conductor. This motion of the charges 
implies that there now exist electric fields in the interior of the conductor. 
The ordinary conservative electric field cannot constantly supply energy 
to the charges as they circulate throughout a closed circuit; consequently 
somewhere within the circuit there must be sources of non-conservative 
electric fields. Perhaps the most familiar of these sources are batteries; 
they supply energy to the charges through chemical reactions which, 
although it is not immediately evident, are essentially electromagnetic 
effects. For simplicity, we shall assume from now on that there are none 
of these non-conservative electric fields within any of the regions we shall 
be considering, so that E can always be written as in (21-8). Such a region 
would be the interior of a current-carrying wire. 

For the time being, we are going to consider only the stationary case in 
which J ¥ 0, but 0J/0t = 0 and 0p/dt = 0. The assumption of constant 
p implies that there is no accumulation of charge in the region. Then, by 
(19-1), 

divJ =0 (24-1) 


If we recall that the boundary condition (20-4) was derived from div B = 0, 
we see that we can at once write a boundary condition for the current 
density at an interface between two media as 


fi- (J, — J,) =0 (24-2) 


We can also recall that, from the definition of J, the total current / through 
an area S is 


de I Jeda (24-3) 
S 
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The principal experimental law in this field is Ohm’s law, which holds 
quite well for metals and solutions of electrolytes but is not a universal 
relation. It states that 


; — !Ad 
R 


where / is the current, A¢ the difference in potential between the points of 
the conductor in question, and R is a proportionality factor called the 
resistance. Ris measured in ohms and may 

depend on the temperature, but otherwise 

it is supposed to be a constant and, in par- 

ticular, is supposed to be independent of 

the field. For later use, it is more con- 

venient to put (24-4) in a form involving J. — l ae 

Consider the small cylindrical volume Fig, 24-1 

in the conductor shown in Fig. 24-1. 

It is found experimentally that R is proportional to the length, and 
inversely proportional to the cross-sectional area; that is, 


(24-4) 


R=p 


l 
a (24-5) 
The proportionality factor p is called the resistivity, and o is the conduc- 
tivity. (In this context, p is not the free charge density, nor is o the free 
surface charge density; we shall not meet any situations where this 
standard notation can cause confusion.) Substituting (24-5) into (24-4), 
using (24-3), (21-8), and (1-26), we find that 


mlm 


i ee) 

-_= —si = J = E - 
, o( ; o |E| (24-6) 
where E is the electric field in the conductor. If we assume the conductor 
to be isotropic, J will be parallel to E, and we can write our differential 
form of Ohm’s law (24-6): 


J =oE (24-7) 
With the use of (24-7), we can now write (24-2) as 
fi- (o,E, — o,E,) = 0 (24-8) 


If we compare (24-8) and (22-8), and note that (22-9) still holds, we see 
that we have a situation similar to that we had for dielectrics; hence the 
lines of force are refracted as they cross the boundary. 

Also, for a homogeneous conductor, we find that 


div J = 0 = div (a E) = —o div grad 6 = —oV%d 
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if we combine (24-1), (24-7), and (21-8). Thus the potential for stationary 
currents satisfies Laplace’s equation (21-13). This fact is the basis of an 
experimental way of solving Laplace’s equation by setting up the desired 
boundary values of # about a conducting region; then if we measure the 
magnitude and direction of the current, we can determine the electric field 
throughout the region by the use of (24-7). 

The work done by the field when a charge g is moved between two points, 
whose difference of potential is A¢, is given by W = —q Ad. For station- 
ary currents, this expended energy appears as heat, and energy must be 
constantly supplied by external sources to maintain the stationary state. 
We can also state this relation in differential form. If the work W is 
performed in a time ¢ in the volume of Fig. 24-1, the rate of production of 
heat per unit volume, w, is 


vat (YH) om 


tAl tAl A 
If we use (24-7), this can also be written 
waS-E=ont=2 (24-9) 
Exercises 


24-1. The region between the plates of a parallel plate condenser is filled with 
a medium of conductivity o. If the potential difference is kept constant, find the 
total current between the plates. Show also that the resistance is related to the 
vacuum value of the capacitance, Co, as follows: R = «9/oCy. (This is actually 
a very general and useful relation.) 

24-2. With the help of (19-1) and (24-7), show that the equation describing 
the charge density in a conductor is @p/@t = —op/e. Find the time required for 
a pre-existing charge density within a conductor to decrease to 1/e of its initial 
value. Estimate this time for copper (¢ = 6 x 10’/ohm-meter) and glass (resis- 
tivity = 10’? ohm-meter). What happens to the charge? 


25 Magnetostatics 


When the fields are constant in time, the two relevant Maxwell equations, 
(19-38) and (19-72), become 
divB=0, culH=J (25-1) 
If the problem possesses enough symmetry, it can often be solved very 
simply by using these equations-directly. Let us illustrate this for an 
important practical problem. 
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Fig. 25-1 


Example. Field of a Toroidal Solenoid. Suppose we have a current i 


flowing through a conductor which is wound around a torus of small 
cross section. In Fig. 25-1 only a few of the turns are shown; the radius 
of the circle formed by the axis of the torus is R. By symmetry, H is 
directed along the circumference of any circle concentric with the axial 
circle and must have constant magnitude on this circle. 

If we calculate the line integral of H around the path labeled L and 
use (25-1), we find that 


$ H-ds =H pds = HL = Hon = fourl H-da = [3- da (25-2) 


Now the last integral is the total current passing through the area of 
integration. For this path L, each of the N turns carries’ the current i 
through the area and the total current is Ni. Thus (25-2) becomes 
27RH = Ni, or 

Ni 
27R 
If the diameter of the torus is small compared to R, all similar paths 
through the torus have approximately the same circumference; hence 
the field given by HL = Ni will be approximately constant over the 
cross section of the torus. 


(25-3) 


If we now calculate p H- ds over the path L,, we find that H,L, = 0 


since there are no currents enclosed by the path. Therefore H,; = 0. 
Integrating over the path L,, we also find that H,L, = 0 and H, = 0, 
since just as many currents pass through the surface in one direction as 
in the opposite direction, making a total current of zero. Thus we see 
that the field of a toroidal solenoid is confined inside the torus. 
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If there is a vacuum inside the torus, the value of the induction inside 
is B = oH = poNi/27R. Ina manner similar to that used in Chapter 
22, we can define a linear isotropic magnetic material by the equation 


M = 1, H (25-4) 


where y,, is the magnetic susceptibility. For historical reasons, M is 
written as proportional to H, rather than to B as we would anticipate 
from our discussion of the origin of the magnetization. We should 
also note that a material which is linear, isotropic, and homogeneous in 
its magnetic properties need not be so in its electric properties, and vice 
versa. The best-known magnetic materials, such as iron, can not be 
described by (25-4), and they have a much more complicated behavior. 
The magnetic susceptibility can be negative as well as positive, as we 
shall see in Chapter 38. 
In any event, if (25-4) is satisfied, we have 


B = uo(H + M) = 4o(1 + %n)H = KmMoH = HH (25-5) 
Km = 1 + %m = (relative) permeability (25-6) 
= absolute permeability (25-7) 


If the torus is now completely filled with a I.i.h. magnetic material and 
i is kept constant, we see by (25-3) that H remains constant, while B 
has the value «,,/4)H. The ratio of the two values of B, with and without 
the material, is «,,; this result is the basis for one method of measuring 
the permeability. 


25-1 The scalar potential 


If J = 0, curl H = 0 and we can write H = —grad ¢,,. If, in addition, 


“B= wH and pu = const., we also have div B = 0 = wdivH = —pV"4,,, 


so that 
V2bn = 0 (25-8) 


Thus we have found that, in the absence of real currents and in a homo- 
geneous material, H can be found from a scalar potential which satisfies 
Laplace’s equation. As a result, many magnetostatic problems can be 
solved by making use of their close analogy to electrostatic problems. 
The appropriate boundary conditions now are (20-4) and (20-16) with 


Example. Field of a Uniformly Magnetized Sphere. The sphere is assumed 
to have a constant permanent magnetization M, and we want to find the 
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field produced by it. We assume that there is no external field. Using 
the results obtained for the dielectric sphere in Sec. 22-3, we can write 
the answer almost immediately. 

In the electric problem, there was no free charge, so that div D = 0 
and therefore div (egE) = —div P. By (22-24), the field inside the sphere 
produced by the polarization is «,E; = —}P. For the magnetic problem, 
div B = 0, so that div H = —div M. Thus we can make the replace- 
ment 


«E—H, P-M (25-9) 
and the field inside the sphere is 
H,; = —3}M (25-10) 
Therefore, from (19-59), 
B, = §4M (25-11) 


We see that B and H are oppositely directed in the interior of the 
magnetized sphere. 

In order to find the fields outside the sphere, we can use the fact that 
the potential will be precisely that arising from the magnetic dipole of 
moment m = 477R°M. If we substitute this into (19-45), we obtain 


MR’ cos 6 
Pm 3r? 
Then the field outside, H,, can be calculated from (25-12) as —grad ¢,,,, 
and then B, = H,. 

If we now superimpose a constant external field H,, we know from 
(22-14) that we can simply add H, and B, = fH, to all the fields given 
above to find the solution to this problem. This assumes that the 
permanent magnetization is not affected by the extra field. 


(25-12) 


The directions of the fields produced by this sphere are illustrated in 


Fig. 25-2, for no external field. We see in the figure that there is a dis- 
continuity in the normal components of H; the reason is that the normal 
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Fig, 25-2 
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components of B must be continuous and the relation B = 4o(H + M) 
must always be satisfied. But the tangential components of H are seen 
to be continuous, as they must be, while those of B are not. 

The coefficient 4 in (25-10) is called the demagnetizing factor. It can be 
calculated exactly only for certain special shapes, whereas for other shapes 
it can be found only approximately. We interpreted the appearance of the 
same factor for the internal field in the dielectric sphere as resulting from 
the bound surface charges arising from the discontinuity in P. If we recall 
our discussion about the formal introduction of magnetic charges (poles) 
in (19-62), we see that we could, if we wanted to, define a surface density 
of poles by an equation analogous to (22-11) and then ascribe the internal 
magnetic field (25-10) to these poles. Although this is sometimes done, it 
is only as a convenient artifice and has no experimental basis. 


25-2 Vector potential 


Now let us return to the more general case for which J # 0; here we 
must use (25-1). As we know, a scalar potential cannot be easily or 
satisfactorily introduced. However, we can instead use a vector potential A. 
This is based on the vector identity div curl A = 0 and the fact that 
div B = O always. Comparing, we see that we can write 


B=curlA (25-13) 


Now we have to see how to find A. 

We shall assume for the present that we are dealing with a situation in 
which y in (25-5) is independent of position. Then we have, from (25-1) 
and (25-13), 


wcurl H = wJ = curl B = curl curl A = grad div A — V?A (25-14) 


It can be shown that any vector is completely determined if its curl and 
divergence are both known at all points in space. All we have defined so 
far is curl A, by the requirement of (25-13) that it give us the correct B 
everywhere. Hence we are free to choose div A in any convenient arbitrary 
way, since this will not affect the physical situation as described by (25-13). 
This is roughly analogous to the fact that a scalar potential can always 
have an arbitrary scalar constant added to it. If we now look back at 
(25-14), we see that a good choice to make is 


divA = 0 (25-15) 
for then (25-14) becomes : 
VA = —pud (25-16) 
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In component form, this is V?A, = —yJ,, etc. Thus we see from (21-12) 
that each rectangular component of A satisfies Poisson’s equation. This 
means that we can use the solution of Poisson’s equation (21-12) already 
given by (21-28) for an infinite region, and, in fact, 


J, dv 

jh te: of Naa ; 3 

° Aq Jallspace r a (25-17) 
so that 


rye 5 J dv 
4r Jallspace fr 


(25-18) 


This result shows us that, if we are given the distribution of currents 
everywhere, we can find A from (25-18), and then we can find the value of 
B everywhere by using (25-13). 

As in the electrostatic case, situations may arise in which we know 
J only within a certain bounded region and are ignorant of the current 
distribution outside this region. We can then proceed in a manner similar 
to that we discussed at length in Chapter 21, namely, by combining the 
general solution of Laplace’s equation with the special solution of (25-16) 
so that all the boundary conditions are satisfied and, in addition, by making 
sure that the solution for A satisfies the supplementary condition (25-15). 

At this stage, it is of interest to see that the solution we obtained for A 
in (25-18) is really equivalent to Ampére’s law (19-27) from which we 
originally started. For simplicity, let us assume a non-magnetic medium 
where 4 = fg So that (25-18) becomes 


A ato (Jae 
dn r 


We shall deal with the simple situation depicted in Fig. 19-11; as a first 
step we want to transform the integrand of (25-19). Let the cross-sectional 
area of the region occupied by the current i be S, and let us consider the 
small element of length ds. Then i = JS, and if we multiply by ds we obtain 
ids = J(S ds) = J dv, where dv is the volume of this small portion of the 
flowing charges. Since J and ds are parallel, we can write 


(25-19) 


J dv = ids (25-20) 
Inserting this into (25-19), we get 
A= | ds : 
rh ie (25-21) 


Therefore (25-13) yields 
i ds 
Be Me curl | & 2 
cur m (25-22) 
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Since the curl operation involves derivatives with respect to the coordinates 
x, y, z of the point P of Fig. 19-11 at which we want to find B, and since 
the integration is over the independent set of coordinates x’, y’, z’ of the 
current element ids, we can interchange the two operations in (25-22). 


This gives 
abet bet f curl (©) (25-23) 


But 
eos (=) a (*) x ds = grad (*) x ds (25-24) 
r r r r 
since curl ds = 0 because ds is independent of x, y, z. Also 
grad (*) a (25-25) 
r r 
and 


Or x—e' 





etc. 
Ox r 


because r = [(x — 2’)? + (y — yy’)? + (e — z’)?]*;_ hence 


gradr =~ (25-26) 
r 


If we combine (25-24), (25-25), (25-26), and then insert the result into 
(25-23), we find that 


p=“! {(_+) x dy = tot [BE 
4n r 4n r? 


which is exactly (19-31) as obtained originally from Ampére’s law. 


Exercises 


25-1. An infinitely long straight wire of radius a is carrying a constant current i 
distributed uniformly over the cross section. Show that the directions of H form 
concentric circles perpendicular to the wire and centered at the wire. Show that 
the magnitude of H outside the wire and at a distance r from its axis is i/27R. 
Also, find H inside the wire. [How did we obtain (25-3) ?] 

25-2. An infinitely long cylinder of circular cross section has permeability /“, 
It is placed in a uniform external magnetic field which is perpendicular to the 
axis of the cylinder. Find B and H outside of and inside of the cylinder. Find M 
and then show that the demagnetizing factor is 4. 

25-3. An induction is parallel to the z axis and has the constant magnitude B, 
Find at least two vector potentials which satisfy (25-15) and yield this B. 
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26 Inductance and magnetic energy 


Our primary aim now is to obtain an expression for the energy in a 
magnetostatic field; it is much more difficult to find than it was to obtain 
the one for an electrostatic field. For this reason, we shall have to digress 
somewhat in order to lay the groundwork for a simplified derivation of our 
desired result. 


26-1 Mutual and self-inductance 


We want to apply Faraday’s law of induction (19-66) to the following 
special case. There is a current i, in a circuit 1 which produces an induction 
B, everywhere in space. In particular, circuit 1 produces B, at all points of 
another circuit 2, When the current i, changes, the value of B, also changes. 
Let us calculate the emf induced in circuit 2 as a result of these changes in 1. 
Using (19-66), (25-13), (1-40), and (25-21) in succession, we can write 


} Eads, = — £ [Bi day = — F feurt ay ay 


fe] ds, « ds. 
= — A, - St pes 1° bedded | 

af Av its nb h gs 
-[4 pp t-te salicn (26-1) 
4n 412 


By our use of (25-21), we have now assumed that all space is filled with a 
material of permeability u. In other words, we can write (26-1) in the form 


emf, = $F, - ds, = — hy 
t 


Heels $ $ fi: ih (26-3) 
Ar Ji Je 


Ly, is called the mutual inductance between circuits 1 and 2. It is a 
purely geometrical factor and can be calculated from the configurations of 
the circuits by means of (26-3). Since both | and 2 enter symmetrically in 
(26-3), we would get exactly the same result for the proportionality factor 


(26-2) 


where 
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if we were to calculate the emf induced in 1 by a changing current in 
2; that is, 
Ly = Lye (26-4) 
Even if we have only one circuit, the induction produced by currents in 


it will penetrate the circuit itself. Then a change in the current in the circuit 
will induce an emf (“back emf”) in it, so that we can also write 


emf, = —Ly, ie (26-5) 
at 
Ly, is called the self-inductance, and from (26-3) it is given by 
L, = $4 ds, + ds,’ (26-6) 
4n r 


except that now (26-6) involves a double integration over the same circuit. 

As can be imagined, the double integrals in (26-3) and (26-6) are some- 
times difficult to evaluate, and then it is often convenient to use another 
relation involving inductance. Combining (19-66) and (26-2), we obtain 


Wy. iy 
Ora wi Es 2 
at ma 


If we integrate (26-7) and use the condition that ®,,. = 0 when i, = 0, we 
obtain ®,,9 = Lyi or 


(26-7) 


Ly = 2m (26-8) 


y 
This result (26-8), which shows that the mutual inductance equals the flux 
intersecting circuit 2 per unit current in 1, is sometimes easier to use. The 
same type of relation holds, of course, for the self-inductance L,,; that is, 


Ly = 22 (26-9) 
1 


We now want to illustrate the use of (26-9). 


Example. Self-Inductance of a Toroidal Solenoid. By (25-1), we showed 
that B = wNi/27R. We also found that, if the diameter of the cross 
section is small compared to the radius of the torus, B is approximately 
constant over the cross section. Therefore, if we use (19-64), we find that 
the total flux through the N turns, each of cross-sectional area S, is 


BSN?i 


®,, = NBS = 
7 2rR 
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Upon comparing this with (26-9), we see that 


uSN? 
27R 





(26-10) 


i oa 
26-2 Magnetostatic energy 


We shall use the term magnetostatic energy to refer to the energy of a 
given distribution of free currents. Let us find the work that has to be 
done to establish a final current / in a self-inductance L. When the current 
has the value i, the back emf is — L(di/dt). In a time dt, the charge i dt is 
added to the system; since emf is defined as work done per unit charge, 
the external source of energy must provide an emf equal to that already 
existing but of opposite sense. Therefore the work done in the time dt by 
an external source, and which equals the energy supplied to the self- 
inductance, is 


dU,, = L()ia= Li di (26-11) 


Upon integrating (26-11), we find that the total energy necessary to build 
up the current from 0 to J is 


I 
U,, =| Li di = 3LI? (26-12) 
0 


We now put this into a form more suitable for our needs. 
Inserting (26-6) into (26-12), using (25-20) and (25-18), we find that 


Umm art [SE a afras- (Lif) a afs-ade (26-13) 


This result for the energy of our system of free currents is quite general, in 
spite of the somewhat special way in which we obtained it. If we compare 
(26-13) and (23-5), we see that the vector potential plays much the same 
role in determining the energy of a system of free currents as the scalar 
potential does for the charges. 

We can transform this result so that the energy is expressed in terms of 
the fields, much as we did to obtain (23-8). If we use (19-36), (25-1), and 
(25-13), we obtain div (H x A) = J-A —B-H; then (26-13) can be 
written in the form 


Um = 4[B-H do + 4 [div (H x A) do 


= 4[B-Hdv+ §f(t x A). da (26-14) 
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Again we can extend the range of integration to an unbounded region. 
Then for a finite distribution of currents we see from (25-18) and (25-13) 
that, as r—> co, |A| ~ 1/r, |H| ~ 1/r?, area ~ r?, and 


[atx a)-aa~s—o 
r 


Thus the surface integral can be made negligible and (26-14) becomes 


Um = +|B-Hadv (26-15) 
all space 


The interpretation given to (26-15) is similar to that which was used in 
order to obtain (23-9) from (23-8). The energy is assumed to be distributed 
continuously throughout space with a density in joules/(meter)* given by 


2, 
u, = }B+H = juH? = = (26-16) 
be 


Exercises 


26-1. A small coil of M turns is wound over the toroidal solenoid discussed in 
the example of Sec. 26-1. Show that the mutual inductance between the two 
coils is Lyp = uMNS/27R. 

26-2. Using (26-16), find the magnetic energy produced by a toroidal solenoid 
carrying a steady current J, and thereby verify directly that it equals $LI°. 

26-3. Show that the work required to establish a current J, in a circuit 1 and a 
current J, in a circuit 2 is 


Um = $Lyl? + Lighl, + $Le2/2”. 


26-4. If we apply the formula u,, = $B-H to the interior of the uniformly 
magnetized sphere of Sec. 25-1, we find that u,, is negative because B and H 
are oppositely directed. What is the solution to this apparent difficulty ? 


27 Poynting’s theorem 


We have seen for static fields that the energy of a given linear, isotropic 
system can be visualized as being spread thoughout space with energy 
densities given by }¢E? and 4uH®. We now want to consider whether 
these interpretations and relations can continue to be reasonable for the 
general case in which the fields can vary in time and are interrelated in the 
manner described by the complete set of Maxwell’s equations (19-21), 
(19-68), (19-38), and (19-72). 
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We begin by combining (19-36), (19-68), and (19-72). The result is 


; oD OB 
div (E x H) = —E-— —H-——J-E 27- 
( ) Ot Ot Satie 
If, in addition, D = «EK, then 
oD OE @ 
E-— =cEk-— = — (1eF? (27. 
Ps € ee (4€E*) (27-2) 
Similarly, if B = wH, 
oB a 
-— = — (4uH? - 
ride (ju) (27-3) 


With the help of (27-2) and (27-3), we can rewrite (27-1) as 
0 
ers (4eE? + 3uH?) = J-E + div(E x H) (27-4) 


If we integrate (27-4) over a volume V surrounded by the surface S and 
use 


[ sive x ao =| x H-da 
Vv S 


we obtain 
rs] n 
- =f (4eE? + 3H?) dv -| J-Edv + | (E x H)-da_ (27-5) 
Ot Jr V Ss 


The last result is called Poynting’s theorem. 

Recalling our previous discussions of energy as summarized in (23-10), 
(24-9), and (26-16), we see that we can interpret (27-5) as a statement of 
conservation of electromagnetic energy: The total decrease of electro- 
magnetic energy in the volume equals the energy dissipated as heat within 
the volume plus the energy flowing out through the bounding surface. 
Thus we naturally want to say that the vector E x H is the rate of flow of 
electromagnetic energy per unit area, or the energy current density. 

What we have just stated is, in fact, the accepted interpretation of 
(27-5), and we define the Poynting vector S by 


S=ExH (27-6) 


Since S is an energy current density, it is measured in joules/(meter)?-second 
or watts/(meter)*. The direction of S is the direction of energy flow. This 
whole concept of energy flow, although it was based on the interpretation 
of the complete integrals in (27-5), is quite plausible, and it will play a 
very important role in our later discussion of time-dependent solutions of 
Maxwell's equations. 
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We can apply these ideas to a simple example involving steady fields in 
order to show that (27-6) can lead to consistent results. Consider a portion 
of a long straight cylindrical conductor of length / and radius R as illus- 
trated in Fig. 27-1; the current density J is constant over the cross section. 
We want to calculate the value of S at the surface. 

Within the conductor, J = cE; hence 
E = J/o. Since the tangential components 
are continuous, this is also the value of E 
just outside the surface. 

Because of the symmetry and (19-31), H 
must be tangent to the surface and perpen- 
dicular to J as shown. If we use (19-72), 
we can easily find H: 


$ H ds = 20RH = 


fous H-da -|s «da = JR? 





so that H = 4JR. 

We see from (27-6) and Fig. 27-1 that S is normal to the surface and is 
directed inward, so that there is a steady flow of energy into the volume. 
Since E and H are perpendicular, 

J?R 
S = EH =— 
20 
Because the vector element of area da is directed outward from the surface, 
and § is parallel to the ends of the cylinder, the rate at which energy is 
flowing into the volume is given by 


° or 
-[s -da = S| da = S(l2mR) = — (aR?!) = — (volume) 
o o 


If we now look at (24-9) again, we see that this result says that the total rate 
at which energy is flowing into the conductor is exactly equal to the total 
rate at which energy is being dissipated within the volume. This is, of 
course, exactly what is required for the steady state situation we have 
assumed. The ultimate source of this energy is a source, such as a battery, 
which maintains the potential difference between the ends of the conductor 
by continuously doing work on the charges as they pass through the com- 
plete circuit. Our description here would then picture the energy as being 
transferred from the source by means of the fields set up throughout space 


by the charge and current distributions within the source, until the energy j 


flow finally passes through the surface of the conductor to be there trans- 
formed into heat. 
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28 Plane electromagnetic waves 


In principle, we regard any solution of Maxwell’s equations which satisfies 
any given boundary conditions as a possible electromagnetic field which 
would be produced by the appropriate distributions of charge and current. 
In practice, however, one does not go about trying to solve Maxwell’s 
equations indiscriminately, but rather looks for solutions of a desired type, 
or for those thought to be suitable for the particular situation of interest 
at the moment. We shall first discuss several examples of the latter 
procedure, putting off for a while the question of how we would produce 
these fields if we desired to. 

We now assume that the fields can vary with time as well as with position. 
Let us consider the problem of trying to solve Maxwell’s equations in the 
absence of external charges and currents, and for a uniform material 
characterized by the constants mw, e, and o. We shall still have J = oF, 
however. Then Maxwell’s equations become 


divE=0 (28-1) 
oH 
curl E = —u — 2 
Lb ry (28-2) 
divH = 0 (28-3) 
curlH = oE +e & (28-4) 
t 


We can eliminate one of these fields in the following way. If we take the 
curl of (28-2), use (28-1) and (28-4), we find that 


curl curl E = grad div E — VE = —V?E = —y 2 curl H 
t 


Re -OE 
Ot or? 
or 
2 
VE — yo Ee ye OE ; 
Hon, 8 ae) 


If we prefer, we can eliminate E by taking the curl of (28-4) and proceeding 
similarly. The result is 
oH PH 
V*H — wo — — we — = 0 4 
ne TE ary are 
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We see that E and H separately satisfy the same equation. In fact, since 
(28-5) and (28-6) are vector equations, we really have a total of six equa- 
tions—one for each component. Because each component satisfies the same 
equation, if we let U(x, y, z,t) be any of the components of E or H, U 
satisfies the scalar equation 
oU ou 
V*?U — yo 7 pe 2 0 (28-7) 


28-1 Plane wave in the z direction 


Let us look for a solution of (28-7) of the special type U(z, t). In other 
words, for each value of z, U is constant on the corresponding infinite plane 
parallel to the wy plane; one such plane is 
shown in Fig. 28-1. We try a solution of the 
form 

U= Ue (28-8) 


where U, = const. and y and a real w are to 
be determined so as to satisfy (28-7). Using 
(28-8), we have 





aU 
2 Sse el 2 
VU = wr = —y"U, 
- aU aU 
ig. 28- — = —iwU, — = —w*U 
Fig. 28-1 ; 32 


When these are substituted into (28-7), and the common factors are 
canceled out, we obtain 


—y + iwuo + wue = 0 (28-9) 
so that 
io\ 4 
y= to[n(e+%)| (28-10) 
@ 


Therefore, if w is given, y can be found from this equation. We see that in 
general y is complex and we can write 

y=k t+ ia (28-11) 
where k and « are real. 

The graphical procedure of finding the square root of the complex 
number y* is illustrated in Fig. 28-2. From this figure we see that for the 
+ sign in (28-10), k and « are both positive, while for the — sign k and « 
are both negative. Thus we can write 


y = £(k + ia) (28-12) 
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Imaginary 


2 . 
wwe + iwuo 
? Mm LL 





— y/w2 ue + iwuo 


Fig. 28-2 


and always take k and « both to be positive. Substituting (28-12) into 
(28-8), we find that this solution of (28-7) can be written 


U= Cag eter (28-13) 


where we use both upper signs together, or both lower signs together. As 
usual, we shall have to take the real part of the complex solution (28-13) to 
be the solution for the component of the real field. 
We also see from (28-10) and (28-12) that, if o = 0, then « = 0, and our 
solution becomes simply 
U= Lien (28-14) 


The form (28-13) represents a “disturbance” which, for a’ given value of 
z, varies sinusoidally with a frequency 


@ 


=— 28-15 
= — (28-15) 
If « = 0, U also varies sinusoidally with z, the wavelength being given by 
ia = (28-16) 
Hence the wave velocity is 
v=w= A (28-17) 


If « #% 0, the amplitude decreases as the wave progresses, being lower by 
the factor 1/e after the distance 1/«. 

In summary, then, we have seen that a possible solution of Maxwell’s 
equations is a damped plane wave in a conducting medium, while the 
plane wave will have constant amplitude in a non-conducting material. 





ai 


=F 88 Se 


5 s 
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We can find k and « explicitly by squaring (28-10) and (28-12), and then 
equating real and imaginary parts: 


y? = k® — 0? + ink = w'ue + ipo 
so that 
kh? — 0 = we, 2ak = wuo 


hogy om 
gece Ji sp tae (2) " (28-19) 


For a non-conducting medium with o = 0, (28-18) becomes k = wv pe; 
then from (28-17), (22-5), and (25-5) we find that 


and therefore 





sett? (28-20) 
Jue on 
where 
ait (28-21) 
Hoe 
and 
Index of refraction = n = J K.Km (28-22) 


For the special case of free space, x, = x, = 1, so that n = 1 and the 
velocity of the plane wave is the particular constant c. If we insert the 
values of ¢) and fy as given after (19-3) and by (19-28), we find that 


meters __ 3 y. 4q8 meters 
/henry-farad second 


since we know that c must have dimensions of a velocity. It will be left 
as an exercise to show that 1/V Poko actually has the dimensions of length/ 
time. 

The speed of plane electromagnetic waves in a vacuum as given by 
(28-23) is the same as the value found experimentally for the speed of light 
in a vacuum. This result was first obtained by Maxwell and was taken by 
him, and by others since then, as strong evidence for believing that light 
waves are actually electromagnetic waves. Since Maxwell’s time, much 
more evidence has been accumulated in support of this idea—so much, in 
fact, that nowadays it is universally accepted. We shall discuss some of 
this evidence as we go along. 

We have also found that Maxwell’s equations relate the index of re« 
fraction of a material to its electromagnetic properties as given by (28-22), 


c=3x 10° (28-23) 
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This relation turns out to hold quite well for many materials, but water 
provides us with the standard example to the contrary. If we look up 
values for water in a table, we find x,, ~ 1, x, ~ 81, so thatn ~ 9. Butit 
is well known that the index of refraction of water for light is very closely 
given by $ = 1.33. The solution to this apparent difficulty, which we shall 
take up in detail later, lies in the fact that our macroscopic formulation of 
electromagnetic theory gives no indication of the values to be expected for 
k, and x,, but must rely on experiment to obtain them. It turns out that 
these quantities are not really constant for a given material but usually 
have a strong dependence on frequency. In the example above, we used the 
dielectric constant of water for the static case, whereas the appropriate one 
to use is that corresponding to the very high frequency of light waves. The 
atomic nature of matter is the ultimate reason for this variation with 
frequency; the atomic charges which are polarized by the fields possess 
inertia which makes their response to the electromagnetic forces depend 
on frequency. 


28-2 Fields in a general plane wave 


Since each of the components of E and H have the form (28-8), the 
fields themselves can be written as 
E= Kuro", H = Be itre-0?) 
where E, and Hy are constant vectors. Although these fields satisfy the 
independent equations (28-5) and (28-6) which were derived from Max- 

well’s equations, they do not necessarily satisfy 
(28-1) through (28-4) because these require the 
fields to be related in a particular way. In other 
words, E, and Hy are not independent constants. 
We now want to find their exact relationship. 
Rather than restricting ourselves to the special plane 7 
wave form given above, we shall first consider plane 
waves from a more general point of view. 

We look now at the case in which all fields are 
functions only of the time and of the distance ¢ Fig. 28-3 
of a given plane from the origin; for example, 
E = E(¢,¢). This is illustrated in Fig. 28-3; the orientation of the plane 
is given by its normal fi. Thus the fields have constant values at all points 
on this plane. We see from the figure that 


C=frr (28-24) 
where r is the position vector of any point on the plane. 


>> 














” 


Ss? 28 Be 


= 
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Since the only spatial change of the vectors occurs in the direction of 
changing ¢, we can simplify some of our equations. With the use of 
(28-24), (1-11), and (1-4), the operator V becomes 


C) 0. 0 ( 
V=i-— —+k—=(i—S+---Je 
oa + 43, * Oz a 

a 


0 _ 42 
= (in, + Jn, + hn) = fa, 


Therefore, combining (28-25) with (1-29) and (1-30), we can write (28-1) 
through (28-4) for plane waves as 


(28-25) 


oE 
fi-— =0 28-26 
a ( ) 
o0E oH 
ii Se oe 28-27 
fi x a aa? ( ) 
a. Hg (28-28) 
ac 
oH OE 
—=c0E+«— 28-29 
fi x at oE+e a1 ( ) 
Using (28-29), (1-20), and (1-15), we find that 
dH a 4) 
. oY hk Ome 82 \E= “\E, (28-30 
(ax 5) a (+65) (o+<5, — 


where E,, = fi- E is the longitudinal component of E, i.e., the component 
perpendicular to the plane of constant ¢. Integrating (28-30), we obtain 


Eq = Ene t!é (28-31) 


Similarly, (28-26) shows that 0E,,/0¢ = 0; hence E,, is independent of ¢. 
The last result, together with (28-31), tells us that any longitudinal com- 
ponent of E is constant in space and, if o = 0, is also constant in time; 
whereas, if o 4 0, E, decays exponentially to zero. In the same way, we 
find from (28-27) and (28-28) that 0H,,/0t = 0 and 0H,,/0¢ = 0, so that 
H,, is a constant, independent of both ¢ and ¢. Since we are not at present 
concerned with uniform, static fields, we can conclude that any time= 
varying solutions of (28-26) through (28-29) must be purely fransverse 
fields, i.e., lie entirely in the plane perpendicular to f. Therefore we can 
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ignore the uniform longitudinal fields and concentrate our attention on the 
time-dependent transverse fields, which will satisfy the equation 

OE OE CE 

— — po — — pe — =0 28-32 

ae a op ( ) 
which we can obtain by eliminating H as we did for (28-5). There will also 
be another equation which we can get by replacing E by H in (28-32). 


If o = 0, we know from the last section that the solution of (28-32) has 
the form 


E= Ee se? (28-33) 


where E, is a constant and (28-15), (28-16), (28-17), and (28-20) are still 
applicable. Using (28-24), we can write kf = k-+r, where the vector k is 
called the propagation vector and is given by 


kw She orn (28-34) 
v A 


For the upper sign in (28-33), the wave is propagating in the positive 
¢ direction, which is also the direction of k, and (28-33) can be written 


E=E,“'"-” (28-35) 


It is clear that, if the lower sign in (28-33) is used, the solution can also be 
written as (28-35), by writing k as —kfi = k(—f). But, in this case, the 
direction of propagation of the wave is the negative ¢ direction which is 
given by —fi. Therefore we can dispense with the two signs in (28-33) and 
simply take (28-35) as always representing a plane wave propagating in the 
direction given by k. Then fi will be the unit normal to the plane in the 
direction of propagation; the magnitude of k is given by (28-34). 

A solution similar to (28-35) can be written for H. To see how the 
fields are related, we turn now to (28-27) which gives 


OE oH 
fix — = ikix E= —u— = iovwH 
at re 
and we find 


=~axn= [Saxe (28-36) 
co bs 


with the aid of (28-17) and (28-20). Also, 





Ba pH = fix Ea iXE (28-37) 
v 
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These results show us that not only are the fields E and H perpendicular 
to the direction of propagation, but that they are also perpendicular to 
each other. Thus the vectors E, H (or B), 
E and fi (or k) form a mutually perpendicular 
set; the exact relation is indicated in Fig. 28-4. 
We see from the figure that E x H is in the 
direction of propagation. But, from (27-6), 
fi this is also the direction of the energy flow 
S, so that there is electromagnetic energy 
being carried along by the wave in the same 
H direction as that in which the wave itself is 
Fig. 28-4 traveling. 
We can easily find the relative magnitudes 
of the field vectors. From (28-36) and (28-37) we see that 


eg Mle feat (28-38) 
IE] 0’ Bl) Nu Z 


For a vacuum, these become 1/c and 1/Zo, respectively, where 
Zo = /* = 376.6 ohms (28-39) 
€0 


and is often called the impedance of free space. 


28-3 On the use of complex fields 


As was amply illustrated above, it is often convenient to obtain solutions 
in complex form. We must always remember, however, that we must take 
the real part of a complex solution to represent the actual field in question. 
Since it is often inconvenient to find the real parts, it will be desirable to 
rewrite some of our previous results so that our complex solutions can be 
substituted in them directly. However, we shall do this only for fields 
which have a sinusoidal time dependence, that is, are proportional to 
ew it, 

Let E, and H, designate our solutions obtained in complex form. Then 
the physically real fields are 


E = Re(E,) = Re (Kye™) (28-40) 

H = Re (H,) = Re (Hye *”") (28-41) 
where E, and H, are functions only of x, y, and z. If we now write them 
in terms of their real and imaginary parts, so that 


Ey = E, + iE;, Hy = H, + iH, 
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where E,, E;, H,, and H, are all rea/, then (28-40) and (28-41) become 
E = Re [(E, + iE,(cos wt — isin wt)] = E, cos wt + E;sin wt (28-42) 
and 
H = H, cos wt + H, sin wt (28-43) 
Substituting (28-42) and (28-43) into (27-6), we find that the Poynting 
vector is given by 
S=ExH=(E, x H,) cos? wt + (E; x H,) sin? ot 
+ [(E, x H,) + (E; x H,)] sin wt cos wt (28-44) 
In many problems, we are not particularly interested in the instantaneous 
value of the energy flow, often because it fluctuates too rapidly to be 
followed by the measuring instruments. The time average of the energy 
flow is generally of much more significance. We see from (28-44) that the 
time average of the Poynting vector is 


5 =Ex H = iE, x H,) + (E, x HY] (28-45) 


since cos? wt = sin? wt = 4 and sinwtcoswt=0. This fundamental 
result can be rewritten in a more convenient form. 
Let H,* = complex conjugate of H, = H, with i replaced by —i'= 
H,*e = (H, — iH,)e’”.. Now we consider 
E, x H,* = [(E, + iEe“"'] x ((H, — iHe"'] 
= [(E, x H,) + (E, x H,)] + i[(E, x H,) — (E, x Hj)] (28-46) 
Comparing (28-45) and (28-46), we see that 
S = }Re(E, x H,*) (28-47) 
Thus we see that we have succeeded in expressing the average value of the 
Poynting vector entirely in terms of the two complex solutions of Maxwell’s 
equations, so that we can calculate this important quantity directly without 
the necessity of first finding the real parts. 


We can also carry through the same type of calculation for the average 
energy densities. The results are 


ui, = $cE? = }cH,- E,* (28-48) 
tm = $uH? = }uH,- H,* (28-49) 


Now that we have obtained these important results, we no longer need to 
distinguish between real and complex fields. Therefore, in what follows, 
although we shall continually be dealing with complex solutions of 
Maxwell’s equations, we will not write them as E, and H, but simply as 
E and H. Whenever we need the real parts for specific purposes, we shall 
point this out explicitly, 
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28-4 Energy flow in a plane wave 


We first consider the case o = 0. Substituting (28-36) into (28-47), using 
(1-21) and the fact that fi- E = 0 for the transverse wave, we obtain 


§ = if Re [E x (ax E*)] = 1 [fe (28-50) 


since E- E* is real. If we now use (28-35) and (28-36), (28-50) can be 


written 
§ = 1/ [Eo A = 3 Jf [Hol A (28-51) 
be € 


We see from (28-51) that not only is the energy flow in the direction of 
propagation fi, but also that it is proportional to the square of the amplitude 
of either E or H. 
Substituting (28-35) and (28-36) into (28-48) and (28-49), we also find 
that 
if, = teE + E* = fe [Ey? = 1 |Hyl* = dp (28-52) 


so that the average electric and magnetic energy densities are equal. The 
total average energy density then becomes 


ii = iy + ty = fe Eyl? = 3u [Hol (28-53) 


which enables us to write (28-51) as 
§ = —La= wa = av (28-54) 
Jie 
with the help of (28-20). Thus we see that (28-54) states the reasonable 
result that the average energy current equals the average energy density 
times the velocity of the wave. 

Ina conducting medium in which o # 0, the amplitudes are not constant 
and, according to (28-13), both E and H will be proportional to e~%, 
Then, from (28-51) and (28-53), we see that both the average energy flow 
and the average energy density will also decrease exponentially with 
distance; that is, 


Swe, tne (28-55) 


In a conducting medium, therefore, the intensity of the wave (energy flow) 
and the energy density are damped or attenuated as the wave progresses, 
This energy is lost because of the resistive heating of the medium ag 
described by (24-9). 
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Exercises 


28-1. Starting from Coulomb’s law and Ampére’s law, show that (u<«9)~ has 
the dimensions of a velocity. Similarly, show directly that Z) is measured in units 
of ohms. 

28-2. Verify (28-48) and (28-49). 3 r , 

28-3. A certain plane wave has a propagation vector k = 314i + 314j + 444k 
(meter)~1. Find the direction cosines of fi, the wavelength, and frequency of this 
wave if it is traveling in a vacuum. 

28-4. The solar constant, which is the average rate of incidence of radiation at 
the surface of the earth from the sun, is 9.2 joules/minute-(centimeter)”._ Assum- 
ing that the radiation is a plane wave, find the amplitudes of the electric and 
magnetic fields. 


29 Reflection and refraction of plane waves 


We now need to consider what happens when plane electromagnetic waves 
which are traveling in one medium are incident upon an infinite plane sur- 
face separating this medium from another with different electromagnetic 
properties. The wave will in general be able to pass into the second 
medium, and we want to see what will occur. Our considerations will be 
based on the boundary conditions at a surface of discontinuity; we 
derived them from Maxwell’s equations and they are given by (20-4), 
(20-8), (20-13), and (20-16). If there are no free charges or currents on the 
surface, they simply say that 


normal components of D and B are continuous, (29-1) 
29-1 
tangential components of E and H are continuous 


We can take advantage of the experience of others and begin at once 
with the knowledge that these conditions can be satisfied only by assuming 
the existence of three waves: the incident wave, a transmitted wave, and a 
reflected wave. 


29-1 Laws of reflection and refraction 
Let us take the surface of separation to be the zy plane (z = 0). The 


semi-infinite medium below this plane has the properties described by e, 
#, 6, and those for the medium above are e’, 4’, 0’. We shall also assume 
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Zz 








Fig. 29-1 


for simplicity that the incident wave is traveling in the medium below the 


zy plane, and that its direction of propagation lies in the xz plane and is — 


given by fi. We found in (28-35) that the equation of this plane wave can be 
written, with the help of (28-34), as 


U = Ue = Uy pila 1) jot) (29-2) 


Similar equations can be written for the transmitted wave with direction 
fi’, and for the reflected wave with direction fi’. We need not make any 


assumptions about the directions fi’ and fi”. These propagation directions — 


are all shown in Fig. 29-1. 
From the figure, we can write these unit vectors in terms of the angles 
shown; in rectangular coordinates, they are 
fi = sin 61 + cos 0k (29-3) 
fi’ = sin 6’ cos ¢'i + sin 0’ sin ¢’j + cos 0’k (29-4) 


fi” = sin 6” cos $1 + sin 6” sin $"j — cos 0"k (29-5) 
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Initially, we cannot say anything definite about the frequencies or relative 
phases of the waves. If we write the expressions for the electric fields of 
each of the waves, using the form (29-2) for each component, we get, after 
substitution of (29-3), (29-4), and (29-5): 


E= E,e@sin 6 +2 cos 8)/v—t] (29-6) 
Res E, et? sin 6’ cos ¢’ +y sin 0’ sin $’ +2 cos 6’)/v’ —¢] (29-7) 
EK’ = E,"eo"l@ sin 6” cos ¢”+y sin 6” sin 6” —z cos 6”)/v—t] (29-8) 


Since the tangential components of E are continuous at the surface, we 
must have 


E, + E," =E,, E,+E,"=E,' (atz=0) (29-9) 


It is clear that these can be correct for all t and for all values of x and Y; 
only if the exponents of e in (29-6) to (29-8) are all equal; if they are not, we 
might be able to satisfy (29-9) at some point at a given t, but then (29-9) 
would not generally be true at other times and places. 

We see first of all that this requires that 


o=w0' =o" (29-10) 


In other words, no change of frequency is produced by reflection or 
refraction at this stationary boundary; this is certainly a very reasonable 
result. 

The terms in y which occur in (29-7) and (29-8) would generally prevent 
us from satisfying (29-9) everywhere since there is no y term in the exponent 
in (29-6). Therefore these y terms cannot actually be present; hence we 
must have 

¢ =¢"=0 (29-11) 


This means that the directions of propagation of the three waves all lie in 
the same plane. 
We now see from (29-6) and (29-8) that 


0” =0 (29-12) 


This is the well-known optical Jaw of reflection: The angle of reflection 
equals the angle of incidence. 

Finally, by equating the remaining terms in (29-6) and (29-7), we obtain 
sin 0’/v’ = sin 6/v, or 


we ee (29-13) 


with the use of (28-20). This is most easily remiembered in the form 
nsin 0 = n’ sin 0’ (29-14) 
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It is the /aw of refraction discovered experimentally by Snell. It relates the 
angles of incidence and refraction to the indices of refraction of the two 
media. 

Thus we see that these well-known laws of optics are direct consequences 
of the boundary conditions which must be satisfied by the electromagnetic 
field vectors, and which were themselves derived from Maxwell’s equations. 

Now that we have obtained these very simple relations connecting the 
directions of the waves, we want to find the ratios of the amplitudes of the 
fields, because they will tell us how the incident energy is divided between 
the reflected and refracted waves. Before we do this for arbitrary angles of 
incidence, let us consider a simple case first, as this will clearly illustrate the 
method we shall use. 


29-2 Reflection at normal incidence 


Since 9 = 0, 0’ = 0. Because the direction of propagation is the z axis, 
the transverse fields E and H lie in the zy plane. Thus there will be no 
normal components of D and B to be considered. Let us choose our axes 
so that E is along the x axis; then H must be along the y axis. These 
relations are shown in Fig. 29-2. 

Let us assume real amplitudes for simplicity; then from (28-38) we 


obtain 
Fl Es. [k= z, Es =e pre! (29-15) 
|H| 4H, € HY 





Since the reflected wave is traveling in the —f direction of Fig. 29-2, 
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either E” or H” must be reversed from the directions shown. In any event, 
we can write 





oe ie -/t ey (29-16) 
H,” 


where Z is called the impedance of the medium. 
The boundary conditions (29-1) are simply 
E,+ E£," = E, (29-17) 
H, + 4H,’ = 4H, (29-18) 
With the use of (29-15) and (29-16), (29-18) becomes 
E, — Ey = Ew (29-19) 
Z Z' 


We can now find the ratio of the reflected and incident amplitudes by 
eliminating E,’ between (29-17) and (29-19). The result is 








Be 2a 2 _ vee Vel (29.20 
E, Z4+Z  Velu+vVe'lu' 
Since one of the H’s is reversed in sign, we also get 


H,’ E,,” Z , = Z 





—+=-~=- (29-21) 

H, E, Bitz 
The power flow is given by the Poynting vector (27-6), and, by Fig. 29-2 
and (29-16), |S| = E,H, and |S”| = —E,”H,". We can define a reflection 


coefficient for power, R, as the ratio of the magnitude of the reflected 
power to the magnitude of the incident power. Then, by using (29-20) and 
(29-21), we have 


-|£|=-()() - G3J- PE] 2 


In many common situations, the two media are non-magnetic and 
fe =p’ = My. Then, by (25-5), Ky = Km’ = 1 and, by (28-22), 


R 








n=Vk, (29-23) 
so that, with the use of (22-5), we can write (29-22) as | 
1\2 
“ae (“= ss “ (29-24) 
n+n' 


We see at once that R < | and that not all the incident power is reflected. 
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We also see from our results that, if the wave had been incident in the 
other direction, n and n’ would simply be interchanged, but R would have 
the same value. 

Now let us calculate the ratio of the transmitted amplitudes. We find 
from (29-17), (29-19), and (29-15) that 


Be 2. 2Z 

E, Z+Z Z+Z 
If we define a transmission coefficient for power, 7, as the ratio of the 
transmitted power to the incident power, we obtain 


Ego) 422 
EM, (2° +2) 
We can easily show from (29-22) and (29-26) that 
R+T=1 (29-27) 
This equation says that the sum of the reflected and transmitted power is 
exactly equal to the incident power. Thus (29-27) is an expression of the 
fact that the energy is conserved. 


Now let us return for another look at the reflected wave. For the com- 
mon case (29-23), we find that (29-20) becomes 
Ey _ n—n' 
E, nt+n’ 
Therefore, if n > 7’, the ratio E,"/E, is positive, and, if n <n’, it is 
negative. The latter result simply means that, if a wave is normally incident 
upon a medium of higher index of refraction, the phase of the electric 
field is reversed; that is, the reflected electric field oscillates oppositely to 
the incident one. In other words, there is a phase difference of 7 between 
them. On the other hand, if the reflection is against a surface of lower 
index, the phase is not reversed and the phase difference is zero. This 
result is the basis for the reversal of phase which is introduced in elementary 
discussions of optical interference where this phase change is equivalent to 
an additional optical path difference of half a wavelength. 
We also see from (29-28) that, if m’ = n, then E,” = 0 and that there is 
no reflected wave. This is just what one should expect since then there is no 
real surface of discontinuity. 








gids eek (29-25) 
H, 





(29-26) 





(29-28) 


29-3 Fresnel’s equations 


When we come to consider incidence at an arbitrary value of 0, we see 
from Fig. 29-3 that we can divide the problem into two parts by resolving 





Part Two. Electromagnetic Fields 299 





Fig. 29-3 


E into two components. One component, E,, is perpendicular to the plane 
of incidence, while the other, E,, is parallel to the plane of incidence 
(wz plane). After we have found how each of these components is affected 
at the surface of separation, we can recombine them to find the behavior 
of E itself. 


E perpendicular to the plane of incidence 


The direction of E is therefore parallel to the y axis. This situation is 
illustrated in Fig. 29-4 where the y axis is directed into the paper; it will 
be convenient to choose our directions of E as indicated by “in” or “out.” 
(If we have made a wrong guess about the positive sense of any electric 
field, our results will give us the correct sign.) The directions of H shown 
are then found from the condition that E x H be in the direction of 
propagation. 

The electric field has only y components, which are tangential com- 
ponents and equal to the magnitudes. We must have E, + E,” = E,’, by 
(29-1), or 


E—E"=E' (29-29) 
The tangential components of the magnetic fields are 
H, = —H cos? = — = 60s 6 (29-30) 
‘ E' UI ” E" 
He m — 5,008 0, H,’ = > 008 6 (29-31) 
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and, by (29-1), we must have 
H, + H,” = H,! (29-32) 
If we substitute (29-30) and (29-31) into (29-32) and then eliminate E’ 
between the result and (29-29), we find that 
E” _ Zcos 0’ — Z’ cos 6 
E Zcos@’ + Z’cos 6 


This can be put into a more convenient form. Using (28-38), (28-20), and 
(29-13), we find that 


(29-33) 





ae ae (29-34) 
Z’p'sin 8’ 
so that, upon substitution of (29-34) into it, (29-33) becomes 
E" _ tan 6 — yw’ tané (29-35) 


E- wmtané + p’ tan 0’ 
When uw = w’ (including non-magnetic media), (29-35) simplifies to 
E" es sin (0 — 6’) 
E — sin(6 + 6’) 
This is our basic result for the case when E is perpendicular to the plane of 
incidence, and it is one of Fresnel’s equations. 


(29-36) 





Fig, 29-4 
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0 0 90° 
Fig. 29-5 


We can now obtain our previous result for normal incidence as a special 
case of (29-36). As 0-0, (29-14) becomes n6 = n’6’ and 6’ +0 also. 
Then we obtain 


E" 6—6 n’'—n 
a. eo — = 
E®° @+60 n+n 
which we see is the same as (29-28) when we remember that the directions 
of the reflected electric field were oppositely chosen in the two cases. 
At the other extreme of grazing incidence, 0 = 90°, and (29-36) becomes 
E"|E = cos 6’/cos 0’ = 1. The general behavior of this ratio (29-36) is 


shown in Fig. 29-5 when n’ > n. We shall come back to the case n’ <n 
later. 





(29-37) 


E parallel to the plane of incidence 


This situation is illustrated in Fig. 29-6 where we are assuming H to be 
into the paper for all waves; again the directions of the electric fields are 
determined so that E x H is in the direction of propagation. This time, 
H has only y, or tangential, components given by 


E : E' ;, E’ 
ayo? H, =F H; ~F (29-38) 
We must have, therefore, 
H,+ 4," =H, (29-39) 


The tangential components of E are seen to be 
E,=Ecos6, E, =E'cos@’, £," =—E"cos@ (29-40) 
and we must have 
E, + E," = E,! (29-41) 
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Using (29-34) and (29-38) through (29-41), we find the ratio of the 
reflected to incident amplitude to be given by 


E” _ wsin 6 cos 0 — p’ sin 6’ cos 6’ 


- - (29-42) 

E psin@cos@ + pw’ sin 6’ cos 6’ 

and, if « = yp’, this becomes another Fresnel equation, 
E” _ tan(0 — 6’) (29-43) 


E tan (6 + 6’) 


There is an interesting special case of (29-43) which is not contained in 
the result (29-36) which was found for the electric field perpendicular to 
the plane of incidence. When 6 + 6’ = 90°, then tan (6 + 6’) is infinite, 
E” = 0 and there is no reflected wave. When 6 has the correct value to 
make this so, it is called the polarizing angle 6. Suppose we have unpolar- 
ized radiation incident at the polarizing angle. By “unpolarized” we mean a 
combination of the two types we have just considered; that is, the electric 
fields have components both parallel and perpendicular to the plane of 
incidence. Then only the radiation with its electric field perpendicular to 
the plane is reflected. The reflected radiation then consists completely of 
waves with their electric fields all in the same direction; it is then said to be 
polarized. This is the way in which the polarization properties of light 
were discovered experimentally, and it provides additional evidence that 
light waves are electromagnetic waves. The law of refraction (29-14) now 
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Fig. 29-7 


takes an interesting form. When 0, + 6,’ = 90°, sin 0,’ = cos 0, and 
(29-14) becomes 


tan 0, ie = z: (29-44) 


This result is known as Brewster’s law. 

When 6 > 6,, tan (6 + 6’) <0; hence E”/E is negative. This means 
that the phase of the electric vector is suddenly reversed at the polarizing 
angle. In the limit of grazing incidence when 0 = 90°, (29-43) becomes 
E"/E = —1 so that the radiation is completely reflected. We have seen 
that this is also true when E is perpendicular to the plane of incidence. 
Therefore electromagnetic radiation is always completely reflected from 
the surface of a dielectric for grazing incidence. This fact can be easily 
demonstrated by looking at a light source by reflection from the surface of 
a rough sheet of paper as the angle of incidence is gradually increased to 
90°. The behavior of the ratio E”/E as the function of 0 given by (29-43). 
is shown in Fig. 29-7. 


29-4 Total reflection 


Let us go back to the case n’ < n, so that our wave is incident upon a 
medium of lower index of refraction. From (29-14) we see that if 6 has the 
value 0, given by 


, 


sin 0, = 7 (29-45) 


then 6’ = 90°. Now it is certainly possible to have 6 > 6,, but then 
(29-14) gives sin 0’ > 1, indicating that 6’ is imaginary. This is not really a 
difficulty, for if we look back at (29-4) we see that the actual reason for 
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introducing 6’ at all was simply to enable us to write the components of i’ 
in the convenient form fi’ = 17,1 + 2,k = sin 6’ + cos 6’k, which it 
takes after (29-4) has been brought to its final simplified form with the 
help of (29-11). In other words, 6 is the physically determinable angle and 
6’ is actually then defined by (29-14), and we can continue to use all our 
formulas. Let us, therefore, put these values into our equations to see 
what type of physical situation we shall have when 0 > 8,. 

The value of sin 6’ can be found from (29-14). We also need cos 6’ 
which we find to be given by 


2 4% 
cos 6’ = (1 — sin? 6’)* = i| (*) sin? 6 — i| = ir (29-46) 
n 


when written completely in terms of 6. 
According to (29-7), (29-10), and (29-11), the wave in the second medium 


has the form 
E = Ee sin 6’+2 cos 6’)/v’—t] 


which, with the use of (29-46) and (29-13), becomes 
FE = Be teres gallon 6’/v’)—t) (29-47) 


This is a wave in the medium of lower index of refraction which is traveling 
in the positive x direction and therefore parallel to the surface separating 
the two media. The speed of this wave is v’/sin 6’, which is less than v’, 
the normal speed in this medium, since sin 6’ > 1. We also see that the 
amplitude decreases as z increases, that is, as one gets farther from the 
surface. This decrease of amplitude is so great for ordinary materials that 
the field has essentially vanished in a distance of only a few wavelengths 
from the surface. Therefore it is practically impossible to detect this field, 
although it has been observed by means of quite ingenious experimental 
arrangements. 

By computing the Poynting vector, it can be shown that no net energy is 
carried into the second medium; hence the name total reflection correctly 
describes this case. The angle 9, is called the critical angle; therefore, for 
angles of incidence which are greater than the critical angle, all the incident 
energy is reflected at the bounding surface. 

It is interesting to see what Fresnel’s equations tell us about the fields 
when we use these values of sin 6’ and cos 6’ given by (29-14) and (29-46), 
We consider first the case in which E is perpendicular to the plane, and we 
find that (29-36) becomes 


(=)- sin 0,000.6 ~~ ccs @ alas Girupal [sep | (29-48) 


E), sin 0cos 6’ + cos 0 sin 0’ ry cos 0 + i(n'z/n) 
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When E is parallel to the plane, (29-43) becomes 


=) cos 9 — i(nz/n’) 
a) ae et 29-4 
G > cos 6 + i(nt/n’) ial 
Both of these equations have the general form 

E” * —i9 

fn Re Ode Fee (29-50) 


E a (pe") 
so that |E”/E| = 1. This means that the amplitude is not changed in 
magnitude and hence the total reflected energy equals the total incident 
energy, as we said above. However, (29-50) shows us that the phase of the 
reflected wave is changed. It turns out that the phase change is different 
for the fields perpendicular or parallel to the plane of incidence. The 
general consequence of this is that, if a linearly polarized wave is reflected 
from the boundary at an incident angle greater than the critical angle, the 

reflected wave will be elliptically polarized. 
We can show in the following way that the last statement is correct. 
We assume that the incident wave is linearly polarized; by this we mean 





Fig, 29-8 
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the oscillating electric field always lies along the same direction as shown in 
Fig. 29-8a. If we write the fields in their real forms, the components of the 
linearly polarized field can be written 


E, =E,,cos wt, E, = E,9 cos wt 


After reflection, each of these components will have had its phase changed 
by different amounts; they can then be written 


E,’ = Ey cos (wt — 4), E,” = E,9 cos (wt — y) 


Now the components no longer vanish nor reach their maxima simul- 
taneously, and, when we add them to find the resultant E, we obtain the 
curve shown in Fig. 29-85 in which the tip of E now traces out an ellipse 
and, therefore, is said to be elliptically polarized. 

Next we consider reflection from the surfaces of absorbing media, 
particularly those which are good conductors. But, before we do this, we 
have to consider the general properties of plane waves in more detail than 
we did in Chapter 28. 


29-5 Plane waves in a conducting medium 


We found that when o #0 the fields have the form (28-8) where 
y =k + ia is given by (28-10) in which we now need use only the plus 
sign. We can also write this as 


E= Eg o E,ef lt Nien—t] (29-51) 


where now we are measuring distance along the direction of propagation by 
¢ and where 


Nim Loe £ (k + ix) = complex index of refraction (29-52) 
o ow 


since (29-51) formally corresponds to a wave in the ¢ direction with 
“velocity” c/N. Thus, in this sense, we can characterize an absorbing 
medium as one having a complex index of refraction. Using (28-17) and 
(28-20), we can also write (29-52) as 


N=n+ i(=) =n+ ip (29-53) 
a) 
where n is the usual index of refraction. 
In order to find how the fields are related when o # 0, we use (29-51) 

and (28-27): 

oE dH 

fix — = —4— = ip x E = iopH 
a nary yh ye 
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Then 


k +i io \ | 
H=K+ ay Ea [e( 4p <)) (ax E) (29-54) 
ou €, 
The average energy densities, (28-48) and (28-49), then become 
i, = fe |E,|?e (29-55) 
ew" 2p—2at adie 
a, = ty|H,|?e =te}1+ one |E,|"e~°* (29-56) 
if we use (29-54) and the form (29-51) for the fields. Therefore we see that 


lim = [1 4. (=) “a (29-57) 


and that the average magnetic and electric energy densities are different 
within a conducting medium, in contrast to the previous cases where they 
were equal, as found in (28-52). In fact, as o> 00, ii,/ii,,>0. This 
means that the electric energy density vanishes faster than the magnetic in 
the limit of a perfect conductor. 

We now want to investigate these results more closely for a case of great 
practical importance, namely, when 


= >1 (29-58) 
€wW 


This relation is valid for practically all metallic conductors for frequencies 
less than optical frequencies, and, in particular, it is a very good approxi- 
mation for microwave frequencies which correspond to wavelengths 
of centimeters to millimeters. Combining (29-58) and (28-10), we get as an 
approximation y ~ Jiouw. We can write i =e", so that Vi = &'" = 
cos (77/4) + i sin (7/4) = (1 + d/V2, and therefore 





yok+ia~ HO += OED (29-59) 


Inserting (29-59) into (29-51), we find that the fields are now given by 


E = E,e7 4 Deillg/a)—atl 

H = Hye eil¢/0-ot am 
We see that both fields decrease exponentially with the distance traveled 
within the conducting material as we briefly noted after (28-54). The 
fields will have decreased to I/e of their surface values after they have 


penetrated a distance 6 = V2/uow, This distance 6 is called the skin 








a 
ad 
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depth, and it represents roughly the depth of penetration of a wave into a 
conductor. If a is infinite, 6 = 0 and hence both E and H are zero inside a 
perfect conductor. (E must be zero inside, for otherwise there would be an 
infinite current density in the interior.) 

Now let us consider the relative magnitudes of the fields in the con- 
ductor. When (29-58) is applicable, we can approximate (29-54) as 


H~ /22@xE) (29-61) 
bo 
Then the ratio of the magnitudes of the fields is approximately given by 
Ue nw see (29-62) 
|H| 0 


For large values of «, this ratio is practically zero; hence in the interior of 
a good conductor the electric field can generally be neglected as compared 
to the magnetic field. 


29-6 Reflection at the surface of an absorbing medium 


We now want to consider effects like those we previously discussed by 
means of Fresnel’s equations, except that now they involve conductivity 
and energy can be absorbed from the waves. These problems can be 
worked out by the same method of satisfying boundary conditions which 
we have used, but the general results are much too complicated for our 
purposes. Accordingly, we shall consider only a simplified situation which 
will, however, show us the essential features of these phenomena. We 
shall assume that a plane wave is traveling in a transparent (non-absorbing) 
medium and is incident upon an absorbing medium at normal incidence 
(9 = 0). 

The result for normal incidence upon non-absorbing media is given by 
(29-28). The primed quantities will refer to the absorbing medium, and 
we saw in (29-53) that we can describe it by the complex index of refraction, 
N' =n' + if’. Nothing in our derivation of (29-28) required that the 
indices of refraction be real; therefore we can say at once that the solution 
for the present situation is given by 

x ae N’_(n—n’) — if’ (29-63) 
E n+N  (n+n’)+ if’ 
Then, since the magnetic fields are proportional to the electric fields, the 
reflection coefficient will be given by 


relZle (n — n'y’ + B® (29-64) 
E (n + n'y + p" 
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First of all, we see from this equation that, the larger f’ is, the more 
nearly is R equal to unity. In other words, waves which are most strongly 
absorbed are very strongly reflected. A good example is afforded by the 
optical properties of thin sheets of gold. They appear yellowish by 
reflection; this means that, in the originally white light transmitted through 
the sheets, the yellow is practically all absorbed. As a result, the trans- 
mitted light appears greenish or bluish. 

We now want to obtain a good approximation to R which will hold for 
very good conductors, that is, when (o’/ew) > 1. We saw before in (29-59) 


that this means that k’ ~ a’ ~ J o’'w/2. Then, from (29-52) and (29-53), 


we find that 
nia par |/2 s1 (29-65) 
2WEy 


Since n’ >n, we can approximate (29-64): 
pw ant n® 1+ f= Mn)! 
(ntn'yPtn?® 14 [1+ (n/n')P 


and, upon using (29-65), we find that this becomes 








R~1—2n if Zs (29-66) 


J 


0 


which, because of (29-58), has the form R = 1— (a small quantity). We 
see from (29-66) that the reflection coefficient will be close to unity for 
large conductivity and low frequency and that essentially all the energy 
will be reflected as is commonly observed for metals. What little energy 
does flow into the conductor is rapidly dissipated by the heat loss associated 
with the induced currents; this is the physical basis for the damping of the 
fields described by (29-60). 
Now we are in a position to take up our next topic. 


29-7 Boundary conditions at the surface of a perfect conductor 


The general boundary conditions at a surface of discontinuity in the 
electromagnetic properties are given by (20-4), (20-8), (20-13), and (20-16). 
We have just seen in the last section that all the fields vanish in a perfect 
conductor. Choosing medium | as the conductor, so that fi is directed 
outward from the conducting surface, we can therefore set E,, D,, B,, and 








he) 
pie 
". 
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H, equal to zero. Then we can drop the subscript 2 and our boundary 
conditions become 


fi-D=o, fxE=0, fi-B=0, fixH=K (29-67) 


Thus at the surface of a perfect conductor E is normal to the surface, and 
H is tangential to the surface. To put it another way, E has no tangential 
component, while H has no normal component. It is possible to have a 
finite surface current density K even though Ej ng = 0 since the con- 
ductivity is infinite. In fact, it is precisely these induced surface currents 
that keep Htang from being zero at the surface, even though it is zero inside. 

These boundary conditions (29-67) will be of great help to us in the next 
chapter when we discuss electromagnetic fields in finite regions, as we 
shall be able to simplify the discussion considerably by assuming the 
regions to be bounded by perfectly conducting surfaces. 


Exercises 


29-1. Find the ratio of the transmitted to the incident electric field for E both 
perpendicular to and parallel to the plane of incidence. 

29-2. A plane wave traveling in a medium of impedance Z, is normally incident 
at 2 = 0 upon a second medium of impedance Z,. The second medium has a 
thickness L and behind it is another medium of impedance Z, which occupies 
the rest of space. Find the value of the reflected amplitude in the incident 
medium, taking into account that there are reflected and transmitted waves 
arising at each surface of discontinuity. Show that the reflected wave will be 
zero when L equals a quarter wavelength in medium 2 and Z, = VZ,Z,. 

29-3. What are the conditions which must be satisfied in order that one can 
obtain circularly polarized light by one total reflection? 

29-4, The resistivity of silver is about 1.58 x 10-§ ohm-centimeter. Find the 
skin depth of silver for waves of wavelength 300 meters, 1 centimeter, and 5000 
angstroms. 

29-5. Find the reflection coefficient for silver for a wavelength of 10 microns. 
(One micron is a millionth of a meter.) 





30 Normal modes of the electromagnetic field 


In this chapter we want to consider time-dependent solutions of Maxwell's 
equations within bounded regions. It is evident that the solutions will not 
generally be plane waves, that is, have constant values over an infinite 
plane, because the fields must simultaneously satisfy Maxwell's equations 
and the boundary conditions at the limits of the region. For simplicity, 
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we shall assume vacuum properties for our medium, and that all bounding 
surfaces are perfect conductors. 
Under these conditions, we see by (28-7) that each component of E or H 
separately satisfies the three-dimensional wave equation 
1 o°U 
VU —-—~—— =0 30-1 
c* ar? oa 
where c = 1/Vy¢) through (28-21). In addition, the fields must satisfy 
(29-67). 
We already know that the time variation can be separated out as 


U(x, y, 2, t) = u(x, y, 2)T(t) = u(a, y, ze‘ (30-2) 
so that the equation satisfied by the spatial part of the component is 
V7u + k,2u = 0 (30-3) 
where 
2 (Dar 2 
rae (2) ‘i (2) 30-4 
0 a he (30-4) 


where Ay is the wavelength which a plane wave of circular frequency w 
would have in free space, and hence A, is called the free space wavelength. 
We have also seen, for instance in Sec. 21-4, that we can separate (30-3) in 
rectangular coordinates by writing 


u(x, y, 2) = X(x) Y(y)Z(2) (30-5) 
By substituting (30-5) into (30-3), we obtain separate equations satisfied by 
the functions X, Y, Z of the form 
ay aZ 
hall so k 2V — oc rel 2 — pede 2 ie cj 
ath X=0, To +k'y=0, SS +hiZ=0 (30-6) 
where 

ky +k? + kj? = k,? (30-7) 


These equations must be solved subject to the boundary conditions 
required of the field component represented by or related to the scalar u. 
Calling upon our past experience with similar situations, we can expect to 
find that the satisfaction of the boundary conditions will determine a set of 
allowed values of k,, ky, kg and thence, by (30-7) and (30-4), a set of allowed 
(or normal) frequencies. In other words, we can conclude that, in regions 
with perfect conductors as boundaries, we shall find characteristic modes 
of the electromagnetic field, similar in concept and origin to the normal 
modes of a vibrating string or membrane. An arbitrary field in general 
would then be some superposition of these electromagnetic normal modes, 
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much as the general displacement of a string was written as a superposition 
of its normal modes. We shall now illustrate this procedure with a specific 
example. 


30-1 Fields in a closed rectangular cavity 


We consider a closed vacuum region with perfectly conducting rec- 
tangular walls of sides A, B, C as illustrated in Fig. 30-1. The equation 
(d?X/dx*) + kX =0 has the general solution X(x) = a, cos ky + 
b, sin k,x, where a, and b, are constants, so that a solution of (30-1) of the 
form (30-5) for one of the components of E is 


E,, = (a, cos k,x + b, sin k,%)(ay cos kay + by sin k,y) 
X (ag cos kz + bg sin kgz)e*®* (30-8) 


Now £, is a tangential component for the faces perpendicular to the y and z 
axes, and therefore E, = 0 when y=0, y= B, z=0, andz=C. In 
order for (30-8) to vanish always when y and z equal zero, we see that we 
must have a, = ag = 0. So that (30-8) may vanish at the other two faces, 
we must have sin k,B = sin ksC = 0 or 


nr pr 
ee ae ee: (30-9) 
re oe 


where n and p are positive integers. At this stage, therefore, we have 
E,, = (a, cos kyx + b, sin k,x) sin kgy sin kgz e ** (30-10) 
Similarly, we find that 
E, = sin k,x(a, cos kay + by sin kyy) sin kyz e*! (30-11) 
E, = sin k,x sin kgy(a3 cos kz + bg sin kgz) e*?! (30-12) 


Zz 





Fig, 30-1 
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where 


m 
k= oc (30-13) 


If we substitute (30-9) and (30-13) into (30-7) and (30-4), we find that the 
normal frequencies of oscillation are given by 


yma) + G+ Bl] : 
(?) "L\4) * Ne) * Ne ea 

Although the field components (30-10), (30-11), and (30-12) satisfy the 
boundary conditions on E and are solutions of the wave equation (30-1), 
they are not yet necessarily a solution of Maxwell’s equations. This is so 
because the wave equation is simply a consequence of Maxwell’s equations 
and by itself does not imply Maxwell’s equations, In particular, we must 
have div E = 0; when the expressions given above for E,, E,, and E, are 
substituted in this, we find that we obtain 


—(kya, + kya, + kag) sin kx sin ky sin kz 
+[(k,d, cos ky sin kay sin kz) 
+(k2b, sin k,x cos kay sin kz) 
+ (kb, sin ky sin k,y cos kgz)] = 0 (30-15) 


We now see that we cannot possibly hope to satisfy this equation for all 
values of x,y,z unless b, = b, = b, = 0. If we set a, = E,, a = Eo, 
a; = E3, we find that (30-15) becomes 


kK, E, + k,E, + kxE, = 0 (30-16) 
and (30-10), (30-11), and (30-12) become 


E, = E, cos k,x sin kay sin kgz e~** (30-17a) 
E, = E, sin k,x cos kay sin kgz e~** (30-17b) 
E, = Ez; sin k,x sin kyy cos kgz e~** (30-17c) 


If we insert into these equations the possible values of the k; given by 
(30-9) and (30-13), we get the electric field components for this mode which 
has the frequency given by (30-14). 

The magnetic field of this mode can be obtained by inserting (30-17) into 
curl E = —jy OH/0t = iwpoH. Wecan easily show that the magnetic field 
obtained in this way automatically satisfies the boundary condition of 
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having no normal component; we shall illustrate this for H,. Using 
(30-17), we find that 


dE, _ dE, 


oy Oz 
= (k,E; — k3E,) sin kyx cos kay cos kyze*®* ~—((30-18) 


and we see at once that H,, = 0 when x = 0 or A, as it should. 

If we define a vector k with components k,, kz, k; and other vectors E, 
and Hy with components £,, E,, E; and k,E, — k,E,..., respectively, we 
see that (30-16) can be written 

k-E, =0 (30-19) 


i@foH , = 





while 
H, =k x E, 


so that in this situation we can introduce a set of mutually perpendicular 
vectors much as we did for the plane wave in free space, and the two 
vectors E, and Hy can be regarded as the amplitudes of the electric and 
magnetic fields. 

If the sides A, B, and C are all different, we see from (30-14) that the 
normal frequencies will generally be different, although there still may be 
degeneracy if A, B, C have simple integral relations of the type we discussed 
in connection with the vibrating membrane. A fundamental degeneracy 
still remains, however, because there are two independent, mutually per- 
pendicular directions along which E, can be chosen and still satisfy (30-19), 
that is, E) being perpendicular tok. Therefore, for each possible value of 
k, there are two independent possible directions of the polarization of 
the amplitude E, and of the corresponding Hy. (This is similar to the 
problem of finding the directions of the principal axes of inertia of a rigid 
body which has an axis of symmetry.) 

The problem of finding the normal modes of the fields within cavities of 
other shapes, such as cylinders and spheres, is approached in exactly the 
same manner. The results differ in detail, of course, from what we ob- 
tained above because we would use coordinate systems, such as cylindrical 
or spherical, which are more convenient for the purposes of separating the 
variables and of stating the boundary conditions in terms of appropriate 
components. 


30-2 Fields in a wave guide 


In this section, we consider possible transfer of electromagnetic energy 
along a wave guide, which is simply a long tube with open ends. We shall 
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Fig. 30-2 


consider a guide of arbitrary cross section in the zy plane which extends 
indefinitely along z, and whose walls are perfect conductors (Fig. 30-2). 
The field components must satisfy (30-1) within the guide and (29-67) at 
the walls. 

We try to find a solution of (30-1) in the form of a wave traveling in the 
z direction and thus of the form 


U(a, y, 2, t) = u(x, y)eite-oP (30-20) 
We note that this is not a plane wave because its amplitude varies over the 


cross section. The guide propagation constant k, is related to the guide 
wavelength A, by 


k= a (30-21) 


g 
If we substitute (30-20) into (30-1), use (30-4), and cancel out the 
common exponent, we find the equation for u(z, y) to be 


Ou Ou 
—s eae ee ty m 
a + By? + k,*u (30-22) 
where 
ki= kj? — k,? (30-23) 


Equation (30-22) is now to be solved and the appropriate boundary 
conditions satisfied. We can expect that, when this is done, we shall find 
a set of possible values of k,, and thence of A, defined by 


20 


k= re (30-24) 
Thus we can also write (30-23) as 
1 1 1 
—=—-> (30-25) 
ae A,* a7 
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Before we go on, we want to show that there is a definite physical inter- 
pretation which can be given to k, (and hence to A,). Suppose that k, is 
fixed; then we are considering a definite mode of the guide. Since w, and 
therefore ko, is given, we find that k, is found to be 


k2=k?—k2 (30-26) 
g 0 c 


When ky > k,,k,? > 0; whenky < k,, k,? < 0, hence k, is imaginary and 
can be written k, =i |k,|. In this second case, (30-20) becomes 


U = ue ltelg-iot (30-27) 


This is not a wave, but rather a harmonically oscillating disturbance whose 
amplitude is steadily attenuated as we go along the guide in the direction of 
increasing z. On the other hand, if ky > k, so that k, is real, (30-20) does 
represent a wave propagating along z. Therefore we cannot propagate 
waves for which k, < k,. To state this in terms of wavelength, we use 
(30-24) and (30-4), and we see that a wave whose frequency corresponds to 
a free space wavelength 2, > A, will not be propagated along the guide but 
will be attenuated instead. For this reason, 4, is called the cutoff 
wavelength; the corresponding frequency is called the cutoff frequency, and 
we have seen that a guide acts as a sort of high-pass filter in the sense that 
one can only propagate waves along it whose frequencies are greater than 
the cutoff frequency. 

The fields E and H must satisfy Maxwell’s equations as well as the wave 
equation. Since there are no charges or currents in the vacuum within the 
guide, the equations (28-1) through (28-4) become 


divE=0 divH = 0 
dH OE Ga 
curl E = —u, — curl H = e, — 
alt és eof 


Since each of the components has the form (30-20), we can write 
E = &(2, y)et#-o) (30-29) 
H = 4 (ca, y)ei*r-o8 (30-30) 


If we substitute (30-29) and (30-30) into (30-28), we obtain the following 
eight equations involving the amplitudes & and #: 


Ob Ors mcm (30-31) 
Ox oy 


OMe OH y . ik w= 0 (30-32) 
Ox oy 
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8 ind EOE (30-332) 
Ou Oy 
ns = icp H, + ik, (30-33b) 
4 = icp H, — ik,8, (30-33c) 
x 
elle aad ORT (30-34a) 
Ox Oy 
oR i ctu} 1h, (30-346) 
oy 
= “2 f= —iwel, — ik, H, (30-34c) 
v 


It turns out, as we shall see in detail as we go along, that it is possible 
to classify all the modes of the wave guides into two types: 


(1) &, =0. For this type, E is entirely in the xy plane and therefore 
perpendicular to the direction of propagation. This is called a transverse 
electric or TE mode. 

(2) #, =0. For this type, H is perpendicular to the direction of 
propagation. This is called a transverse magnetic or TM mode. 


Let us consider the two types separately. 


TE mode 


Since &, = 0, some of the equations (30-31) through (30-34) simplify to 
become 





0€, , 0€ 
74+—4=0 30-31’ 
Ox a oy ( ) 
k,é, = —abH, (30-33b’) 
kK, 6, = OyH’, (30-33c’) 
ax - 0H =0 (30-34a’) 
Ox oy 


and the other four are unchanged. 
If we eliminate &, from (30-34c) by using (30-33b’), we find that 


OH wUge i k? 
s i ne . p23 et els 5 
rales («, ro oo )*. = 5, het — hay m= : H,, (30-35) 
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with the help of (28-21), (30-4), and (30-23). Similarly, from (30-345) and 
(30-33c’), we find that 


(30-36) 
Now if we let 


FH, =H i+ Hj = transverse component of H — (30-37) 


and remember that #, depends only on and y, we can combine (30-35) 
and (30-36) to obtain 





2 
grad 0, = Es 4 Fy = ike xe, (30-38) 


Ox k, 
We also find from (30-33b’), (30-33c’), and (30-37) that 


x, = (-614 6) = 2 kx é) (30-39) 
Wy Dlg 


where 
&,= 61+ &,j = transverse component of é (30-40) 


(Actually, &, is the only component of & in this TE case.) The coefficient 
in (30-39) can be rewritten 


ke = [8 ky kee ky Lt 
Fo /Uo€o Zoo Zoky Log 
where we have introduced the free space impedance from (28-39). There- 


fore, if we define a guide impedance Z,, by 


k A 
Zoe = 24(3) = 243) (30-41) 
we can write (30-39) as 


kx &, 





H,= (30-42) 


ge 


which is reminiscent of (28-36) and (28-38) combined. 

If we look back at what we have done, we see that, if we know #,, H#, 
can be found from (30-38), and then &, can be found from (30-42). In other 
words, for the TE case, a knowledge of #, is enough to determine the rest 
of the fields. 
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TM mode 


Here #, = 0. We can proceed in exactly the same way as above and 
obtain the following results: 





ae 
grad &, = —i my é, (30-43) 
g 
kKx@& 
H = 3 : (30-44) 
gm 
k A 
Zim = Z (*2) =Z (2) 30-45 
9 0 ko 0 z, ( ) 


Therefore, in the TM case, a knowledge of @, is sufficient to determine the 
rest of the fields. (We note again that, since both &, and #, are functions 
only of x and y, their gradients lie entirely in the zy plane, as they should by 
(30-38) and (30-43). 

The results (30-42) and (30-44) show that in both cases the transverse 
components HA, and &, are mutually perpendicular in the zy plane, which 
in turn is perpendicular to z, the direction of propagation. This is illus- 
trated for a TE mode in Fig. 30-3. 

Now let us consider the boundary conditions in the two cases. At the 
surface of the guide, Ping = 0, ie, €, = 0, and also Him = 0, ie. 
(norm = 0, or (grad H,)norm = 0 if (30-38) is applicable. These 
conditions will ultimately determine the values of k,. 





Fig. 30-3 
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If we keep all these facts in mind, we can now outline a systematic 
procedure for calculating all the fields for a given mode: 


TE(@, = 9) ™ (#, = 0) 
Find a solution u(x, y) of (30-22) for which 
(grad U)norm = 0 | u=0 
on the surface of the guide. Call this solution 
a , | é, 


(In the TM case, since u = 0 everywhere on the wall, grad u will be normal 
to the wall.) 
Then calculate 





ik ik 
KH, = Tyerad HK, é, ane é, 
(Thus we have made sure that #, is parallel to the surface at the surface and 
that &, is perpendicular to the surface at the surface.) 
Then find 


é, from kx &é,=Z,,#, | Ht, =A XS 


(Since H, is parallel to the wall, we make sure that &, is perpendicular to 
the wall at the wall so that its tangential component is zero; in the TM 
case, H, will be automatically parallel to the surface at the surface and 
hence will have no normal component.) 

Therefore, for every solution of the scalar equation (30-22) which 
vanishes on the boundary, we shall obtain a TM wave, and, for every 
solution whose normal derivative vanishes on the boundary, we shall get a 
TE wave. We should expect to find an infinite number of solutions of each 
type, each corresponding to a particulat cutoff wavelength; we could then 
classify our solutions in some convenient manner in terms of the cutoff 
wavelengths, for instance in order of decreasing magnitude (or increasing 
frequency). 

It can be shown quite generally that all transverse components can be 
expressed in terms of &, and #, which satisfy the same differential 
equation. Since the boundary conditions are different for these two 
components, the solutions will generally correspond to different fre- 
quencies, so that it is not possible to have &, and #, simultaneously 
different from zero. Thus all the modes are either TE or TM. 

We can also see from our results as outlined above that we cannot have ~ 
a mode which is simultaneously transverse for E and H in the hollow 





gm 
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pipe we are considering. This would require &, = #, = 0, and we see 
from above that all the fields would be zero. Such a mode is called 
transverse electromagnetic (TEM) and it can exist under rather different 
circumstances from those we have here; we shall discuss it later in 
another way. 

Next we want to illustrate these general procedures by a detailed calcu- 
lation of the fields in an important 
practical type of wave guide. y 


B 


30-3 Rectangular guide 


This guide has a rectangular cross sec- 
tion in the zy plane with sides A and A 
B as shown in Fig. 30-4. Now Fig. 30-4 
(30-22) is the two-dimensional form of 
(30-3) with k, replacing ky because u is now to be independent of z. 
Therefore we can use the results (30-7) and (30-8) and immediately write 
the solution of (30-22) which we would get by separating variables: 


u(x, y) = (a, cos kyx + b, sin k,x)(a, cos kay + by sink,y) (30-46) 
where 
ke +kZJ=k? (30-47) 


TE mode 


We now let (30-46) be called #,. The component of grad #, which will 
be the normal component at x = 0 and x = A is 
OK , 
Ox 


In order for this to vanish when x = 0 and x = A, we see that we must 
have 6, = 0 and k,A = mz or 


k= Py (30-49) 


where m is a positive integer. Similarly, by requiring that 0%,/dy be zero 
when y = 0 or B, we find that b, = 0 and 





= k,(—a, sin kyx + b, cos k,x)(a, cos kay + by sin kyy) (30-48) 


ke = 7 (30-50) 
so that (30-46) now can be written 
Hm Hy cos kyx cos kgy (30-51) 
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and the values of k,? as given by (30-47) are 


veel] on 


and we can have an infinite set of TE waves. The guide propagation 
constant and guide wavelength are then obtained by putting (30-52) into 
(30-26) with the result that 


v-G-EFGr RT ms 


g 
If we now use (30-51) in (30-38), we find that 





ik, 0H, ikgk, . 

H = ke ge = —H, Ke sin kx cos kay (30-54) 
ik, 07, ikyk , 

#H, = ke i = —H, k? cos k,x sin kay (30-55) 


From (30-42) and (30-41), we can write 
k 
kx &, = -—€i+ é,j = Z,,0,=Z, = (#i+ #,)) 
g 


and therefore, with the use of (30-54) and (30-55), we find that 

ikoke 
k 2 
ikok, 


g k,” 





vache “ H, = —HyZy M0 cos kyx sin kgy (30-56) 
g 


sin k,x cos kay (30-57) 





6, = -2, 2 #, = HiZo 


and, of course, &, = 0. 

The actual fields are then obtained by multiplying each of these ampli- 
tudes by e#*s?-* according to (30-29) and (30-30). For example, if we 
do this, and also insert the explicit values of k, and k, given by (30-49) and 
(30-50) into (30-54), we obtain 


H,= — Hy (™2) sin (™=) cos (=) ellkor—o) (30-58) 
k2\ A A B 

We still would have to take the real part of the complex solution (30-58) 

and insert the values given by (30-52) and (30-53) to get finally the explicit 

expression for the field H,,. 


Example. Let us suppose that A > Band look only at the mode with the 
smallest k, (largest 2,). From (30-52), we see that m =n = 0 would 
make k, = 0; but then by (30-51) #, = const, and all the other fields 
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would be zero. In this case k, = w/c by (30-53), and we would appar- 
ently have a solution of the form H, = Hye*/—4, that is, only a 
magnetic field propagating down the guide with speed c. However, we 
must still have div H = 0 = 0H,/0z = (iw/c)H, so that w = 0 and 
H, = const. In other words, the complete electromagnetic field for 
k, = 0 is merely a constant magnetic field in the guide; while this is 
certainly possible, it is of no interest to us here. 

Therefore the smallest value of k, which will give a wave for A > B 
corresponds to m = 1, n = 0, so that A, = 2A from (30-52) and (30-24). 
Then ky = k, = (7/A), ky = 0,k,? = ko? — (a/A)?, and (30-54) through 
(30-57) give us &, = &, = #, = Oand the only remaining components 
are 


E, = H,Zyi (‘) sin (=) ef toz—cot) (30-59) 
7 

H, = —Hpi (<4) sin (=) ” ptaathieial (30-60) 
7 

H, = H, cos (=) efter 08 (30-61) 


To find the actual fields we must take the real parts of these equations. 
Let us assume, for simplicity, that H) is real; then we find that the only 
non-zero field components are 


E, = —H,Z, (4) sin (=) sin (k,z — wt) (30-62) 
7 A 
AR; (“<4) sin (=) sin (k,2 — of) (30-63) 
7 A 
H, = Hy cos (=) cos (k,z — wt) (30-64) 


As an elementary check on our results, we see that they really do 
satisfy the boundary conditions at x = 0, A and y =0, B; that is, 
Etang = 9 and Hyoim = 0. 

The values of E, are independent of y; hence the electric field lines 
are straight with their maximum value in the center at x = 3A. The 
lines of H, are also straight lines in the zy plane with maximum value in 
the center. The values of H,, on the other hand, are zero in the center 
and have opposite signs on the two sides of the center. These fields are 
shown, at a given time, in Fig. 30-5. In (a), the fields in the xy plane are 
shown, E being given by the solid lines and H dashed; the short arrows 
below indicate the variation in magnitude of H, with position, When 
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the z dependence of the fields is considered at a given time, we see that 
E, and H, are both zero when |H,| is a maximum, and |£,| and |H,| 
have maximum values when H, is zero; these results are illustrated in 
Fig. 30-5b. 

Since our solutions represent waves, the picture of the behavior of the 
fields in time can be obtained by imagining these figures traveling 
steadily in the positive z direction with the guide velocity v, = w/k,. 

As there are non-zero tangential components of H, (29-67) tells us 
that there are currents on the surface of the guide given by K = fi x H. 
They can be calculated from this formula and their directions are shown 
by the solid lines in Fig. 30-6. 


TM mode 


For this we need the solution of the general form (30-46) which vanishes 
at the walls. This clearly has the form 


¢, = E, sin (™=*) sin (=) (30-65) 


and the values of k,? are again given by (30-52) so that the TE and TM 
modes of a rectangular guide have the same set of cutoff wavelengths. 
However, the case m = 1, n = 0, which we discussed above does not exist 
as a TM mode because we see from (30-65) that all the fields will vanish; 
hence this lowest mode exists only for a TE wave. If we wished, we could 
now go ahead from (30-65) and find all the rest of the field components for 
the TM modes of a rectangular guide. 

There are other guides with different cross-sectional shapes which can 
be discussed in the same manner as we used above; we shall not discuss 
these, however, but another type of mode instead. 


30-4 Principal modes 


An interesting and practical situation would arise if we could somehow 
make k, zero, for then we could use the guide to transmit energy of any 
frequency or wavelength. Such a mode is called a principal mode. We can 
use some of our previous results to show what sort of properties we could 
expect of a principal mode. As k,— 0, we see from (30-23) that k, will 
become equal to ko, the free space propagation constant. Therefore the 
wave in the principal mode is propagated with speed c. Now, if we look at 
our results for the TM case, for example, where %/, = 0, we see from 
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(30-43) that grad &, = 0 when k, = 0, so that &, = const. over the cross 
section of the guide. But &, is a tangential component and must vanish at 
the walls; therefore &, = 0 everywhere. In other words, the principal 
mode has no components in the direction of propagation, and hence E 
and H are simultaneously transverse and the principal mode is a TEM 
mode. The same conclusion follows from (30-38) for the TE case. Also, 
when k, = ko, (30-42) and (30-44) both become 


K x @, 
0 
where Z, is the free space impedance. Thus the principal mode possesses 
many of the characteristics of a plane wave in free space. 
We can obtain the components of the TEM mode from a solution of the 


two-dimensional form of Laplace’s equation. We can show this in the 
following way: If #, = 0 and &, = 0, then (30-31) and (30-33a) become 


a, = 





(30-66) 


0€, 0 dé, 9. 
Ox oy bg Ox dy 


If we define (x, y) by the equations &, = —d4/dx and &, = — 04/ dy, 
that is, 


é, = —grad d (30-68) 
then the second equation in (30-67) is satisfied, and the first becomes 

ah ad 

SER OE Cats 30-69 

Ox” i oy” ( ) 


Therefore, if we take any solution of the appropriate two-dimensional 
electrostatic potential problem, which gives an electric field which is normal 
to the perfectly conducting bounding surface, call this field &,, and then 
find H#, from (30-66), we get a TEM mode for the system. The two- 
dimensional field pattern obtained in this way will then be propagated 
down the guide with the free space speed c. 

We saw previously that the hollow pipe wave guide cannot have a TEM 
mode. We shall show below that a principal mode can exist only if the 
wave guide consists of at least two separate conductors, such as two parallel 
wires. Actually, the reason for this can be seen quite easily if we look at 
the limiting case of very low frequency. A zero frequency current (direct 
current) can be transmitted along a line consisting of two or more conduc- 
tors since they can be insulated from each other and thereby suited to 
carry the current. If there is only one conductor, as for a hollow pipe, 
then, if we were to connect the source of the direct current, we would 
obviously have a short circuit and any propagation would be impossible. 
Now let us also prove this analytically. 
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Fig. 30-7 
We must still have 
divH =0 (30-70) 
and 
culH =J+¢j & (30-71) 


fora TEM mode. If His to lie only in the transverse zy plane, then (30-70) 
says that the lines of H must form closed loops in this plane as shown in 
Fig. 30-7. Evidently, if we calculate the line integral of H around one of 
these loops, we obtain 
H-ds #0 (30-72) 
loop 
But we can also calculate this line integral with the help of (30-71) as 


pH ds = [url H- da = [Jaa +45 [E, da ={s,aa =I (30-73) 


since E, = 0 by hypothesis; J is the total current passing through the area 
enclosed by the loop. 

Now, if there is not an inner conductor, J = 0 and the line integral is 
zero, from (30-73). But this contradicts the result (30-72) obtained from 
another of Maxwell’s equations, and therefore a TEM wave is not possible 
if there is no inner conductor. On the other hand, if there is an inner 
conductor, J # 0 and (30-72) and (30-73) are compatible and a TEM mode 
is possible, as we stated above. 

To illustrate these ideas in detail, we shall discuss the simplest possible 
principal mode of a very important type of guide. 


Example. Coaxial line. This consists of two concentric cylinders of 
different radii with a vacuum between them as illustrated in Fig. 30-8. 
We shall use polar coordinates r and ¢ in the plane of the cross section. 
Then, since ¢ is independent of z, we find from (18-21) that (30-69) 


becomes ’ 
8 = 13 / 22) 10 _9 30-74) 
Me ror "Or Taq \ 
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Fig. 30-8 


Let us look for a solution of the form ¢ = ¢(r). Then (30-74) becomes 


f(r “) is 
dr\ dr 
so that 
dp _A 
dr r 
and t 
¢=(Alnr) +B (30-75) 


where A and B are constants. Therefore, from (30-75) and (30-68), we 
see that &, has only a radial component given by 


ain SE ep aig (30-76) 


Then from (30-66) we see that #, has only a y component given by 


H, = (30-77) 


Zo 

Inserting these results into (30-29) and (30-30), we find the fields to be 
given by 

E, = bgt el) 


iol (z/0)—t) 
H, = # ,e 
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since k, = ky = w/c. These expressions can now be rewritten in terms 
of some experimentally significant quantities. 

When E, has its maximum value &, = —d¢/dr, the potential differ- 
ence between the conductors is a maximum, ¢5, which is given by 


P b 
bo =[ 8dr = $,— $= Ain” 
a a 


after we have used (30-75). Therefore A = —¢,/In (b/a) and (30-78) 
becomes 


pyeiteie—A 
r In (b/a) 


When H, has its maximum value #,, the current has its maximum 
value J, and (30-73) becomes 


(30-80) 


r= 


pH: ds = 1) = ,, p ds = dar 


so that #, = 1,/2nr and (30-79) can be written 


1 etl (z/e)—t] 
H, = ——_——__ 30-81 
* 2nr ( ) 


If we now combine (30-76) and (30-77) with the last results, we obtain 


6, __ 2h 


Zy = th = oe _ 
© #4 Iq in (b/a) 





so that 


ea cig hate 
Ij 2m a 


where Z, is called the characteristic impedance of the coaxial line. 


(30-82) 


Exercises 


30-1. Verify (30-43) through (30-45). 

30-2. Calculate the time average Poynting vector for. a general TE mode in a 
rectangular guide. By integrating over the cross section of the guide find the 
total power transmitted along the guide. 

30-3. Find the general expressions for the fields in a TM mode of a rectangular 
guide. What is the smallest possible value of k,? 

30-4, What is the lowest normal frequency of a closed cavity when A = 
B= C? Find all components of the electric and magnetic fields for this case. 
Make a sketch of the directions of the fields in the cavity at a given time, and 
verify that they satisfy the appropriate boundary conditions. 
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BI Scalar and vector potentials 


Up to this point, we have considered time-dependent electromagnetic 
fields (essentially only those which are waves) without being concerned 
about how we could produce them. Now we want to see how the fields 
can be related to their sources, that is, how we can find the fields from a 
knowledge of the time-dependent charge and current distributions. It is 
most convenient to treat this problem by means of the scalar and vector 
potentials. 


31-1 Definition of the potentials 


Maxwell’s equations in general form are 


div D = p (31-1) 


aB 
1E=—-<= 31-2 
cur nr ( ) 


divB=0 (31-3) 


curllH = J+ ” (31-4) 


We see again that curl E and curl H are generally different from zero; 
hence we cannot use the simple scalar potentials previously introduced, 
However, (31-3), which was the basis for introducing the vector potential, 
still holds and we can write 


B=curlA (31-5) 


where now A must be assumed to be a function of ¢ as well as of 2, y, 2% 
We still need to find how to satisfy the other three equations and obtain a 
method for calculating A. 

If we substitute (31-5) into (31-2), we obtain 


curlE = — Baia A= —curl oh 
Ot t 
so that 


curl (e f 4) = 0 
Ot 
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Since the curl of the quantity in parentheses is zero, it can be written as the 
gradient of a scalar, ie., E + (0A/0t) = —grad ¢, or 


E = —grad ¢ — “A (31-7) 


Therefore we can satisfy (31-2) by introducing the scalar potential 
f(x, y, Z, t). 

As we go on from here, we shall get reasonably simple results only if we 
assume that D = cE and B = wH, where e€ and y are constants independ- 
ent of position. It is also convenient to take account of the fact that the 
free current density J can result from external sources, as well as being 
produced by the field itself in a medium of conductivity o. Therefore we 
write 

J=J'+oE (31-8) 


where J’ is the current produced by external sources. 
Multiplying (31-4) through by mw, using (31-5), (31-7), and (31-8), we 
obtain 


curl B = wJ’ + woE + pee 
= curl curl A = grad div A — V°A 
2) ( 2%) 
=p)’ — = d pe 
ad (1 + Hes) \erad + = 


so that 
OA 0A 0d a, 
V?A — pe ae ale — grad (diva + ar 9 + p04) =—-pJ' (31-9) 
Similarly, from the remaining Maxwell equation, we get 
e 0¢ , O ( ‘ 0¢ p 
V'd — we — — wo + —(div A + we )--4 31-10 
fe Bh Oo ae 8 wat Hee € oes 


These are the equations from which we can calculate the potentials A and 
¢. If they are inserted into (31-5) and (31-7), the fields E and B will 
automatically satisfy (31-1) through (31-4). 

These equations, (31-9) and (31-10), can be further simplified if we 
remember that the vector A has not yet been completely defined because 
we have only specified curl A everywhere by means of (31-5). Therefore we 
are free to choose div Ain any convenient manner. A glance at (31-9) and 
(31-10) shows that a simple way of doing this is to choose 


divA +108 + wap = 0 (31-11) 
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for then (31-9) and (31-11) become 


2 
V?A — pe “ 3 ine = —pJ' (31-12) 


eS a! aed 31-13 

i a ae « Cn 

The requirement (31-11) is called the Lorentz condition. The advantages 

of this particular choice of div A are that it makes the equations for A and 

¢ independent of each other and makes them have the same form, so we 
have only one general problem to solve. 

The general procedure in solving an electromagnetic problem involving 
known sources would then be the following: We assume that we know the 
distribution of external charges and currents, that is, we are given the 
functions J’(a, y, z, t) and p(, y, z, t); then we solve (31-12) and (31-13), 
making sure that A and ¢ satisfy (31-11); we can then find B and E from 
(31-5) and (31-7). If we desire, we can find H = B/u and D= cE; we 
can also calculate the polarization and magnetization by P = (x, — 1)«)E 
and M = [(km — 1)/KmbMol]B- 

From now on, we shall consider only situations for which o = 0 and 
J = J’. Then (31-11), (31-12), and (31-13) become 


10°A 
v® ar? . 

24 106 _ _ p 31-15) 
“ v® ot? € ¢ 
dvA +129 (31-16) 

v* at 


where v? = c?/n? as in (28-20). These differential equations for A and ¢ 

are similar both to Poisson’s equation and the wave equation. If we define 

the D’Alembertian operator by 

21g 
vor? 


the equations for A and ¢ take on the compact form 


ce=V (31-17) 
CTA = —w, Dp oe (31-18) 


These equations possess an interesting property which we want to cone 
sider now; it is that the potentials calculated in this way are not unique, 


31-2 Hertz vector in free space 


currents the electromagnetic field can be described in terms of only one 
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although the electromagnetic fields calculated from them are unique. 
To show this, let us define two new quantities A’ and ¢’ by 


A’=A-—grady, # =¢+ “ (31-19) 


where y = (2, y, 2, t). From (31-5) we see that 
B = curl A = curl (A’ + grad y) = curl A’ (31-20) 
since curl grad y = 0. From (31-7), we find that 


E = ~—grad ¢ — a = —grad ¢’ — “S (31-21) 


Therefore we get the same fields whether we use the set (A, ¢) or (A’, d’). 
The kind of transformation defined by (31-19) is called a gauge trans- 
formation; thus (31-20) and (31-21) show that Maxwell’s equations are 
invariant with respect to a gauge transformation, or to a change of gauge. 
There are certain restrictions on y, however, as we want both sets of 
potentials to satisfy the Lorentz condition (31-16). If we substitute (31-19) 
into (31-16), we find that 


, 2 
diva’ + 128 4 yy _ Lv _ 
v 


ot a 
so that A’ and ¢’ will also satisfy (31-16) provided that 
1 Oy 
Vy —-—-—- =0 31-22 
ee igs ar? ( ) 


In other words, y can be any solution of the homogeneous wave equation. 

Equations (31-18) can be solved in general by a method similar to that 
we used to solve Poisson’s equation in Secs. 21-2 and 21-3. The deri- 
vations of these solutions, as well as the results themselves, are quite com- 
plicated, and since we shall not have use for them in what follows we shall 
not discuss them in any detail. The potentials obtained this way are called 
retarded potentials; the expressions for them are much like those given in 
(21-9) and (25-18), except that the integrands have to be evaluated at a 
time earlier than that at which it is desired to evaluate the fields, in order to 


take account of the finite speed of propagation of electromagnetic effects 
given by v = c/n. 


Hertz was able to show that in regions where there are no charges and 
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vector. We designate it II; it is called the Hertz vector or polarization 
potential. We shall discuss it only for the simpler case of free space where 
[= [o € = &, and v =c; we also require J and p to be zero. Then 
(31-14), (31-15), and (31-16) become 


107A ; 

VA - 555 =0 (31-14’) 
1 a*¢ 

Vv? —_=0 31-15’ 

$ c of ( ) 

div A + age =0 (31-16) 
c” Ot 


We define the Hertz vector II by 


1 oll 
= ees 31-23 
c at ( ) 


¢ = —div IT (31-24) 


Substitution of (31-23) and (31-24) into (31-16’) shows that the Lorentz 
condition is satisfied by these definitions. If we also substitute (31-23) and 
(31-24) into (31-14’) and (31-15’), we easily find that these last two equations 
are also satisfied provided that 
on 1 uy (31-25) 
c* Ot 
Therefore we see that any solution of the vector wave equation (31-25) 
defines a possible electromagnetic field by means of the equations given 
above, except in source regions where J #0 and p #0, for then the 
equations in (31-18), rather than (31-14’) and (31-15’), apply. 
It is convenient to express the fields directly in terms of II. From (31-5) 
and (31-23), we obtain 


on! curl A = oe curl (=) = Py curl II (31-26) 
Mo Mol ot ot 
while we find from (31-7), (31-23), (31-24), and (31-25) that 
2: 
E = grad div II — = = curl curl II (31-27) 
c 


These can be written even more compactly by defining C = curl II for 
they then become just H = ¢(9C/dr) and E = curl C. 
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B2 Electric dipole radiation 


We look for the simplest possible solution of (31-25) in spherical coordi- 
nates in order to get a Hertz vector II which may correspond to a source at 
the origin. Therefore we try to find a II which depends only on r and 1, i.e., 
I(r, t). Then, with the use of (18-22), we find that (31-25) becomes 

om 20m 10 


Oe Le 9 32-1 
oe + Or c at? ad 


If we separate variables by writing 


I(r, t) = F(r)e*”* (32-2) 
and substituting this into (32-1), we find the equation for F to be 
a’F  2dF 
wae SE LOG ee 0 32-3 
dr* se rdr bg ibd 
where 
iu ae (32-4) 
c OA 


We can also write (32-3) as 
a 
— (rF) + k°(rF) = 0 
dr 


which has a solution rF = const.e“"". If we write the const. as po/47é, 
where py is a constant vector, we can substitute this value for F into (32-2) 
and get 
i(kr—wt) 
TT = Poe __ (32-5) 
Are or 
This corresponds to a wave traveling outward from the origin and with a 
speed c in the r direction. The amplitude decreases inversely with the 
distance r from the origin. We also see that (32-5) has a singularity at the 
origin where this solution no longer satisfies the wave equation (31-25). 
After we have obtained the fields corresponding to this II, we shall be able 
to interpret this singularity as a particular type of source for these fields. 
According to (31-26), we now need to find curl I. Using (32-5), (25-24), 
and the fact that 


=f, ¥(F ' 
grad f(r) red a) (32-6) 
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we find that 


ikr 
curl TT = ae curl | (=) (ne | 
4 r 


Eg 


1 eter ; 
spre S exmecnce d iat 
male" ( r * (Poe | 


= FE (=) |e oe * edt (32-7) 


= Airey dr\ r 





If we now substitute (32-7) into (31-26) and use 


oll 


— = —jovII ed 
a1 iw (32-8) 
d (=) {2 1 | ; 
—|{—)}] = k ce ee ikr ie 
dr\ r kr (krye}® 029} 
we find that 
iok*[ i 1 
H=— abe a =| f ilkr—wt) ‘ 
4x Lkr_ (kr)? ews (Gaim 


Before we discuss this result, let us first calculate E from the first form 
given in (31-27). 
Using (32-4) and (32-8), we obtain 


1 "Il kB = 


ae ee (32-11) 


Substituting (32-5) into the vector identity following (23-6), we find 


ikr 
div 1 = —- div | (=) ne] 
4 , 


TTE g 


1 ikr : 
= —— grad (<) * (Boe “*") 
4 r 


THE 
ee Sy ud —iot 
i” oa a r Jc be”) an 
with the help of (32-6). 

Now if we use 


grad (uv) = v grad u + u grad v 
grad (r+ po) = grad (poe + YPov + *Pox) 
= Poal + Povl + Pork = Po 








Part Two. Electromagnetic Fields = 337 


we find from (32-12) and (32-6) that 


. 1 i a (<) 1 d (=)] 
d divihee +2 teihegey Sah) — = 245. 
eink I ou ( P| Fa r rdr\r 


afb Elon on 


rdr\r 
From (32-9), we also find that 





1d ikr ° 1 ; 
142 be el. as em (32-14) 
rdr\r (kr)’ (kr) 

ry (=) | 1 2i 2 | ; 

SD \ oe Gp eee ihr 32-15 
dr’\ r kr (kn (kel eee 


If we now substitute (32-14) and (32-15) into (32-13), and then substitute 
the resulting expression plus (32-11) into (31-27), we find that 


ie [. i 3. 3 
aed [re | - be Ge ad 














7? Lie * a 7 | i 


As we see, the expressions for the fields given in (32-10) and (32-16) 
consist of several parts which depend on r in different ways. Both fields 
are waves traveling outward from the origin but with amplitudes which 
depend on distance and angles in a complicated manner. The easiest way 
to understand the significance of our results is to consider what they 
become in two standard limiting cases. 


Near zone 


Here kr <1, ie., r<4; hence we are close to the origin on a wave- 
length scale of distance. We can therefore use the approximation 


er ~ | (32-17) 


We see that the predominant term in (32-10) will be that which goes as 
(kr)-*; then we get as a good approximation 


iw 1 [d ; 
~ — (fx tot E a7 xf 32-18 
Hy > tart (f x poe rae (Poe “*") (32-18) 


In (32-16), the predominant terms are those which involve (kr)® in the 
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denominator. We see that these did not come from (32-11), and now from 
(31-27) we can write 


Ey = grad (div I), = —grad dy (32-19) 
where $y is obtained from (32-12) and (32-17) and is 


ha He (poe *”’) -f i 
by = —(iv Dy = PE (32-20) 
These results enable us to interpret the constant of integration, py. If we 
compare (32-20) and (19-26), we see that the electric field in the near zone 
is exactly that derived from the potential of an electric dipole located at 
the origin, whose dipole moment is pye~*”. 

This interpretation is also consistent with the result (32-18) for Hy. If 
we compare (32-18) and (19-31), we see that Hy is exactly the magnetic 
field due to a current element i ds given by 

; Pea d —iwot) dp Pe 
ids = FA ) it (32-21) 
But this is the current element which would arise from an electric dipole 
whose charge varied periodically, for, if the dipole moment is p = q ds, 
& 
dt 
since dq/dt is the current which flows as the charges on the dipole are 
changing. We see that (32-22) is the same as (32-21). 

Therefore we are justified in concluding that the fields (32-10) and 

(32-16) are the result of an oscillating electric dipole located at the origin. 


Pa. oe (32-22) 
dt 


Radiation zone 


Here kr > 1; hence r >A. The predominant terms in (32-10) and 
(32-16) are now those with Ar in the denominator; we can no longer use 
(32-17). Therefore we get 

k? 
4meor 
k? : 
=~ [f x (py x Fe?” (32-23) 


Aire or 


En = 7 — [po — FP py)le™*” 








Hz ~ ok (f x ie 
Tr 
i a tine 32-24 
™ oT ro oe ie ] ( » ) 


with the help of (1-21) and (32-4), 
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Fig. 32-1 


We see that the fields in the radiation zone have amplitudes which now 
vary only as 1/r, and they are proportional to the second time derivative of 
the dipole moment or to the rate of change of current in the oscillator. 

We can easily find the relation between the fields from (32-23) and 
(32-24); it is 


Hr = = x Ep) = ce(f x Ep) = [* (? x Ep) (32-25) 
Ho 


There are several comments to be made about these results: 


(1) Since f is in the direction of propagation, (32-23) and (32-24) show 
that both E, and Hp are perpendicular to the direction of propagation. 
In other words, at large distances, the fields become transverse waves. 

(2) From (32-25), we see that Ep and Hp are mutually perpendicular. 
We also see from (32-24) that Hz is perpendicular to the plane containing 
f and py. The mutual directions among these vectors are illustrated in Fig. 
32-1, which shows the fields at a given time. 

(3) The ratio of the magnitudes is found from (32-25) to be Ep/Hp = 


J Mo/€o = Zo. Therefore these fields in the radiation zone have the char- 
acteristics of a plane wave in free space. 

(4) Since |f x py)| ~ 0 as 6-0, both E, and Hp become zero for a 
direction of propagation along the axis of the dipole. In other words, the 
electric dipole emits no radiation in the direction of its axis. Similarly, 
the fields have maximum amplitude in a direction perpendicular to the 
dipole axis. 
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Fig, 32-2 


The direction of the Poynting vector S is seen to be radially outward 
from Fig. 32-1. We can calculate the time average value § by putting 
(32-23) and (32-24) into (28-47) and using |f x po| = |? x (pp x f)| = 
|po| sin 6. The result is 


3 2.4.8 
5 = ok |pol” sin 0. 


327° eqr* 


St (32-26) 


and, since this is positive, there is a net outward flow of energy from the 
dipole. The magnitude S in (32-26) can be rewritten with the use of (32-4) 
and (28-21) as 


4 2 
sw ae Pal sin? 0 (32-27) 


Thus the energy flux (intensity) is seen to vary as 1/r?, which is the familiar 
inverse square law for radiation intensity. The intensity varies with angle 
as sin® 6; this is illustrated in Fig. 32-2, where S is plotted as a function 
of 0. 

By integrating (32-27) over the surface of a sphere of radius r, we can 
find the total energy radiated per second by the dipole. This is 


22 (Cr 4 2 
~ 0 = [8-da=[sda=| [ sr? sin 0 a0 dg = Moe Lol (32-28) 
dt 0 Jo 127c 


and is proportional to the fourth power of the frequency and to the square 
of the dipole moment. 

Electric dipole radiation is the most common type observed in the light 
emitted by excited atoms. At the other extreme, a radio antenna can often 
be approximated as an electric dipole radiator, and (32-28) can be used to 
calculate its total radiation rate, 
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Exercises 


32-1. Find the amplitudes of the electric and magnetic fields in the radiation 
from a 100-watt lamp at a distance of 3 meters, if it is assumed that all energy 
supplied to the lamp is radiated. 

32-2. If there is an alternating current of maximum value iy in a vertical an- 
tenna of length /, and assuming that it can be treated as a dipole, find the total 
rate of radiation. Show that this power loss is the same as that which would be 
dissipated in the “radiation resistance’’ R given by R = (27/3) Z)(I/A)?. 

32-3. Show that an accelerated charge q can be formally treated as a dipole of 
moment ga/w*, where a is the acceleration, and therefore the instantaneous rate 
of radiation from the charge would be q?a?/6zegc°. 
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B23 Electron theory of matter and scattering 


In our discussion of plane waves, we found that Maxwell’s equations 
provide a connection between the Propagation properties of the waves 
and the electromagnetic constants of the medium. For example, we 
found in (28-22) that the index of refraction is given byn = / KK me We 
have also pointed out that the Maxwell theory does not tell us the values of 
these quantities, so they must be determined from experiment or from 
some microscopic theory of matter. In other words, all our experience 
with Maxwell’s equations has made us so confident of their basic correct- 
ness that we determine the quantities «, u, o by comparing experimental 
results with the predictions of the theory. Then, of course, we would like 
to be able to account for their numerical values and other properties by 
theoretical calculations based on some model of the properties of matter, 
When we consider all that we know about individual atoms and mole- 
cules, as well as their various states of aggregation, we suspect that the 
fulfillment of this aim will be very complicated to carry out exactly. This 
turns out to be true, and, as a matter of fact, it is still being vigorously 
worked on, even though very much has been accomplished in the past. 
Nevertheless, a simple, yet surprisingly satisfactory, theory of this general 
subject can be developed by using the concepts of the electron theory of 
matter, What one attempts to do in this theory is to calculate the electro- 
magnetic properties of matter by considering the mechanical behavior of a 
collection of charged mass points under the influence of applied fields. 
Although the theory we shall develop is admittedly only a first approxi- 
mation, the ideas introduced thereby are basically still the same as those 
used in more sophisticated discussions, and these ideas and the results to 
which they lead give us an adequate understanding of what is going on. 


33-1 Basic ideas of the electron theory 


We assume that each molecule contains charged particles which can be 
acted on by electric and magnetic fields, that these charges have mass, and 
that they act as if they were held to equilibrium positions by forces pro- 
portional to the displacement, that is, by restoring forces of harmonic- 
oscillator type. (We recall from our results in mechanics that this holds for 
any law of force if the displacements from equilibrium are sufficiently 
small.) In addition, it is desirable to assume that these charged particles 
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are also subject to a frictional damping force of some sort, which, as usual, 
is assumed to be proportional to the velocity. (We shall not need to 
inquire into the precise nature or origin of this damping force; it can be 
shown, however, that, for a harmonically oscillating charge, the radiated 
energy leads to an effect equivalent to a damping force proportional to the 
velocity.) 

Therefore, for each charge, we can write an equation of motion of the 
form mi = F — myt — mo,?r, where r is the displacement. If we also use 
(19-34), we can write this as 


mi + myt + mo,*r = F = e(E +i x B) (33-1) 


where e is the charge which we shall always take to be the electronic charge 
—1.60 x 10-!® coulomb. 

For simplicity, we shall always be considering the interaction between 
the medium and a plane wave. Then we see from (28-38) and (33-1) that 
we can estimate the ratio of the magnetic force to the electric force as 


F eB Ff _F 
2a, py oes Som 398 
- ~ (33-2) 


eE vic 

where v is the speed of the wave in the medium, which we can take as not 
too much different from c, as we shall consider only cases in which n is of 
the order of magnitude of unity. We can reasonably expect the velocity 
of the charges to be small enough that *<c; then we see from (33-2) 
that F,,<F,. Therefore we can simplify (33-1) by neglecting the term 
et x B. Justification for this simplification is provided by some famous 
experiments by Wiener on interference phenomena involving standing light 
waves. These experiments showed, at least for photographic plates, that 
optical effects are produced by E and not by B. 

With only E appearing in (33-1), the displacement r will be parallel to E. 
Then the problem reduces to a one-dimensional one, and we can adopt the 
scalar equation of motion 


e 


mé + myé + ma,2x = eE (33-3) 


as the basic equation of our theory. 


33-2 Scattering 


If we assume that the wavelength of our incident plane wave is large 
compared to the size of the molecule, the electric field will be approxi- 
mately constant over the space occupied by the molecule; thus we can 
assume the same value for E at a given time for all the molecular charges, 
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Therefore only the time variation of the electric field of the plane wave 
remains, and (33-3) becomes 


mé + myé + mag’a = eEye (33-4) 


where £) is the amplitude. As in Chapter 5, we find that the steady state 
displacement as obtained from (33-4) is 
e/m)E ye *”* 
= Ce ) = : oe xe vt (33-5) 
Wy — w — iyw 
Because of the much greater mass of the positively charged nucleus, we 
can assume it to be at rest at the equilibrium position. Hence the oscil- 
latory motion of the electron is equivalent to an induced electric dipole 
whose moment is 


p= ex = pe (33-6) 
where 
(e?/m)Eo 


@) — w* — iyo 


Po = (33-7) 


and therefore 
(e?/m)? |EoI" 
(@." — w°)? + (yo)? 
As a result of its forced oscillation, this induced dipole will radiate 
energy in all directions as described by (32-27). This energy, which is 
absorbed from the incident wave and then re-radiated, is called the 


scattered energy. The total rate is obtained by substituting (33-8) into 
(32-28); it is 


[Pol” = (33-8) 


dU == o(e*/m)*ar* [Eol’ 
dt = 12mc[(w.? — w)? + (yw)?] 


(33-9) 


For many purposes, particularly in comparing the scattering properties 
of different atoms and molecules, it is desirable to eliminate the arbitrary 
incident field term |£,|* appearing in (33-9). This can be done by intro- 
ducing the incident intensity J, that is, the energy flow per unit area of the 
incident plane wave; this is equal to the time average Poynting vector 
given by (28-51) as 


1 /e 
Lh=S=-./“|E/? as 
0 5) rm ol (33-10) 


A convenient quantity for our purposes is the scattering cross section o,, 
which is defined as the ratio of the total scattered energy rate to the total 
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incident intensity. Therefore, using (33-9), (33-10), and (28-21), we find 
that 


Os 


1 dU 8arr9” ot 

= _ = OS CC 3- 

ih (-F)- erate | oe 
where 


e 





(33-12) 


Arreymc” 
ro is called the classical radius of the electron. We see that o, has the 
dimensions of an area; it can be regarded as sort of an effective area of 
the charge for scattering since, if we write (33-11) as (—dU/dt) = o,f, we 
see that the total scattered energy is exactly equal to that passing through, 
and thereby intercepted by, the area o,. 


Thomson scattering 


Let us assume that @ > . This is almost the same as assuming 
@) ~ 0 and y ~ 0; that is, the electron is essentially free. This turns out 
to be a good approximation for the frequencies of X-rays. Then (33-11) 
becomes 

2 
esac’ (33-13) 
3 
so that for very high frequency the scattering cross section is independent 
of frequency. This formula was first derived for a completely free electron 
by Thomson and agrees well with experiment. 


Rayleigh scattering 
We now assume that w<,. This is the condition found for many 


materials when @ corresponds to the frequency of visible light and mp 
corresponds to the ultraviolet. Then (33-11) becomes 


2 4 
pare (2) ai (33-14) 
Mo 





ate i 
where A is the incident wavelength. Therefore, the shorter the wavelength, 
the more strongly is the incident light scattered. This is the result that is 
used to account for the blue color of the sky; the light entering the eye 
has been strongly scattered away from its direct path from the sun by the 
air molecules and, since the shortest visible wavelength corresponds to blue 
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light, this is what one mainly sees. Similarly, the red color of a sunset 
arises because the light coming to the eye through a thick layer of air has 
had virtually all the blue light scattered out of this almost direct path, 


leaving only the long wavelength (red) component of the light left to be 
seen. 


Resonance scattering 


The maximum value of o, occurs when w~ wp , and then (31-11) 
becomes 


~ 8719" (oo) 
o,~ —(— (33-15) 
oy 

which is generally very large compared to the free electron cross section 
given by (33-13). One example of resonance scattering occurs when 
sodium vapor is illuminated with the characteristic yellow sodium radia- 
tion. The whole volume of the vapor then becomes luminous because it is 
strongly scattering radiation of its natural frequency. 


Polarization properties 


The induced molecular dipoles have their axes parallel to the incident 
electric field, according to (33-3). Therefore, from (32-27), we see that 
there will also be no radiation scattered in this direction. If we now look 
in Fig. 33-la at the scattered radiation in the direction OA, which is 
perpendicular both to the direction of the dipole axis and the direction of 
propagation of the incident wave, we see that not only is the radiation a 
maximum in this direction (or in any direction in this same plane) but 


(a) (b) 
Fig. 33-1 
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also that it is polarized in the sense that the scattered electric field is parallel 
to the incident electric field. The arrows on the dashed line indicate the 
dependence of the intensity of the scattered radiation upon the angle 
from OA. 

Now let us consider Fig. 33-15, which shows what occurs when the 
incident radiation is unpolarized; that is, the incident electric fields have 
all possible directions. Then we see that the molecular dipoles will have all 
possible directions of oscillation as well, but they will all lie in the plane 
transverse to the incident direction, and the scattered radiation will still be 
polarized with the electric field in the plane perpendicular to the direction 
of incidence. 

The fact that scattered light is polarized can be verified by observing the 
light scattered from the sky, and one finds that it has an appreciable 
degree of polarization. It was first shown by means of scattering experi- 
ments that X-rays can be polarized, and those results provided some of 
the early evidence that X-rays are also electromagnetic waves. 


33-3 Coherence and incoherence 


In the preceding sections we calculated the scattering from a single 
electron when a plane wave acts on it. When we discussed the results, we 
implicitly assumed that what is characteristic of a single induced dipole is 
characteristic of a collection of them. That is, if there are N scatterers, we 
have assumed that 


Total scattered intensity = N 
x (scattered intensity from a single dipole) (33-16) 


In practice, it is found that (33-16) holds very well for a gas but is not 
always generally true, as, for example, when the scattering atoms or 
molecules are regularly arranged, as in a crystalline solid. We now want to 
consider this whole question in more detail and thereby find under what 
conditions our assumption stated in (33-16) can be justified. 

Maxwell’s equations are linear; therefore they obey the superposition 
principle, that is, the total amplitude of a field is the sum of the amplitudes 
of the individual waves. For example, if we consider any component of 
the electric field, then 


Evota = E= > E, (33-17) 
7 


where E, is the amplitude produced by the jth scatterer. Then, from 
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(28-51), the total scattered intensity will be proportional to the time average 
of the square of (33-17); that is, 


I~E? = (= E,) “> E? (33-18) 


will be generally true. Since the intensity J; produced by the jth scatterer 
will be proportional to E,?, we see that (33-18) says that 


I¥ DI, (33-19) 
a 


will ordinarily obtain. In other words, we must expect that the total 
scattered intensity is not necessarily equal to the sum of the individual 
intensities; on the other hand, (33-16) says that the total intensity is equal 
to the sum of the individual intensities, and this is often found to be true in 
practice. 

The key to this apparent contradiction is to be found in the relations 
among the phases of the waves involved in the superposition (33-17). If 
the phases have fixed relations with respect to each other, they are said to 
be coherent; if the phases have random relations with respect to each other, 
they are said to be incoherent. We shall find below that, when we have 
coherence, we must always be sure to add the amplitudes; if we have 
incoherence, we can safely add intensities as in (33-16). 

Since the waves are all proportional to e““''~®, we see that the field 
at a given point due to a given source can be written 


E; = Eye Hatem! (33-20) 


where the phase «, will depend on the distance from the scatterer, the 
distance from the primary source of the incident radiation, the initial 
conditions, etc. Assuming Ep, to be real, and taking the real part of (33-20), 
we find that we can write 


E; = Ey; cos (wt — «;) (33-21) 


and that, when we insert (33-21) into (33-17) to find the resultant amplitude, 
we obtain 


E= (x Eo; cos x,) cos wt + (x Eo; sin x,) sin@wt (33-22) 
j j 


Using the relations immediately following (28-45), we find the time average 
of the square of (33-22) to be 


E! = {(3 Ep, cos x,) + (x E,, sin x,) | (33-23) 
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Let us consider one of these terms in (33-23). It can be written 


2 
(x Ey; Cos x, = (Ep, COS % + Eye COS % + °**)? 
j 
== > Ey," cos" a, + EjEn COS &; COS a, (33-24) 
' 3 d me J j 
a j 


RE; 
Now let us assume that we are dealing with identical scatterers; let us also 
assume that the phases are incoherent and therefore completely independ- 
ent. The cosines are just as likely to be positive as they are to be negative, 
and for a large number of scatterers the last sum in (33-24) will be zero as a 
result of mutual cancellation of terms, and we shall be left with only the 
first term on the right. We shall obtain a similar result for the summation 
involving sin «;; hence, for incoherent phases, (33-23) becomes simply 


EP = 4 Ey;(cos* a, + sin®a,) = > 4Eo? = > E? (33-25) 
] ) a 


because of (33-21). Therefore (33-25) represents a situation in which 
intensities add; if the scatterers are identical, Ey; = Ey) and E? = N(4E,”), 
which is equivalent to (33-16). 

If the phases are coherent, with fixed relations among them, we cannot 
say that the last sum in (33-24) will be zero; hence we shall generally have 
a situation in which (33-19) applies, although the exact value of J cannot be 
found until the precise relationships among the phases are known. As an 
extreme illustration, let us consider the situation in which all phases are 
equal, and, for simplicity, let us set «; = 0. Then (33-23) becomes E? = 
i(> E,,)*. If, in addition, all the amplitudes are equal so that Eo; = Ep, 


P| — 
then, by (33-22), E = NE, cos wt and E? = N*(3E,”), giving for this case 
the result 


Total intensity = N? 
x (scattered intensity from a single dipole) (32-26) 


which is considerably different from (33-16). 

The situations involving coherent phases in which the resultant ampli- 
tude can range from zero to the sum of the magnitudes of the individual 
amplitudes, depending on the precise relations among thy phases, are 
exactly the phenomena called interference and diffraction in optics. We 
shall consider some of these phenomena in detail in later chapters. 

Now let us apply these ideas of coherence to the problem of scattering 
by gas molecules. The phase of the scattered wave at the point P shown in 
Fig. 33-2a, arising from a molecule located at 1, will depend on the distance 
the wave has traveled from the source to 1, and from 1 to P. Since the 
molecules of a gas have no permanent locations with respect to each other, 
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Fig. 33-2 


their path lengths will be randomly related, their phases will be incoherent 
and we shall be justified in adding intensities, as stated in (33-16) and 
observed experimentally. This procedure would not be permissible, for 
example, in discussing the scattering of X-rays in crystals, where the 
various atoms have fixed positions in the lattice, so that one observes inter- 
ference instead. 

T he use of (33-16) would also not be very valid if we were looking at the 
radiation which is scattered from a gas and is observed in a direction close 
to the incident direction as is illustrated in Fig. 33-2b. If we are far enough 
in front, the path lengths are all about the same, the phases are approxi- 
mately equal, and we get interference rather than incoherent scattering. 
In fact, this is the origin of the phenomenon of refraction, and we could 
show rigorously that it is the interference between the forward scattered 
waves and the original incident wave that produces a resultant wave 
traveling with the velocity given by (28-20), so that the medium can be 
described by the index of refraction, n. However, we shall not calculate 
in this way; instead, in the next chapter, we shall use a simpler method 
which is based on (33-4) and gives basically the same results. We should 
not be too surprised, therefore, to find that the formulas we shall obtain 
beara marked resemblance to those we have used in this chapter to describe 
scattering. 


34 Dispersion 


When we studied the propagation of plane waves in a conducting medium, 
we found that the medium could be described by a complex index of 
refraction which is given by (29-52), (29-53), and (28-10) as N =n + if = 
{KKmLL + (ia/K,¢9@)]}, where n is the ordinary index of refraction. The 
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existence of a complex index of refraction implied the absorption of energy 
from the wave. We have already pointed out that the quantities involved in 
the expression above are not constants because they are found to vary with 
frequency. This frequency dependence is called dispersion and is what we 
now want to calculate by means of the electron theory. 

We consider first the case in which the medium is non-conducting; that 
is, o = 0. If we also assume the very common situation in which the 
material is non-magnetic, «,, = 1, and the complex index of refraction is 
given by the easily remembered formula 


n+ ip=v«, (34-1) 


One might wonder why we are still including the imaginary part # in 
(34-1) since we have assumed zero conductivity. Our equation of motion 
for the electron (33-3) includes a damping term, and, as we found in 
Chapter 5, this will also lead to energy absorption. Hence we can expect, 
in advance, that there should be some absorption in a non-conducting 
medium, an effect which we have not previously included. 

It is now very easy to outline the procedure by which we shall calculate 


the index of refraction by means of (34-1). Starting from our equation of — 


motion, we find the displacement of the electron under the influence of the 
field. Then we can find P, the average electric dipole moment per unit 
volume as defined in (19-16). Finally, we get x, = 1+ x, = 1 + (P/eE) 
as given by (22-2) and (22-4), and then substitute the resulting expression 
into (34-1). We shall illustrate this procedure by beginning with the 
simplest example. 


34-1 Gases 


The molecules in a gas can be assumed to be so far apart on the average — 


that the interactions among the molecules can be neglected. Therefore 
we can safely assume that the field acting on the charges is that of the 
incident wave. The steady state displacement is then given again by 
(33-5) and the induced dipole moment by (33-6). Therefore, by (19-16), 
the polarization is 


N(e?/m)E 


Wy — w — iyw 


P= (34-2) 
where N is the number of charges per unit volume. 

So far we have assumed that there is only one type of charge which is 
characterized by the constants «,? and y. It is quite reasonable to expect 
that the electrons are not all in identical situations within the molecules, 
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and that there should be different pairs of characteristic frequencies w,? 
and associated damping factors y,, each pair reflecting the particular 
environment in which the given type of electron is found. Therefore, if we 
define N; = number of electrons per unit volume characterized by the 
constants w,* and y,, we can easily generalize (34-2) so that the total polari- 
zation of the material is now given by 


2 

p=Ey— “Niel _ (34-3) 
7 0; — wo — ivjw 

and, if we use (22-2) and (22-4), we obtain 

Ne 
xy = 1 + 5 —Ndeime) _ (34-4) 

7 0; — wo — ipso 
If w = 0, this becomes 
2 
Ae ep) (*) (34-5) 
Méy i \O; 


and shows how the static value of the dielectric constant can be related to 
the natural frequencies of the electrons. 

For gases, it turns out that the summation in (34-4) is very small com- 
pared to unity, so that, when we insert (34-4) into (34-1), we can use the 


approximation JVIi+ae1+ $a and get 





2 
n+ ip=1+5y Nei) 
j 


2 : 
7 — @ — iy 


(34-6) 


We can find n and separately by multiplying the numerator and denomi- 
nator of the summation by (w,;? — w* + iy,w) and equating real and imagi- 
nary parts of both sides; the results are 


s 1 (N,e"/me,(w;? — w?) 

eh he es f 

" 2> (0, — 0) + Gay ae 
1 (N ,e"/meg)y ;@ 

== ye Oe 34-8 

‘ - > (w,? — w®)’ + (yw)? she 


As a qualitative check on the reasonableness of our results, we note 
first of all that, if y; = 0, 8 = 0. Thus, as we expected, it is the damping 
terms in the equations of motion which lead to the absorption of energy 
from the wave, Also, { = 0 if m = 0; hence there is no energy absorbed 
from a static field, 
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Fig. 34-1 


In order to see the general nature of the variation with frequency pre- 
dicted by these equations, let us assume only one set of constants, w,” and y. 
Then (34-7) and (34-8) become 


n-1= 1 (Nelfme yoo" ca a) (34-7') 
2 [(wo” — w*)? + (yo)"] 
p= 1 (We*/me)yo___ (34-8’) 


2 [(c9" — w*)? + (yo)"] 


These are plotted as functions of w in Fig. 34-1. The frequency region near 
@, in which both the index of refraction and the absorption factor are 
changing rapidly is called the region of anomalous dispersion. In the 
general case, (34-7) and (34-8), the dispersion curve will consist of a 
superposition of curves like those of Fig. 34-1, with an anomalous dis- 
persion region around each of the ,. This is actually the type of dispersion 
curve that is observed in gaseous media; by fitting a curve like this to that 
observed, one can evaluate the parameters w,, y;, and Nj. 


34-2 Liquids and solids 


In these materials, the molecules are sufficiently close to each other that 
the effect of interactions among the molecules can be neglected no longer. 


Since the material is polarized,.we expect that the actual electric field on a — 


given charge will have a contribution from the polarization and hence it 
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will be different from the applied field. The usual way of approximating 
this is to imagine a small sphere centered at the position of the electron in 
question to be cut out of the material as shown in Fig. 34-2a. The sphere 
is to be large enough that the material outside of it can be described in 
terms of the continuous polarization P. Then, because of the discontinuity 
in P, there are bound surface charges on the sphere which contribute to the 
local field E’. Using (22-11) and Fig. 34-25, we see that this surface charge 
density is op = P,, = P cos 6, and therefore the magnitude of the field 
produced by the charge on the area da is dE’ = op da/4rregr®, according to 
(19-6). The components normal to the direction of P will clearly cancel; 
hence, upon integrating over all the surface, we find the local field E’ to be 
parallel to P and equal to 





27 (7 20. faz 
B' = [dE" cos 0 = P [ fe r’sin@d0dp _ P (34-9) 
€y Jo JO 3€9 


4m r? € 

This result is the contribution to the local field from all the material outside 
the sphere. We still have to calculate the contribution due to the molecules 
within the small sphere. It can be shown that this contribution averages to 
zero in an isotropic material such as a liquid, or when the molecules are 
arranged on a cubic lattice. 

Therefore, if E is still the applied electric field, the total electric field 
acting on the charge is 

iw karate. (34-10) 
3€5 

There are two ways in which we can use (34-10). The final results will 
contain the same information, of course, but they will be stated in some- 
what different terms. 


Oo 


(a) (b) 
Fig, 34-2 
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The first method is to replace E by E, in the results of our calculations 
for gases. Thus, for example, (34-3) becomes 





2 
P= (e i =) Mca AAS Ua (34-11) 
3€9/ “7 w;" — w — iyo 
Now, using P = (x, — 1)e9E, we can easily show that 
a Stone 3e(§ cs ) (34-12) 
E + (P/3e,) x, +2 


When we substitute (34-12) into (34-11) and use (34-1), we obtain 
k—1_ (n+ ify—1 = 1 (N ,e"/me,) 
ket 2 (n+ip'+2 30? — w — iyo 


If we now let f; = N,/N = fraction of the total number of charges per unit 
volume which are of type j, (34-13) can be written 


(n + ip)? hind 1 (f,e"/méy) 


(34-13) 


(34-14) 


Since the right side is a function of , it will be constant for a given 
frequency. 

As a special case, let us consider a transparent material for which B = 0. 
Then, for a fixed frequency, (34-14) gives 





n?—1\ 1 
(5 . ;) 7 const. (34-15) 
where d is the density, which is proportional to N. This relation is called 
the Lorenz-Lorentz law; it tells how the index of refraction depends on the 
density of the medium. It is amazingly accurate for many materials, even 
to the point of being approximately correct for the case in which a liquid 
transforms to the vapor phase. 

If we let w — 0, so that we obtain the condition for static fields, (34-13) 
and (34-14) together give the limiting expression 


(=) Ne aa chiush (34-16) 
K,+2/ d 
which is known as the Clausius-Mossotti relation. 

What we have obtained in this manner, therefore, are equations which 
predict anomalous dispersion for the quantity (m® — 1)/(n? + 2) rather 
than simply for 7 as in (34-7); the anomalous dispersion regions occur for 
the fixed frequencies w, and are of the type shown in Fig. 34-1, 

The other way of using (34-10) is to put this field directly into the 
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equation of motion (33-3). We shall not get simple results except by 
assuming that there is only one type of electron; in this case, (33-3) 
becomes 


mé + myé + mw,2x = e[E + (P/3¢€9)] (34-17) 
If we now substitute P = Nex, we find that (34-17) can be written 
mé + myé + ma) ?x = eE (34-18) 
where 
Wo? = we? — (Ne*/3me) (34-19) 


This will lead at once to (34-6), except that now «,? will be replaced by 
2. This will give us the same type of dispersion formula for the same 
quantities as those we found for gases, but now the natural frequencies Wo 
will be functions of the density since N is proportional to the density. 


34-3 Metals 


The simplest picture of conduction in metals which one can adopt is that 
some of the electrons are no longer bound to equilibrium positions but are 
free to travel through the metal and thereby carry the current. Therefore 
we can set w,” = 0, and (33-3) becomes 


mé + mya = eE = eE,e (34-20) 
If we assume a solution of the form 
¢ = aye (34-21) 
and substitute this into (34-20), we find that 
Sel ee at (34-22) 
my — imo 


Now the current density is 
J = pv = Net = cE (34-23) 


from (19-1) and (24-7). If we substitute (34-22) into (34-23), we find that 
the conductivity is given by 


o = (34-24) 
1 — i(w/y) 
where : 
TE A (34-25) 
my 


Therefore the conductivity shows dispersion in that it is a function of 
frequency. The constant ay is the conductivity at zero frequency, as we see 
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by putting w = 0 into (34-24). The result (34-25) also shows, as we would 
expect, that the damping term in the equation of motion leads to resistance; 
the smaller the value of y is, the less is the resistance to the electron motion, 
and the greater the conductivity. 
Now, if we look back at (28-10), we see that when x,, ~ 1, we have 
 \ 
n+ tp ioe («. + =| (34-26) 
Eo 
Hence the effect of conductivity, as far as wave propagation is concerned, 
is to make the dielectric constant complex and merely requires that we 
replace x, by x, + (io/€yw). Therefore, if we combine (34-26) and (34-4) 
and use (34-24), we get 
(n+ ip)? =k, + (=) w= 1 + icine pi > (N je*/mey) 
€o@ —w—iyo Fo? — w — iyw 


(34-27) 


where N is now the number of free electrons per unit volume in the 
material. We see at once that the second term in (34-27), which is the 
contribution of the free electrons, is exactly of the form of the terms in- 
volved in the summation, except that «,? is absent, since there are no restor- 
ing forces on these electrons. Therefore (34-27) tells us in general that the 
resultant absorption term # and the index of refraction n involve contri- 
butions from both the free and the bound electrons in the material, 
However, they do not contribute equally, and their relative importance in 
determining 7 and f also depends on the frequency region under consider- 
ation. This is most easily seen by beginning to find n and separately. 

If we write (n + if)? = (n? — B) + i2nB and then equate the real and 
imaginary parts on both sides of (34-27), we find 


2 gt — Lael 4 (NaetImen(o? — 0°) ag 
ra T+ (ly * F(@e—o + Go) (34-28) 


_ _(G9/@eo) (N ,e?/meg)y j@ 

in 8 itu: ad Meo reine << nguleaetieeantets loomencien . 

P= Tew 2 @s—a98+ ae OI 
We could go on and solve these for n and f if we desired, but this is not 
necessary for our purposes. 

We see that these formulas are quite complicated, but a few general 
things can be said about them. Let us begin by considering the lows — 
frequency case; by this we mean w < do/€q Or d9/Wey > 1. We previously — 
discussed exactly this situation in Sec. 29-5 in connection with the skin 
effect. As w — 0, we see that (34-28) and (34-29) become . 


nt — f2>1+A and 2nB—>(ao/we,) > 1 (34- 
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where A is a small quantity which never becomes very large because for 
w ~ 0 there are no terms which can give resonance. Since the product nf 
is very large, while the difference n? — f remains practically constant and 
in fact, negligible compared to either n or 8, (34-30) simply means that in 
this limiting case of low frequency 


These values are exactly those given in (29-65) and found by another 
method. Therefore, at low enough frequencies, all the propagation 
properties are completely determined by the conductivity and the effects of 
the bound electrons are masked by those of the free electrons. 

For other frequency ranges, we shall have to content ourselves with 
qualitative remarks about the relative contributions of the electrons. At 
intermediate frequencies, by which we mean infrared or visible, the free 
and bound electrons are both important and the behavior of » and f can 
be quite complicated. As we get into high frequencies (ultraviolet and 
beyond), the effects of the bound electrons become dominant because of 
their many resonant frequencies in this region; in other words, the free 
electrons may as well not be there as far as the optical properties are con- 
cerned, and a metal acts like an insulator. In the extreme high-frequency 
case, in which w > (any possible natural frequency), (34-28) and (34-29) 
become n? — 62> 1 and 2nf —0, so that 6 +0 and n—>1. Hence the 
medium should be completely transparent according to this model. This 
is not what is observed, however, because effects of quantum theory be- 
come very important at extremely high frequencies, and these effects, of 
course, are not included in our simple classical electron theory of matter. 


Exercises 


34-1. Assuming that y; < w,;, show that for gases the maximum and minimum 
values of n in an anomalous region occur at frequencies where the value of f is 
half its maximum. 

34-2. The quantity 


n2=—1M 
nm+2d 


is called the molecular refractivity of a compound of molecular weight M. 
Neglecting damping terms, show that the molecular refractivity equals the sum 
of the atomic refractivities of the atoms forming the compound. What sort of 
experiments could you do to check this result? What possible applications can 
you make of this result? 
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35 Huygens’ principle 


Most of our discussion of electromagnetic waves so far has been limited to 
waves of infinite extent. The effect of boundaries on the region containing 
electromagnetic energy is of great importance because the situations most 
commonly encountered involve bounding surfaces of one sort or another. 
We considered one aspect of this problem in Chapter 30 when we discussed 
the normal modes of the field in regions with perfectly conducting bounding 
surfaces. Another aspect of the effect of boundaries arises when we 
consider what will happen when a plane wave of unlimited extent is 
incident upon a perfectly absorbing boundary, or screen, containing 
openings of assorted sizes and shapes. It is evident that some of the 
incident energy will be transmitted through the openings, but we should 
like to know how much of it will be transmitted, and how it will be dis- 
tributed throughout the region on the other side of the screen. As we 
shall see, phenomena of this type involve the superposition of waves with 
coherent phases. 


The simplest answer to the problem posed above is that given by: 


geometrical optics. In this description, there is a discontinuity in the 
radiation: the fields have their normal values in the geometrically defined 
region into which the radiation could go if it traveled in straight lines; 
outside this region, i.e., in the shadow, the fields and their associated energy 
densities are zero. 

It is a matter of common observation that this is approximately correct, 
since people, posts, buildings etc., all cast sharp shadows. However, if we 
investigate more closely we find that there is some radiation which does go 
into the geometric shadow region, so that the transition in energy density 
is not abrupt, but instead the intensity varies more or less rapidly as one 
penetrates into the shadow. It is also found that the intensity does not 
decrease smoothly to zero, but instead there are maxima and minima in the 
intensity variation. This behavior, which is characteristic of all types of 
waves, is known as diffraction and is what we now want to consider. 

In order to solve this problem exactly, we should have to find solutions 
of the wave equation for E and H which satisfy Maxwell’s equations in the 
absorbing screen as well as in all the rest of space. In addition, these 
fields would have to satisfy all the appropriate boundary conditions, taking 
into account the fact that the electromagnetic properties of these different 
regions (4, €, o) are probably all different. If we could do all of this, we 


_ could expect that the solutions found in this way would answer all the 
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possible questions we could ask about intensity, polarization, and direc- 
tions of propagation of the waves. This overall problem is so difficult that it 
has not been solved in general, although it has been worked through for a 
few special cases. Diffraction of electromagnetic waves is a research field 
to which a considerable amount of work is being devoted at present, and 
more elaborate and successful methods of treating it have been devised than 
we are able to consider. We shall not attempt to treat this problem in 
general, but instead we shall discuss an approximate treatment which 
turns out to be surprisingly accurate for a large fraction of the possible 
cases and gives a basic idea of the physical situation which results in 
diffraction. 

The concept, which is the basis of our considerations, is known as 
Huygens’ principle. In its most elementary form it says that each point on a 
wave front can be regarded as a source of a new spherical wave which has a 
radius v At after a time At. The new wave front is then considered to be the 
envelope of all these spherical ‘‘wavelets.’’ Thus, as shown in Fig. 
35-la, Huygens’ principle describes the progress of the wave front in this 
way. This construction is often used in elementary textbooks to derive the 
straight line propagation of light waves, as well as the laws of reflection 
and refraction. One of the difficulties of this elementary formulation is 
that it looks as if there should be a wave front going backward as well as 
forward, and this is definitely not observed. We shall come back to this 
point later on. 

Fresnel and Young generalized and improved these ideas somewhat in 
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the following way. Suppose one wished to find the wave amplitude at 
some point P as shown in Fig. 35-1b. Their basic idea was that one should 
add all the wavelets arriving from all the points QO, R, S,..., assuming 
that the wavelets have a certain amplitude at these points, taking into 
account the dependence of the amplitude on the distance of the point on 
the wave front from P, and including the fact that all these wavelets will 
have different phase factors e***, Actually, the surface Q, R, S,... need 
not be a wave front at all; it could be any closed surface for which the 
correct amplitude and phase could be assigned to each wavelet. 

In general terms, therefore, what we shall mean by Huygens’ principle is 
the statement that the amplitude at P is determined by the amplitude at all 
points on a surface enclosing P. When put this way, this principle is 
reminiscent of the solution we obtained in (21-32) for Poisson’s equation 
by our use of Green’s theorem. Asa matter of fact, the method of attacking 
diffraction problems which we shall use, and which is due to Kirchhoff, is 
based on a solution of the wave equation which is obtained with the use of 
Green’s theorem. 


35-1 Kirchhoff’s formulation of Huygens’ principle 


We found in (28-5) and (28-6) that E and H satisfy the equations 


EE) 3208 os 


and the average intensity for these transverse waves is given in (28-50) as 
Su+ me |E/? a ~ |E/? (35-2) 
2N bu 


where E£ is the magnitude of the electric field. 

This suggests the idea of representing the radiation by the single scalar U, 
which can be the magnitude of the electric field because the magnitude 
would be the only component in a properly chosen coordinate system. 
Then we would have 


1 0@U 
VU = —— 35-3 
v® or ( ) 
Intensity = J~ |U|? = UU* (35-4) 


These two equations contain the basic assumption of our discussion of 
diffraction, namely, that the wave can be represented by a scalar quantity 


such that the intensity (energy flaw) is proportional to the absolute square 


of this scalar. 
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If we discuss radiation of a single frequency (monochromatic), we can 
set 


U = u(x, y, ze?" (35-5) 
Substituting (35-5) into (35-3), we obtain 
V7u + ku = 0 (35-6) 
where, as usual, 
Shen Sate (35-7) 
v A 


We also find that (35-4) becomes 
I~ |u|? = uu* (35-8) 


In Green’s theorem (21-21), let us replace ¢ by u and y by v, where both 
u and v satisfy (35-6). Then 


u Vv — v V2u = —k2w + keuv = 0 


so that (21-21) becomes 


[ (u grad v — v grad u)-da=0 (35-9) 
s 


where S is some arbitrary closed surface. 
Let us choose v to be the simplest solution of (35-6), that is,v = u(r), We 
previously found that this is given in its dependence on r by (32-5) as 


ikr 
pm see (35-10) 
r 


Since v becomes infinite at r = O, that is, at the point P where we wish to 
find u, we must exclude a region about P from our volume of integration. 
We again do this by constructing a small sphere of radius R whose center 
is at P as shown in Fig. 35-2. Then the total surface of integration in 
(35-9) includes the surface of the sphere, &. The outer normal to ¥ is 
directed toward P as shown. Then (35-9) and (35-10) combined become 


kr ikr 
I E grad (<) — (=) grad u] -da 
M r r 


eikr eikr 
+] E grad (<) = (=) grad 4] -da=0 (35-11) 
Ss r r 


As before, we are interested in the limiting value of the integral over = 
as the sphere is shrunk down to zero radius, We assume that u and grad u 
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da 


Fig. 35-2 


are continuous and bounded everywhere. Proceeding exactly as in Sec. 
21-3, we find that 

} etkr 
lim (=) gradu-da 


Ro-oJ=\r 


eikR 
= lim (=) |grad u|p 47R? 
R70\ R 


= lim const. R = 0 (35-12) | 


R-0 


To do the other integral over X, we use (32-6), (32-9), the fact that # = —fi, 
and da = fi da, and we find 


eikr 
lim | u grad (=) -da 
R-0 Jz r 


R-0 


= iim wpe ( see 5) 4nR® = 4rup (35-13) _ 


R 
where up is the value of uat P. Combining (35-11), (35-12), and (35-13), we 
find that up is given by 


1 eikr etkr 
up = — —) grad u — u grad melt da (35-14) 


4n JS r 


which is our desired result and expresses the value of the solution of (35-6) 
at P in terms of its values and that of its gradient on the closed surface $ 
surrounding P. 

The question then naturally arises: What values would we adopt for u 
on the surface if, for example, the surface should consist of an absorbing 
screen with holes cut in it? The natural assumption to make is the one we 
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shall adopt: We assume that the value of u is the same as it would be if 
the screen were not there. This obviously cannot be exactly correct, but 
it will work out sufficiently well for our purposes; actually, there is no 
reasonable alternative assumption which we can make since we are not 
able to solve the exact problem anyhow to find the true values of u on S. 

Since we are going to apply (35-14) only to problems involving openings 
in perfectly absorbing screens, the only part of the surface integration 
which will contribute, i.e., where u # 0, is that from the integration over 
the openings, or over the aperture as it is called, and which we shall sym- 
bolize by 7. Thus we can now write (35-14) as 


igi = | (=) prad’x is grad (=)] deren GRAS) 
Ph Jel \ r r 


In order to obtain a definite expression for u, we shall specialize even 
further to a case in which the original source is a point source Q as shown 
in Fig. 35-3. Since the wave from Q is a spherical one whose amplitude 
depends only on r,, the value of u must have the general form of (35-10), 
so that the value of u at the aperture due to Q is 

A etfri 
Uy = 





(35-16) 


ry 


where A is some amplitude. We can use (32-6) and (32-9) to evaluate 
grad u at &W; the result is 


(grad u)e = Aik _ 1 )emt (35-17) 
r 


1 ry 
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Fig. 35-3 
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If we put (35-16) and (35-17) into (35-15) and use (32-9), (1-7), and da = 
fi da, we obtain 


ik(r+ry) 
i eee Odea (ix io *) Cos (8; a). + (i 1s | cos (8, | éa 
r 


4n J rr, ry 
(35-18) 





where (f, fi) is the angle between f and fi, etc. 
We now further assume that r > A and r, > /, so that, according to 
(35-7), 


es and ee b (35-19) 
r ry 

This assumption is true in virtually all practical cases at optical fre- 
quencies; it will not necessarily be correct at longer wavelengths, such as 
in the microwave region, unless you get very far from the source and 
aperture. Then we can simplify (35-18) even more to get 








ika [ eth(rtr) 
Up = — [ [cos (f, fi) — cos (#,, fi)] da (35-20) 
4n J rr, 
which expresses the value of u at P as a superposition of wavelets whose 
amplitudes have a complicated dependence on distance and direction. 
The term in brackets in (35-20) is known as the obliquity factor, and it 
tells how the wavelet amplitude depends on angle. In order to illustrate its 
effect, let us consider the simple aperture shown in Fig. 35-4a. Since 
cos (f, fi) = cos 0, and cos (f,, fi) = cos 7 = —1, the obliquity factor is 
1 + cos 9. This is plotted in Fig. 35-4, where we see that in the backward 
direction (6 = 7) the wavelet amplitude is zero, showing that the wavelets 
do not travel backwards, thus removing the previous objection to our 
qualitative statement of Huygens’ principle. 


(@) (0) 
Fig, 35-4 
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We can still simplify (35-20) even more by assuming a situation which is 
almost always true in practice, namely, that r and r, are both very large as 
compared to the dimensions of the aperture. Then, as we integrate over 
the aperture, neither the obliquity factor nor the term rr, in the denomi- 
nator will differ much from some appropriate average values. Therefore 
we can replace them by their average values and take them out from under 
the integral without introducing any appreciable error. We cannot make 
this simplification in the exponential term in (35-20), however, because 
both r and r, are multiplied by the large factor k = 27/4, and even small 
changes in r and r, can make a large change in the value of the exponential. 
If we do this, (35-20) becomes 


up = ec heer da (35-21) 
where 


F ik 


Uy = — 





A (cos iB) — cos FA] (35-22) 
TPP, 

We can make one more simplification of (35-21) in a way which corre- 
sponds to the most common experimental arrangements used to study 
diffraction, and which will not make us lose any of the essential features of 
diffraction phenomena. We shall assume that the source is so far away 
that the wave incident upon the aperture is a plane wave and is incident 
normally upon the aperture (or equivalently, that the wave has been made 
plane by some suitable lens system). Then the distance r, will be the same 
for each point of the aperture so that e**": will be a constant and can be 
taken out from under the integral in (35-21). Therefore, if we set 

Ug’ = uye™" (35-23) 
we can write 


Up = ue [em da (35-24) 


as our final formulation of Huygens’ principle which we use together with 
(35-8). Actually, since we shall only be comparing intensities in what we 
shall do later, the constant of proportionality in (35-8) will always cancel 
out of every ratio we form; therefore we may as well set it equal to unity 
and write (35-8) simply as 

Ip = |up|* (35-25) 


35-2 Classification of diffraction phenomena 


It turns out that essentially two types of diffraction are found: the 
pattern is observed at distances from the aperture which are comparable to 
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‘Fig, 35-5 


the dimensions of the aperture, or at distances which are large compared 
to the dimensions of the aperture. In the first type, which is known as 
Fresnel diffraction, the illuminated part of the pattern has a size and shape 
comparable to that of the aperture; in the second type, which is known as 
Fraunhofer diffraction, the pattern has no resemblance to the aperture. We 
now want to find a mathematical criterion for distinguishing between these 
two. 

Let us place the origin at a convenient point in the plane of the aperture, 
which we take as the xy plane so that z is normal to the plane (Fig. 35-5). 
The coordinates of P are x,y,z, and those of a point in the aperture 
&,. Then we see that 


re [EP HY — a + ep (35-26) 
If we let 
R=(2+ y+ 2)% (35-27) 
be the distance of P from the origin, (35-26) can be written 
r = [R® — 2eé + yn) + & + 9] (35-28) 
We also let « and £ be the direction cosines of the line OP, so that 
x 
Wrndoinpehicteni © p = cos B= 5 (35-29) 
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and (35-28) can be written 


rari Fe (QP os 


If we expand (35-30) in powers of é and 7, using (1 + 2) = 1 + $a — 
$a? +--+, and keeping only quadratic powers of and 7, we find that 
(35-30) becomes 


r= R—(aé + Bn) + =z (6? + 1? — (aé + Bn)*] (35-31) 


If we now write (35-31) as 


r=R+ $n) (35-32) 
and set 
Up = u,'e** (35-33) 
then (35-24) becomes 
Up = Uo fusman dé dn (35-34) 


where $(&, 7) is a power series in the coordinates (¢, 7) of the aperture and 
involves the constant value of R as well. 
We can now classify the two types of diffraction in terms of ¢. 


Fresnel diffraction 


The pattern is studied so close to the aperture that (€/R) and (7/R) are 
large enough that the quadratic terms cannot be neglected. Therefore, 
from (35-31) and (35-32), 


$ (Fresnel) = —(af + Bn) + = [e+ n? — (a + Any] (35-35) 


Fraunhofer diffraction 


The pattern is studied so far from the aperture that (&/R) and (7/R) are 
small enough that we can neglect quadratic terms. Therefore 


¢ (Fraunhofer) = —(aé + Bn) (35-36) 


Exercise 


35-1. Twoapertures are said to be complementaryif the openings in one are the 
same as the opaque portions of the other; that is, if the two apertures are super- 
imposed, they form a completely opaque screen, Babinet’s theorem says that 
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the diffraction patterns produced by complementary screens are identical, except 
in the direction of the incident beam. Use (35-24) and (35-25) to prove this 
theorem. 


86 Fraunhofer diffraction 


Since Fraunhofer diffraction is the simpler type to study, both theoretically 
and experimentally, we shall begin with it. 


36-1 Infinite slit 


We let the aperture consist of a slit which is infinitely long in the y 
direction and has a width a, as shown in Fig. 36-1. We choose our origin at 
the center of the slit. Because of the infinite length of the slit, the intensity 
distribution as a function of angle will be the same in any plane parallel 
to the xz plane; hence we need only solve the two-dimensional problem in 
the zz plane. If we let 6 be the angle between OP and the normal Oz, we see 
that « = sin 0, 8 = 0, and (35-36) becomes 


$= —ésin 6 (36-1) 


Then, if we substitute (36-1) into (35-34) and include the constant contri- 
bution from the integral over 7 in up), we obtain 


- ~iké sin 0 ey—e* sin y 
Up = Uy es e dé = uya Tae = Ua : (36-2) 








Fig, 36-1 
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where 
kasin@ _ wasin0 
2 36-3 
5 Fl (36-3) 
Therefore (35-25) gives the intensity in the direction OP as 
. 2 ‘ 2 
=a" ial" (222) =I (#22) (36-4) 
Y - 


where J, is the maximum intensity. 

We see that the intensity is a maximum in the direction corresponding to 
y =0, i.e., 6 =0. The intensity is zero in directions corresponding to 
y = nr or, from (36-3), for angles given by the relation 


asin§ =nd (36-5) 


where n = +1, +2, +3,.... The result (36-5) is the well-known con- 
dition for the minima in the diffraction pattern from a single slit. 

A plot of the intensity as a function of y, and thereby of # by means of 
(36-3), is shown in Fig. 36-2. We see that there are alternately directions 
of minimum and maximum intensity. The positions of the maxima are 
approximately halfway between the minima, that is, when sin y = 1, or 
y = +3n, +$7,.... The relative values of the intensity at the maxima 
are then obtained by inserting these values of y into (36-4); they are, 
approximately, 

2 2 
bes os (2). (2). ...=1, 0.045, 0.016, ... (36-6) 
I 3a Sa 


We see that the intensities of the maxima decrease very rapidly. 
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Most of the intensity of the diffracted radiation is therefore concen- 
trated within the central maximum; in other words, most of the energy is 
contained in the angular spread between the first minima. This angular 
spread can be found from (36-5) and is 


A@ = 2arcsin (-) ~ 24 (36-7) 
a a 


We see that the pattern will be more spread out for the larger wavelengths 
or smaller slit widths. 


36-2 Rectangular slit 


Now suppose that the slit has a finite width 4 in the y direction as shown 
in Fig. 36-3. Then, if « and are the direction cosines of OP, (35-34) and 
(35-36) become 


a —ikag ns ~ikpn sin y) /sin 6 
Up = Uo _ya e dé an e dn = u,yab eee ar vt (36-8) 


where 


y= and 8 = us (36-9) 
Therefore (35-25) becomes 
4 Se Fas 2 
ie 1n( 2) (4) (36-10) 
y rt) 


Thus the pattern for this slit is a superposition of patterns, each of which is 
similar to that obtained from an infinite slit. 


x 
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36-3 Circular aperture 


We let the radius of the circle be a and choose the origin at the center as 
shown in Fig. 36-4. The pattern will clearly be symmetric about the z axis; 
therefore we can pick P to be in the zz plane so that 


a=sind, B=0 (36-11) 
and ¢ = —aé. We introduce polar coordinates p and ¢ in the plane of 
the aperture so that § = pcos y, 1 = psin gy; then (35-34) becomes 

2r fa 
Up = uo { e ae 810? dn dy (36-12) 
0 0 


We can evaluate the double integral by expanding the exponential in a 
power series and integrating term by term; however, we still have to be 
able to recognize the series that is obtained, so we shall simply proceed 
directly by using the integral definition of J, and the relation between 
Jo and J, [Jy = d(xJ,)/dx], where Jy and J, are Bessel functions: 


27 ra a 27 
I [ P ombua! | dp dy -{ p dp [ e7ilkap) sing dy 
0 0 0 J0 . 


a Un kaa 
=| pdp: 2nJ(kap) = — LJ (x) da 
0 ka? Jo 
Qn ee J,(kaa) 
= 2) ance], = 2ra’ ip (36-13) 
Therefore (35-25) becomes 
2 
I = (2a’?? js 2 | (36-14) 
kaa 





Fig. 36-4 
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If we use the power series expansion for J,(x), we find that 
Seay Y a! 
mo 2 tity tiene 
From the form of this series, we can see that the maximum intensity occurs 
when x = kaa = 0, that is, « = sin9 = 0 or 6 = 0; thus the maximum 
intensity is in the forward direction in the center of the pattern. 

As 6 increases from 0 to 47, J,2 goes through a series of zeroes, with 
maxima between, since J,(z) is an oscillating function of x. Therefore the 
pattern consists of a series of concentric bright circular fringes with dark 
circular fringes between. The intensities of successive maxima decrease as 
6 increases; the variation of intensity with angle is qualitatively similar to 
that shown in Fig. 36-2. 

If we let x, be the nth zero of Jj, ie., J(#,) = 0, the locations of the 
intensity minima can be found from (36-14) to be given by ka,a = x, = 
2ma sin 0,,/A with the use of (36-11). Here @, is the direction of the nth 
dark fringe and is therefore determined by 


asin 0, = (2:)2 (36-16) 
27, 

which is a formula similar to (36-5) for a single slit. The values of z, can be 

found in tables of the properties of Bessel functions. For example, 

x, = 1.21977, and from (36-16), we obtain 


asin 6, = 0.614 (36-17) 


and asin 0, = 1.16A, etc. Thus we see that, except for somewhat different 
numerical factors, the pattern from a circular aperture is about the same 
size as the pattern from a rectangular slit of comparable dimensions. As 
before, most of the intensity is included in the central ring, and we can say 
that the diffracted energy is approximately concentrated in a total angular 
spread given by 


nt, (36-15) 








AQ = 2arc sin (2S) ~ 122 (-) (36-18) 
a a 

if we use (36-17); by comparing (36-7) and (36-18), we see that the angular 

spread is approximately the same for the two apertures. 

The circular aperture is of great practical importance, as a large number 
of optical instruments such as cameras, telescopes, and microscopes 
involve circular apertures in one way or another. Thus the light which 
passes through the instrument is not only refracted to form the image but is 
diffracted by the aperture as well, and this can affect the properties of the 
instrument. As an example, we-shall briefly consider one aspect of this 
problem. 
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Resolving power 


Let us consider a telescope as an example, and let us suppose that the 
source is a distant star so that it will be like a point source. After passing 
through the telescope and being focused, the radiation from the star will 
not form a point image, but instead the image will consist of a bright 
central spot with a series of bright rings about it. If there is another point 
source, such as another distant star, which has only a small angular 
separation from the first, the two diffraction patterns will overlap; this is 
illustrated schematically in Fig. 36-5a. It is clear that if the angular 
separation is too small the two patterns will overlap so much that it will not 
be possible to interpret the resultant pattern as the result of two sources 
rather than one. On the other hand, if the angular separation of the 
sources is very large, the patterns will be well separated and the fact that 
there are two sources will be quite evident. Clearly, there must be some 
minimum value of the angular separation for which the patterns are just 
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recognizable as being due to two sources; they are then said to be 
resolved. 

It is clear that an actual criterion which would enable us to state this 
ability of the instrument to distinguish between two sources, that is, its 
resolving power, would necessarily involve subjective factors which depend 
on who is actually looking through the telescope. Consequently, in order 
to obtain a quantitative measure of resolving power, we shall have to make 
some arbitrary, but reasonable, choice for our criterion. The one most 
frequently used, because of its simplicity, is due to Rayleigh. It is illustrated 
in Fig. 36-5d, and it states that, when the maximum of one central image 
falls exactly at the angular position of the first minimum of the other 
pattern, the sources are resolved. The corresponding angular separation 
between the sources, or the minimum angle of resolution 0,, is therefore 
equal to the angular radius of the central bright image and, from (36-17), is 
given by 
0.614 

a 
Thus we see that the larger the telescope radius or the smaller the wave- 
length observed, the better will be the resolving power. This is one of the 
reasons for the desirability of building large telescopes. It is also one of 
the reasons why modern radio telescopes are so large; since radio-fre- 
quency wavelengths are so very much longer than optical wavelengths, we 
see from (36-19) that a must be made correspondingly larger in order to 
obtain a tolerable resolving power. 

Considerations like these can also be applied to microscopes with 
similar results. The resolving power of a microscope is widely used in the 
beginning development of quantum mechanics where it enables one to get 
a quantitative statement of the uncertainty principle, which itself is related 
to the diffraction phenomena characteristic of waves of all kinds. 





0, = 0; 2 


(36-19) 


36-4 Double slit 


Before we consider the problem of an arbitrary number of slits, as in a 
diffraction grating, it will be useful to consider only two slits. We assume 
again that the slits are infinitely long in the y direction. The width is a, and 
the distance between centers is d; we choose the origin midway between 
the slits as illustrated in Fig. 36-6. 

As in (36-2), we can include the constant contribution from the integral 
over 7 in U%, so that (35-34) becomes 

—d/2-+a/2 d/2-+-a/ 


2 
UP = enttat ge en that de (36-20) 


Ug —d/2~a/2 a/2—a/2 
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Fig. 36-6 


If we change variables of integration by letting é = —}d + yw in the first 
integral and & = 3d + » in the second, (36-20) becomes 


a/2 a/2 : 
UP = elitad i eo" du + ervms | e ” dy = 2a pm 2) cos € 
Uy —a/2 —a/2 y 


(36-21) 
since both integrals are the same as that over the single slit evaluated in 
(36-2); y is again given by (36-3) and we have set 


ad sin 0 


a 





¢ = tkad = (36-22) 


If we insert (36-21) into (35-25), we obtain 


tg Ne: 
I = (2a)? ial (222) cos’e = 15(=22) cos” (36-23) 
Y re 
The condition that we actually have two slits is }a < 4d, ora < d, and 
therefore, by (36-3) and (36-22), it is that y < «. Very often, the slits are 
made very narrow compared to the separation between them, so that 
a <d and therefore y <e. Thus, as 0 is increased, y is a more slowly 
varying function of @ than is €; that is, for a given change in 0, « changes 
by much more than does y. Then the oscillations in cos? « are much more 
rapid than are those in (sin y/y)?, as illustrated in Fig. 36-7a. Since the 
intensity (36-23) is the product of these two curves, we see that we can 
speak of the resultant pattern as being produced by the modulation of the 
rapid oscillations of cos* « by the more slowly varying single slit function 
(sin y/y)*; the resultant pattern constructed in this way is shown in 
Fig. 26-7b, 
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cos? € 





(b) 
Fig. 36-7 


If ais extremely small, the single slit function (sin y/y)? will be essentially 
constant over a very large range of 0, and the resultant pattern of Fig. 
36-76 will consist of a series of equally spaced, equally bright fringes; this 
is the characteristic pattern first found by Young for the double slit 
system. These maxima occur when cos* « = | or « = m7, where n = 0, 
+1, +2,.... Substituting this into (36-22), we obtain 


_ dsin@ = ni (36-24) 


as the condition for maximum intensity for a double slit. 
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As a check on our results, we can consider what we have when a = d; 
that is, we have actually only a single slit of width 2a. In this case, « = y 
and (36-23) becomes 


. 2 C3 2 
het. (= y cos 2) = (2a)" (Ss “| (36-25) 
y 2y 


If we compare this with (36-3) and (36-4), we see that (36-25) is exactly the 
single slit result for a slit of width 2a, as it should be. 


36-5 WN slits; the diffraction grating 


We now calculate the diffraction pattern for an aperture consisting of N 
parallel slits, each of width a and with an equal distance d between centers 
of adjacent slits as shown in Fig. 36-8. We again assume the slits to be 
very long in the y direction; hence we need not consider the dependence 
on the 7 integral; then « = sin 6, 8 = 0. We choose the origin at the 
center of the first slit and (35-34) becomes 


a/2 
Up eas dé 4 [ ]+ [ ]+: e tkag dé 


'd+a/2 2d-+a/2 | deo 
Ug —a/2 d—a/2 2d—a/2 ( 


N-1)d—a/2 


(36-26) 


We can proceed as in the last section by changing variables of inte- 
gration: in the second integral let § = d + qu; in the third let § = 2d + 
v, etc. Then, if we use (36-2) and (36-3), we find that each term in (36-26) 
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Fig, 36-8 
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has the single slit integral (36-2) as a common factor; thus 


of iat sin y [1 + en ttnd 4 gr Bthad 4... 4g (N—Ukady 
Uo 
__sinyl — @ 
a y 1 — en thea (36-278 


since the term in brackets is a geometric series of N terms with the common 
ratio e~*¢, When we insert (36-27) into (35-25) we obtain 
Buck: 1 — cos (Nkad) _ I, (“2 Ns) 
1 — cos (kad) 

where « is again given by (36-22) and J, is the characteristic single slit 
function (36-4). Thus we have gotten a result similar to that for the 
double slit in the sense that we can regard (36-28) as the interference 
pattern arising from the N slits, (sin Ne/sin )*, modulated by the single 
slit diffraction pattern J,. The properties of the last factor in (36-28) are 
what give the grating of N slits its interesting and important features. 

First of all, the numerator of (sin Ne/sin ¢)? has a relative maximum 
whenever Ne = (m + 4)7, where m=0, +1, +2,...; when this is 
combined with (36-22), we obtain 


Ndsin0 =(m+ HA (36-29) 


Thus these maxima are characteristic of the total distance Nd occupied by 
all the slits. If N is large, the values of 8 do not change by very much 
between successive maxima, i.e., for a change in m of unity, so that the 
characteristic pattern of this function is one of closely spaced maxima. 

However, these maxima do not all have the same value because of 
the factor sin?e in the denominator. In fact, the maximum value of 
(sin Ne/sin €)? results when the denominator is zero, i.c., when € = nm, 
where n = 0, +1, +2,..., or, from (36-22), when 

dsin 8 = nd (36-30) 

These maxima are called principal maxima, and (36-30) shows that their 
direction depends only on the distance between adjacent slits. The other 
maxima described by (36-29) are called secondary maxima. It should be 
noted that the principal maxima do not occur at an angle where we would 
ordinarily expect to find a secondary maximum, but rather where we 
would expect a zero of sin Ne, because, whenever sine = 0, so does 
sin Ne. 


: (36-28) 
sin € 


The result (36-30) is the equation most commonly used to describe the 


diffraction grating since the principal maxima are usually the ones of 
greatest interest; we now want to consider the reasons for this. Let us 





Part Three. Interactions of Electromagnetic Fields and Matter —_ 383 


first calculate the intensity of a principal maximum. This is most simply 
done for the case n = 0, for then we find that, as «> 0, 


‘ 2 2 
(a *s) he (*) = Nn? 
sin € € 
I (prin. max.) = NJ, (36-31) 
The factor N? in (36-31) shows the effect of coherence among the N slits 
acting as radiation sources; we have seen N® appear once before in a 
situation involving coherence in the result (33-26) which we found in a 
somewhat different context. 

Now let us find how rapidly the intensities of the secondary maxima 
decrease in relation to the principal maximum. Suppose that Ne = 27, 
which gives the location of the first secondary maximum ; then 

. 2 —2 —2 

(25) = (sin =") ~ (=) ~ 0.045N* 

sin € 2N 2N 

If we combine this with (36-28) and (36-31), we find that 
TI (Ast ved max.) ~ 0.045 
I (prin. max.) 

The other secondary maxima are even smaller because the sin? « in the 
denominator is increasing. 

The principal maxima are therefore really much more intense than are 
any of the others when N is large; therefore the appearance of the pattern 


is almost one in which only the bright fringes of the principal maxima are 
seen, with darkness between them. In spite of the fact that the intensity of 


so that 


(36-32) 


. 2 
(Sra 





Fig. 36-9 
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the first secondary maximum is only about 4% of the principal maximum, 
it cannot be neglected completely, as we shall see shortly. 

The general behavior of the term depending on the slit separation is 
shown in Fig. 36-9. Of course, we must remember that the actual intensity 
(36-28) is the product of this factor and the term describing the diffraction 
due to the finite width of the individual slit, ie., the 7, given by (36-4); this 
would give us a final curve much like that for the double slit in Fig. 36-7). 
However, it is common practice to rule gratings so that the slit width is very 
small compared to the slit separation. The result of this is to make y a 
slowly changing function of 6 as compared to «, so that the factor J, is al- 
most constant and drops off very little for increasing values of 6. Thus we 
get the usual situation in which the principal maxima all appear to be of 
practically the same intensity. 


Resolving power of a grating 


We used the term “‘resolving power” first in connection with diffraction 
by a circular aperture for which we used it to express the ability of an 
optical system to distinguish between two point sources. This term is 
also used to describe a characteristic of the pattern produced by a diffrac- 
tion grating. Since gratings are used so extensively to measure wave- 
lengths very accurately, it is important to know the smallest wavelength 
difference which can be distinguished in order to make a proper assessment 
of the errors involved in wavelength determinations. 

If a grating is illuminated with radiation consisting of several wave- 
lengths, the resultant diffraction pattern will be a superposition of patterns 
of the type we have just considered, with one pattern arising from each of 
the wavelengths present. If the wavelengths are very nearly the same, the 
various principal maxima will almost coincide. Suppose Aa is the smallest 
wavelength difference which can be just distinguished, or resolved. In order 
to determine AA, we use an arbitrary criterion similar to that we used above 
for the circular aperture, and we say that two wavelengths, whose dif- 
ference is AA, can be just distinguished when the principal maximum of 
one coincides with the first minimum from the corresponding principal 
maximum for the other wavelength. Hence a figure illustrating this 
criterion would be almost exactly like Fig. 36-5b. 

If we use (36-30) and say that the principal maximum for 4 occurs when 
ad = ni, or Nad = Nnid, we see from (36-28), or Fig. 36-9 and (36-22), 
that the first adjacent dark fringe will occur when 


Nad = (Nn + 1)A = Nn(A + Aa) (36-33) 
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since this direction « is also to be the direction of the principal maximum 
for the wavelength 4 + Ad according to our criterion. We find at once 
from (36-33) that 4 
Resolving power = Al = Nn (36-34) 


We see, first of all, that the resolving power increases with the order of 
the principal maximum being observed; that is, it increases as n increases. 
In other words, as one goes out to larger angles from the normal to the 
grating surface, the pattern spreads apart and the various principal maxima 
have greater angular separation. Because the resolving power also increases 
as N increases, it is advantageous to use gratings with as large a number 
of illuminated slits as is feasible. 


Exercises 


36-1. What changes will result in our calculations of amplitude and intensity 
for the single slit if we choose the origin at an edge rather than in the center? 

36-2. Show that the maxima of the single slit pattern are determined by the 
equation y = tan y. Find the first three solutions of this equation and compare 
with the approximate solutions $7, $7, and $7. 

36-3. Find the conditions for minimum intensity in the pattern from a 
rectangular slit whose length is twice its width. 

36-4. Plot the intensity distribution for a grating of five equally spaced slits 
when d = 3a. What would be found in general if d = 2a and there are an 
arbitrary number of slits ? 

36-5. A grating is formed from 2N narrow parallel slits, divided into two equal 
sets. Within each set, the infinitely long slits are equally spaced a distance d 
apart. However, the two sets are displaced from one another, so that each slit of 
the second set is at the distance 4d from its nearest neighbor of the first set. The 
net result is that the spacing between slits is $d, 3d, $d, etc. Calculate the Fraun- 
hofer diffraction pattern of this grating, and plot the resulting intensity distri- 
bution. 


37 Fresnel diffraction 


We recall that in this kind of diffraction observations are made close 
enough to the aperture that second order terms are important and ¢ is 
given by (35-35). 

It will be possible to simplify our calculations considerably by restricting 
the type of problem to be considered, We shall calculate the intensity at 
points P on a screen which is parallel to the screen containing the openings 
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Fig. 37-1 

























of the aperture, as shown in Fig. 37-1. It will not be necessary to go over a 
very large range of coordinates of P in order to include all the regions in 
which the intensity has any appreciable variation and hence the values of 
a, 8, and R will remain almost constant. We shall consider only arrange- 
ments in which the line connecting Q and P is almost always practically 
normal to the plane of the aperture. Hence we shall introduce very little 
error into our results if we simply set « = 6 = 0; then (35-35) becomes 


oY a : 
are (37-1) 

We also see from Fig. 37-1 that the coordinates of P will be almost the 
same as those of the corresponding point of the aperture. This figure also 
illustrates the particular way in which we shall find it convenient to choose 
the origin of coordinates for points in the aperture, that is, those points _ 
over which we perform the integration in (35-34). Even though Q is very 
far away from the screen in reality, the figure shows that the origin is 
chosen at the point where the line connecting Q and P intersects the plane 
of the screen containing the aperture, whether the line intersects an opening 
of the aperture or not. Thus, each time we choose a new point, such as P; 
at which to calculate the intensity, we shall automatically be choosing @ 

new origin for the aperture coordinates, which would be O’ for P’. 

In addition, we shall consider only problems in which we can neglect the — 
y dependence of the pattern, as for infinite slits; if we give a new meaning 
to u, as we did in the last chapter, then, when we insert (37-1) into (35-34), 
we obtain 


2 
Up = vo [em AR dé 
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If we confine ourselves to a discussion of a single slit, (37-2) becomes 
3 ees 
Up = uo | elke AR ge (37-3) 
§1 


where &, and é, are the coordinates of the edges of the slit. 
It is customary to change to dimensionless variables in (37-3). Let 


2 2 2 
kee (37-4) 
2R RA 2 
Then 
RA 
= /— 37-5 
rye (37-5) 
When (37-4) and (37-5) are substituted into (37-3), it becomes 
oe JZ ite I “eas” ds (37-6) 
$1 
where 
YY oy 
Ss = Jz &, and 5 = iz &, (37-7) 


Let the 2 coordinate of P with respect to some conveniently chosen xyz 
coordinate system be xp, and let the positions of the edges of the slit with 
respect to this system be a for the lower edge and 6 for the upper edge as 
shown in Fig. 37-2. Since we are using the assumption that « = 0, the 
coordinate of the aperture origin O which is appropriate to P is the same 
as that of P, i.e., xp. From the figure, we see that 


&, =b— 2p, &,=a—2&p (37-8) 





Fig, 37-2 
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so that from (37-7) 
ey [2 
rykg — tp), = Tis — %p) (37-9) 


If we write (37-6) as 


Up = {2 us| [ cos (= 3 ) ds + if sin (=) as| (37-10) 


and substitute into (35-25), we obtain 


abl (Za) [fo a]] om 


The task of computing the intensity is now reduced to one of evaluating the 
integrals; we shall see the significance of J, = }RA|u)|* shortly. There are 
tables of these integrals available and (37-11) can be computed in this way. 
The expression (37-11) can also be put into a geometric form which is 
extremely helpful to the understanding of the basic features of Fresnel 
diffraction, and it can also be used for numerical computations; this is the 
procedure that we shall discuss next. 













37-1 The Fresnel integrals and the Cornu spiral 


The Fresnel integrals C(o) and S(o) are defined as 


C(o) = [cos (= ) ds and S(o) = [sin (=) ds (37-12) 


The integrals involved in (37-11) can be easily expressed in terms of the 
Fresnel integrals. For example, 


[cos (%) as ={" 1- {71 ]=C(ss) — C(s,) (37-13) 


1 
Thus, for the present, we can restrict ourselves to a discussion of the 
properties of the integrals in (37-12). 

Although their values are tabulated, it is also customary to give the 
values of these integrals for the corresponding values of o by plotting the 
curve whose parametric equations in rectangular coordinates are given by 
x = C(a) and y = S(o). The resulting curve is called a Cornu spiral and ig — 
given in Fig. 37-3. The values of o are marked along the curve; thus, to 
find C(c) and S(c), we locate the value of o on the curve, and then the 
rectangular coordinates of this point are Cand S. We now want to dise 
some of the properties of this spiral. 
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S(o) 1.5 
25 
1 
2 
05 
—+——_| 
-0.5 0.5 C(o) 
0.5 
2 
1 
2.5 
1.5 
Fig. 37-3 
It turns out that 
C(+ 00) = S(400) = +} (37-14) 


Thus the limiting values as the spiral winds up tightly in each arm corre- 
spond too = +00. From (37-12), we find that the coordinate differentials 
are 


2 
dC = cos (= 5 sa) do and dS =sin (=) do (37-15) 


so that the slope of the curve is 


2 
SS an tai (=) (37-16) 

dC 2 
Thus, when o = 0, the slope is zero. As o increases, the slope increases 
until o? = 1, when the slope = tan ($77) = +0; as o increases further, 
the slope quickly becomes very large and negative. The slope decreases 
in magnitude with further increase in o until o® = 2, when the slope is 
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again zero. Thus the point at the top of the curve corresponds to o = V2. 
The slope then becomes positive, is infinite again when o* = 3 or o = 
+3, and finally, when o? = 4 or o = +2, the argument of the tangent 
has gone through a full range of 27; then we are back at zero slope, and 
the whole cycle begins again. In other words, whenever o increases by 4, 
the curve swings around another loop; however, we still have not shown 
that the curve must actually have the spiral form shown. 

From (37-15), we see that (dC)? + (dS)? = (do)*; hence do = length of 
arc of the curve between the two points corresponding to this difference in 
o. Therefore we can say 


2 
Og — 01 -| do = length of arc between the points 
“ on the curve corresponding to 0; 
and 0, (37-17) 


Now we can show that the curve is a spiral. We saw above that one turn — 
corresponds to A(o*) = 4, or 


0,7 — 0? = 4 = (42 — 0,)(0, + %4) 
and the length of arc corresponding to one turn is 


4 
02 — 97 paps ( ) 





Therefore, as o, and o, increase, the denominator of (37-18) increases and 
the length of arc corresponding to one turn decreases; thus the turns 
become smaller and smaller, eventually winding up on themselves as 
shown in Fig. 37-3. 


Use of the spiral 


If we refer to Fig. 37-4, we can see how to use the Cornu spiral to 
evaluate (37-11). After s, and s, have been calculated from (37-9), we 
locate them on the spiral and draw a straight line connecting these two” 
points. We see from the figure that the horizontal component of this line is 
C(ss) — C(s,); the vertical component of this line is S(s,) — S(s,). Theres 
fore we have 


L? = square of the length of the line connecting 
the points s, and s, on the spiral 


= [C(s.) — Cs) + [S(s2) — S(s)? 
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Fig. 37-4 


Then (37-11) and (37-13) combined yield 
I=4hL? (37-20) 


Thus the problem has been reduced to measuring distances on the spiral of 
Fig. 37-3. 


Example. No Slit at All. Here a= b = 0, so that s, = s, from (37-9). 
Then L = 0 so that J, = 0, as it should for a solid screen. 


Example. No Screen at All. For any point P, b = o and a= —0o, so 
that s, = oo and s, = —oo from (37-9). Therefore, from (37-14) and 
(37-19), we see that the length of the line connecting the two wound-up 
points of the spiral is /2, so that L? = 2 and J = J, from (37-20). Thus 
Iy has the significance of being the intensity in the fully illuminated 
region. 
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37-2 Straight edge 


Let the edge of a semi-infinite absorbing screen coincide with the y axis 
as shown in Fig. 37-Sa. Hence a = 0 and b = o, and (37-9) gives 


$=) s= -/% Lp (37-21) 


and the upper end of our line will always be at the upper limiting point 
(4, 4), which we shall call Pp. 

In Fig. 37-55, we illustrate how the diffraction pattern of the straight edge 
is determined with the aid of the spiral. At a point P,, well into the geo- 
metric shadow, xp is large and negative and therefore s, is large and 
positive; the line connecting Py and P, is short, and the intensity is small. 
As we move along the screen up toward the lighted region, s, decreases and 
the line P,P; gradually unwinds along the upper end of the spiral; thus 
the length L is increasing, and the intensity is constantly increasing. At the 
point Ps, the edge of the geometric shadow, the line P,P, is of length 4/2, 
the amplitude is half that in the fully illuminated region, and the intensity 
is J) by (37-20). 

As we pass P3, s, becomes negative and increases in magnitude so that 
the lower end of the line starts to trace out the lower arm of the spiral. We 


bmp sia faa ame 


Xp 





Fig. 37-6 
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see that the intensity still continues to increase since the length of the line is 
still increasing, until, at some point P,,, the line has maximum length and 
the intensity isa maximum. After P,,, the line gets shorter and the intensity 
decreases, until the length reaches a relative minimum and then begins to 
increase again. Therefore, as we continue moving up the screen, the lower 
end of the line winds around the lower end of the spiral with corresponding 
fluctuations in intensity; however, these fluctuations continually decrease 
in magnitude as the spiral becomes more tightly wound. Finally, we get 
way out in the illuminated region, the lower end of the curve is effectively 
always at the lower limit point (—3, —3), and the intensity is constant and 
equal to Iy. The resultant intensity variation with position along the screen 
which is obtained in this way is shown in Fig. 37-6. 


37-3 Single slit 


We choose the origin of the xyz axes at the center of the slit of width A 
so that a= —}A and b = 4A. Then (37-9) becomes 


Sy = Za — 2p), = [cw — Zp) 


and we find from (37-17) that 


(37-22) 


arc length = s = s, — 55 = ni = A = const. (37-23) 


Thus we can find the intensity distribution by imagining that we have a 
flexible tube of constant length s sliding along the spiral as shown in Fig, 
37-7. The intensity is obtained by finding the square of the length of t 
line connecting the two ends of the tube as we slide it along the spiral to 
the positions corresponding to the locations of the various points on the 
screen. 

When 2p is large and negative, we see from (37-22) that the tube is all 
wound up on itself at the upper end of the spiral and the intensity is ze 
as it should be in the extreme shadow region. As xp approaches —}A, 
5, approaches zero and one end of the tube reaches the origin. At t 
stage, we cannot say more about the qualitative behavior of the patte 
unless we know something about the length of the arc; there are two 
treme cases which can be easily discussed. 
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Fig. 37-7 


Large s 


We see from (37-23) that a large s will generally correspond to a wide 
slit, observation close to the slit, and short wavelength. In this case, when 
5; reaches the origin, s, will not have unwound much from the upper end, 
and the intensity will have uniformly increased in coming out of the shadow. 
AS 2p increases, the tube will begin to wind up on the lower end of the 
spiral with resulting alternations in intensity like those from a straight 
edge. Then, for a while, s, will be at the upper end of the spiral, s, will be 
at the lower, and the intensity will be constant and equal to Jy. Finally, as 
%p increases still more, the other end s, starts to unwind and we go through 
the stages outlined above, but in reverse order. In this extreme case, the 
resultant pattern is much like that obtained by the superposition of patterns 
from two straight edges, and, in effect, this is the way the pattern is formed. 
The intensity distribution for large s is shown in Fig, 37-8, 
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Fig. 37-8 


Small s 









This corresponds to: narrow slit, large distance from the screen, and 
long wavelength. In this case, there never is a time when one end of the 
tube is at the upper part of the spiral while the other end is at the lower 
part. Therefore there will be a long region in the center of the pattern in 
which the intensity will change very slowly, and fluctuations will arise only 
when we get far out to the sides, away from the center of the slit, so that 
the short tube starts to wind up on one end or the other of the spiral and 
the length of the line connecting the ends can change comparatively 
rapidly. This behavior is similar to that of the Fraunhofer pattern from 
a single slit, and in fact the Fraunhofer pattern does correspond to the 
limiting case of this type. 


Intermediate s 


The qualitative discussion of this case can be quite difficult. However, 
the quantitative determination of the intensity distribution is quite easy, 
involving, as it does, only the measuring of lengths of lines, squaring them, 
and using (37-20). 


Exercises 


37-1. Suppose that light of wavelength 5000 angstroms is incident upon a slit. 
whose width is 0.1 millimeter. Using the Cornu spiral, calculate and make 
plot of the intensity distribution on a screen located 2.5 millimeters from 
slit. 
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37-2. Discuss the details of how the Cornu spiral can be used to obtain the 
Fresnel diffraction pattern from: (a) an opaque strip, (b) a double slit similar to 
that of Fig. 36-6. 


38 Hamiltonian of a charged particle 


in an external field 


We recall that the force on a charge q in an electromagnetic field is given 
by Goan s F = q(E +v xB) (38-1) 


This force is an important example of a velocity-dependent force. For many 
purposes, particularly in the development of the quantum mechanical 
description of the interactions among charged particles and electromagnetic 
fields, it is desirable to describe the system in the Lagrangian and 
Hamiltonian formulations of mechanics. 
In (7-32) we found that the equations of motion could be written 

d (oT oT 
with j = 1, 2,...,, where n is the total number of independent general- 
ized coordinates. In (38-2) T is the kinetic energy, and the generalized 
forces Q; are found from the fact that the work done in a virtual displace- 
ment of the system can be written > Q, 6q;. 


Md 
The force (38-1) is not conservative in the usual sense, but it is evident 
that if the forces can be derived from a generalized potential U(q,,g;) such 


bc au, d (aU 
= - 24 2) 38-3 
Qs dq;  dt\dq; sits 

we can define a Lagrangian function L = T — U, so that the equations of 
motion (38-2) can be written in the usual form 
<(2) ieee 0 (38-4) 
dt\0q; 0q; 

If we write the fields in terms of the potentials as given by (31-5) and 
(31-7), and insert them into (38-1), we obtain 


F = a(—grad p— oe +yv x curl A) (38-5) 
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We shall consider the 2 component of (38-5) in order to show that we can 
find a generalized potential U. If we use (1-18) and (1-30), we get 


(v x curl A), = v,(curl A), — v,(curl A), 


(= as) (4: *) 

= by _—_— _ v, —_— — 

Ox ~=oOy Oz = Ox 

=v OA, v OA oy Ll oe re OA, 
” Ox * Ox ” Ox * Ox ” ay 

after adding and subtracting the term v, (0A,/0). 

Now let us consider the total time rate of change of A,. Since A, 
depends on position as well as on time, it will change because of its 
explicit time dependence and, in addition, because the motion of the 
particle changes the spatial location at which we wish to evaluate A,. 
Therefore 











0A 
—v,—* (38-6 
1. a 


dAy _ OA, , DAgdx | OAydy , Ody de 


dt ot | dxdt dy dt. dz dt 














0A 0A 0A 0A 
= oe pial | 2 2 38-7 
Ot es Ox ee dy as dz oa 
If we combine (38-6) and (38-7), we find that 
0A 0A OA dA 0A 
1 A), = v,— ai | s Cee 
OS ese Ox Me Ox ey Ox dt Ot 
7) dA 0A 
= —(y-A) — —? 2 38-8 
Ox ey dt ot ORs 


The last step was possible because the g; and g; are independent variables 
in the Lagrangian formulation. 
Substituting (38-8) into (38-5), we find that 


Fa =a) — 56 — 42 + 7 x curl A),| 


Ox ot 
od. a “4, 
Soli— Seek 2 ie. A) — — 38-9 
al Ox ” Ox eA) dt ( ) 


Since A = A(z, y, 2, t) and is independent of v, we can write 


a 
A,=—(v°A 
® av," ) 
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Then (38-9) can be written 


Fe=a{- 7-1-4) -4]2 ov-a)]| 


=a|-5.-v- a+ 312 @—v-a)]| (38-10) 


because ¢ is also independent of v,. If we define 


U =q(¢ —v-A) (38-11) 
we can write (38-10) as 
fia Meee 
Ox dt\dv, 


which is of the desired form (38-3). Since we would find corresponding 
results for F, and F,, we see that the Lagrangian L corresponding to (38-1) 


x L=T—U=}m?-qd+qv-A (38-12) 
We can note here that, if in addition to being subject to the electro- 


magnetic field, the particle is subject to conservative forces given by the 

potential V and to non-conservative forces Q,, we can define 
L=T-—U-—V=%34m’?—V—q¢t+qv:-A (38-13) 

and the equations of motion will be 

d (OL OL 

=(e) oe =, 

dt\0g;) — q; 

For simplicity, however, we shall continue to assume that the only forces 

are due to the electromagnetic field as given by ¢ and A. 


We proceed in the usual way to find the Hamiltonian. By definition, 
the generalized momenta are 


oL OL 
c= F.-=Z7 = Mv, A, 
. 0% dv, ae 
So that 
p=mv+qA (38-14) 


This interesting result shows that, in the presence of an electromagnetic 
field, the momentum is no longer simply equal to the product of the mass 
and velocity, but includes the vector potential as well. Using (38-12) and 
(38-14) in the definition (10-3) of the Hamiltonian function H, we find that 


H => pw, —L = mv? +qv:-A— L= hmv’? + q¢ 
j 


= T+ q¢ = total energy of the particle 
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Since we still must express this in terms of the momentum, we use (38-14) 
and obtain 


H = H(ppq,) = - (p — A)? +44 (38-15) 


which is our desired result. 
One can now show that, when His used in the Hamiltonian equations of 
motion, 
a a oH and..dy = oH 
ee =— 
‘ aq; Op; 


the resulting equations are equivalent to (38-1). 


Application to theory of magnetic susceptibilities 


Let us apply (38-15) to an electron in an atom. Since the Hamiltonian is 
numerically equal to the energy, we can expand the square in (38-15) to get 
for the electron energy the following expression 


p e e 
w=— ——p-A+— A®+ ed = wy + Aw (38-16) 
2m m 2m 


where Wy = p?/2m is the energy in the absence of an external field and Aw 
is the energy change due to the presence of the field. 

Let us consider the atom containing this electron to be subject to a 
uniform induction B = Bk. We know from Exercise 25-3 that a vector 
potential for this case is 


A = }(B x r) = 3B(—yi + af) (38-17) 
and that 6 = 0. Substituting (38-17) into (38-16), we obtain 


B e*B? 
Aw = — = (ap, — yp.) +(e + y’) 
2m 8m 


=- 214 Fei nawtm (38-18) 


2m 


where /, = (r x p), = electronic angular momentum. 
Let us consider the first term of (38-18). It can be written 


w= — 5 1 Be —poB (38-19) 


and, by comparison with (23-15) which holds for the electric situation, we 
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see that associated with the motion of the electron is a magnetic dipole 
moment given by 
w= af (38-20) 
2m 

Thus the magnetic moment and angular momentum are proportional; the 
constant of proportionality, e/2m (or q/2m for a general charge q), is 
called the classical gyromagnetic ratio. We note that, if the charge is 
positive, ~ and | are in the same direction, while, if the charge is negative, 
as it is for the electron, w and I are oppositely directed. 

Let us now turn our attention to the second term of (38-18). If we sum it 
over all of the N electrons in a unit volume, we get the corresponding 
magnetic energy density arising from this term; the result is 


2p2 
Uma = S— Sed + ys) = = 2N@ caN@ +H) (38-21) 


and it involves the average squares of the x and y coordinates. In the 
simplest case, we can assume the electron positions within the atom to be 
symmetric, so that 


P= p= e= hr? (38-22) 
since r2 = 22 + y? + 22, Then (38-21) becomes 


Ne?r?B? 
12m 





(38-23) 


Uma 


and is proportional to B?. 

An energy proportional to B? will arise when the moment is induced by 
the field. This effect was calculated in (23-12) for the electric problem; the 
analogous expression for the magnetic problem must be 


mB 
Um = —4M-B= —}y,H- Bo — “— (38-24) 
2 Mo 
where we have used (25-4) and the justifiable approximation that u = Mp. 
Comparing (38-23) and (38-24), we see that this diamagnetic susceptibility 
is 
Nuye?r? 


38-25 
os (38-25) 


i= 
The induced diamagnetic moment is opposite to the field since 7,, is 


negative. Since r £0, Xm #0 always; hence all atoms should have this 
induced diamagnetic moment, This is not observed for all atoms because 
































=~ FF = —- 


ee 
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in many cases the average angular momentum of the electrons along a 
given axis is different from zero, and a paramagnetic moment, arising from 
(38-20), can also be present. When both moments exist, the paramagnetic 
one is generally much larger; then the diamagnetic contribution to the 
over-all atomic moment is negligible. 


Exercise 


38-1. Verify the statements in the paragraph following (38-15). 





Index 


Acceleration, 21 
in rotating system, 117 
of fluid, 195 
of gravity, 67 
polar components, 22 
rectangular components, 22 
Action and reaction, 26 
Addition of vectors, 6, 94 
Ampere, 214, 223 
Ampére, 230 
Ampére’s law, 223, 228, 234, 275, 293 
Ampérian current, 230 
Amplitude, 37, 350 
of oscillator, 37, 40 
Angle, solid, 216, 226 
Angle of resolution, 378 
Angular displacement, 94 
Angular frequency, 36 
Angular momentum, 52 
conservation of, 53 
equation of motion, 53 
of an electron, 400 
of a rigid body, 97, 112 
of a system of particles, 54 
Angular velocity, 93 
components for Euler’s angles, 111 
of a fluid, 196 
of the earth, 120 
Anharmonic oscillator, 47 
Anomalous dispersion, 356 
Antenna, 340 
Antinode, 169 
Aperture, 367 
circular, 375 
complementary, 371 
Archimedes’ principle, 210 
Areal velocity, 78 
Atmospheric pressure, 202, 204 
Attractive force, 85 
Atwood’s machine, 68, 74, 121 
Axis, symmetry, 102 
Axis of inertia, principal, 99 
403 


Axis of rotation, 91, 101 
fixed, 95 
of the earth, 109 


Babinet’s theorem, 371 
Back emf, 278, 279 
Battery, 268, 282 
Bead on smooth wire, 75 
Bearings, 96, 99 
Beats, 177 
Bernoulli’s equation, 203 
Bessel functions, 375 
Body cone, 116 
Bohr, 88 
Boundary conditions, and Laplace’s 
equation, 199 
and normal modes, 167 
at fluid surface, 197 
for current density, 268 
for dielectric, 258 
for electromagnetic field vectors, 238 
for membrane, 187 
for perfect conductor, 309 
for plane waves, 293 
for sphere moving in fluid, 207 
for weighted string, 155 
Bound charge, 218 
surface density, 259 
volume density, 219, 264 
Bound current, 230 
density, 233 
Brewster’s law, 303 


Calculus of variations, 125 
Canonical equations, 122 
Canonical momentum, 72 
Capacitance, 248 

and resistance, 270 

concentric spheres, 248, 264 

isolated sphere, 248 

parallel plate capacitor, 256 
Capacitor, parallel plate, 256, 267, 270 


















































=-_ t= es —_ - 


404 Index 


Capacitor, spherical, 246, 264 
Cavity, normal modes of, 312, 329 
Cavity definitions, 262 
Center of mass, 51 

motion of, 51 

two-body, 76 
Central field, 124 
Central force, 77 

inverse square, 82 
Central maximum, 374 
Centrifugal force, 80, 118, 120 
Cgs units, 28 
Charge, 213 

bound, 218 

definition of unit, 223 

electron, 214, 346 

free, 218 

point, 214 

total force on, 225 
Charge density, 213, 218 

bound, 259, 264 

free, 264 

surface, 240, 259 
Chasles’ theorem, 91 
Circle, 85 
Circular frequency, 36, 136 
Circular polarization, 310 
Circulation, 204 ff. 
Clausius-Mossotti relation, 358 
Coaxial line, 327 
Coherence, 351, 383 
Complex conjugate, 291 
Complex fields, 290 
Complex index of refraction, 306, 353 
Complex number, square root of, 284 
Complex solution of differential equa- 

tion, 137 

Components of a vector, 7 
Condenser, see Capacitor 
Conducting sphere, 254, 262 
Conductivity, 269 

of copper, 270 

of metals, 359 
Conductor, 218, 244 
Conic sections, 83 
Conjugate momentum, 72 
Conservation, angular momentum, 53 

charge, 213 

electromagnetic energy, 281 

energy, 33, 73, 79, 298 


Conservation, generalized momentum, 
73 
mass, 197 
momentum, 29, 52 
Conservation theorems, generalized, 71 
Conservative electric field, 222 
Conservative force, 32 
internal, 56 
Constraints, 58 
Continuity, equation of, 198, 213, 236 
Continuous string, 162 ff. 
and external forces, 171 
general solution, 165, 170 
Coordinates, cyclic, 72 
ignorable, 72 
normal, 134, 144 
Coordinate system, rotating, 117 
Coriolis force, 118, 120 
Cornu spiral, 388 ff. 
Coulomb, 214 
Coulomb’s law, 214 ff., 221, 293 
in dielectric, 259 
Coupled pendulums, 146 
Coupled systems, 133 ff. 
and external forces, 153 
equations of motion, 134, 136 
Critical angle, 304 
Critical damping, 39 
Cross product, 10 
Cross section, scattering, 347 
Crystals, 257, 353 
Curl, 14 
Current, Ampérian, 230 
bound, 230 
displacement, 237 
electric, 268 
surface, 231, 325 
true, 233 
Current density, 213 
boundary condition, 268 
energy, 281 
mass, 197 
Current element, 224 
Current whirl, 228 
Cutoff frequency, 316 
Cutoff wavelength, 316 
Cyclic coordinate, 72, 78, 122 
Cyclone, 119 
Cylindrical coordinates, Laplace’s equa- 
tion in, 199 





D’Alembertian, 332 
D’Alembert’s principle, 61 
Damped oscillator, 37 
Damping force, for continuous string, 
172 
for coupled system, 154 
Degeneracy, 191, 314 
Degrees of freedom, 60 
rigid body, 89 
Del operator, 14 
Delta, Kronecker, 141 
Demagnetizing factor, 274, 276 
Density, charge, 213 
current, 213 
excess, 210 
mass, 198 
surface charge, 240 
surface current, 231 
Diamagnetism, 401 
Dielectric, 256 
Dielectric constant, 257 
for gases, 355 
for metals, 360 
Dielectric sphere, 260 
Differential, exact, 206 
Differential equation, homogeneous, 38 
inhomogeneous, 41 
of the orbit, 82 
Diffraction, 352, 362 ff. 
by circular aperture, 375 
by double slit, 378, 397 
by grating, 381 
by rectangular slit, 374 
by single slit, 372, 385, 394 
by straight edge, 393 
classification, 369 
Diffraction grating, 381 
Dipole, electric, 218 
energy in a field, 267 
induced, 347, 401 
magnetic, 229 
potential of, 222 
radiation of, 335 
torque on, 238 
Dipole moment, induced, 401 
of conducting sphere, 255 
of dielectric sphere, 261 
of electron, 401 
Directrix, 84 
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Dispersion, 175, 181, 354 
anomalous, 356 
Displacement, angular, 94 
electric, 218, 221 
of a point, 5 
virtual, 61 
Displacement current, 236, 237 
Divergence of a vector, 14 
Divergence theorem, 15, 217 
Dot product, 9 
Double pendulum, 75, 154 
Double refraction, 257 
Dynamical path, 130 
Dyne, 28 


Earth, 117, 118 
angular velocity, 120 
motion, 109 
Eastward deflection, 120 
Eccentricity, 84 
and energy, 87 
Effective force, 63 
in rotating system, 118 
two-body problem, 80 
Effective mass, 209 
Effective potential energy, two-body 
problem, 80 
Efflux, velocity of, 204 
Electric current, 268 
Electric dipole, 218, 338 
induced, 347 
Electric dipole moment, conducting 
sphere, 255 
dielectric sphere, 261 
Electric dipole radiation, 335 
Electric displacement, 218, 221 
Electric field, 215, 218 
non-conservative, 268 
unit of, 235 
Electric polarization, 218 
Electric susceptibility, 257 
Electromagnetic energy, conservation, 
281 
Electromagnetic fields, in plane wave, 
287 
normal modes, 310 
Electromagnetic waves, 283 
velocity of, 285 ‘ 
Electron, angular momentum, 400 
charge, 214, 346 
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Electron, classical radius, 348 
free, 359 
magnetic dipole moment, 401 
Electron theory, 345 ff. 
Electrostatic energy, density, 266 
of charged sphere, 268 
Ellipse, 85, 88 
planetary, 83 
Ellipsoid of inertia, 103, 121 
Elliptical polarization, 305 
Elliptic functions, 107 
Emf, 235, 277 
back, 278, 279 
Energy, and eccentricity, 87 
and Hamiltonian, 123 
conservation of, 33, 73, 79, 281 
dipole in field, 267 
electrostatic, 264 
kinetic, 31, 55 
magnetostatic, 279 
parallel plate capacitor, 267 
potential, 31 
scattered, 347 
total, 33, 57 
Energy current, 281, 290 
Energy density, average, 291, 292, 307 
diamagnetic, 401 
electrostatic, 266 
magnetostatic, 280 
paramagnetic, 400 
polarization, 266 
Equation of continuity, 198, 236 
for charge, 213 
Equation of motion, 25 
angular momentum, 53 
Atwood’s machine, 69 
coupled system, 134, 136 
damped oscillator, 38 
electromagnetic field, 237 
electron theory, 346 
forced oscillator, 41 
freely falling particle, 120 
general vector, 106 
Hamilton’s, 122 ff. 
ideal fluid, 201 
Lagrange’s, 66 ff. 
membrane, 187 
oscillator, 36 
simple pendulum, 70 
symmetric rigid body, 113 
weighted string, 155 


Equation of the orbit, 81 

Equilibrium, 33, 69 

Equipotential, 196, 244 

Erg, 31 

Euler’s angles, 110 

Euler’s equations, for a fluid, 201 
for a rigid body, 104, 106, 113, 115 

Euler’s theorem, 90 

Exact differential, 206 

Excess density, 210 

Exponential string, 179 


Farad, 214, 248, 286 
Faraday, 235, 245 
Faraday’s law, 235, 277 
Field, electric, 215 
in a plane wave, 287 
magnetic, 229, 234 
non-conservative, 268 
of charged plane, 243 
of force, 31 
of spherically symmetric charge dis- 
tribution, 243 
Filter, high-pass, 181, 316 
low-pass, 179 
First integrals, 72 ff. 
Fluctuations, 218 
Fluid, ideal, 194 ff. 
Flux, magnetic, 235 
Focus of conic sections, 84 
Force, 25 
central, 77 
centrifugal, 80, 118 
conservative, 32 
Coriolis, 118 
effective, 80, 118 
external, 50 
field of, 31 
generalized, 64 
internal, 50 
inverse square, 82 
lines of, 244 
magnetic, 225 
of constraint, 59 
on a charge, 225, 238, 346, 397 
reversed effective, 63 
superposition of, 26 
velocity-dependent, 397 
Forced oscillations, 41 
Fraunhofer diffraction, 370, 371 ff, 
396 











Fraunhofer diffraction, circular aper- 
ture, 375 
double slit, 378 
grating, 381 
rectangular slit, 374 
single slit, 372 
Free charge, 218 
density, 264 
energy, 267 
Free space impedance, 326 
Free space wavelength, 311 
Frequency, 36, 285 
circular, 136 
cutoff, 316 
effect of reflection on, 295 
normal, 134 
of oscillator, 36, 41 
resonance, 43 
wave, 175 
Fresnel, 363 
Fresnel diffraction, 370, 371, 385 ff. 
single slit, 394 
straight edge, 393 
Fresnel integrals, 388 
Fresnel’s equations, 298 ff. 
Friction, 37, 154, 172, 213 
Fundamental frequency, 191 


Galilean transformation, 27 
Gauge transformation, 333 
Gauss’ theorem, 215, 228, 245 
Generalized conservation theorems, 71 
Generalized coordinates, 59 

for coupled system, 134 
Generalized force, 64 

for coupled system, 135 

for Euler’s angles, 112 

for string, 171 
Generalized momentum, 71, 72, 121 

for charged particle, 399 

for Euler’s angles, 111 
Generalized potential, 397 
Generalized velocities, 66, 71 
Geometric series, 382 
Gold, optical properties, 309 
Gradient, 13 

direction of, 14 
Graphical method, for two-body prob- 

lem, 80 

Grating, resolving power, 384 
Gravitational constant, 83 
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Gravity, 67, 201, 202, 243 
Green’s theorem, 248, 364, 365 
Group velocity, 177 

Guide impedance, 318 
Gyromagnetic ratio, 401 


Half-width, 45 
Hamilton, 121 
Hamiltonian, 122 

and energy, 123 

for charged particle, 399 

for oscillator, 123 

for mass point, 124 

in spherical coordinates, 125 
Hamilton’s equations, 122 
Hamilton’s principle, 130, 132 
Harmonic oscillator, see Oscillator 
Harmonics, 49 
Henry, 223, 286 
Hertz vector, 334, 335 
High-pass filter, 181, 316 
Holonomic constraints, 58 
Huygens’ principle, 362 
Hyperbola, 85, 88 


Ignorable coordinate, 72, 123 
Imaginary part of complex number, 137 
Impedance, 297, 310 
coaxial line, 329 
free space, 290, 326 
wave guide, 318 
Impulse, 30 
Incoherence, 351 
Incompressible fluid, 198 
motion of sphere in, 206 
Index of refraction, 286, 296, 345 
complex, 306, 353 
of water, 287 
Inductance, 277 
Induction, electromagnetic, 235 
magnetic, 224 
Inertial mass, 24 
Inertial system, 22, 27, 80, 117 
Initial conditions, 30, 71, 122, 143, 170 
Insulator, 218 
Intensity, 292, 340, 347, 364 
scattered, 350 
Interference, 352 
Internal field, 262, 357 
Inverse square field, 243 
Inverse square force, 82 
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Inverse square law, 214 
for radiation intensity, 340 
in dielectric, 259 
of gravity, 78 
Irrotational flow, 196, 204 
Isobar, 119 
Isotropic dielectrics, 257 
Isotropy, 257 


Joule, 31, 214 


Kelvin’s circulation theorem, 204 
Kepler’s first law, 83 
second law, 78 
third law, 88 
Kinematics, of ideal fluid, 194 
of particle, 21 
Kinetic energy, 31, 65 
continuous string, 165 
coupled system, 135 
in generalized coordinates, 70 
in normal coordinates, 145 
in spherical coordinates, 75 
rigid body, 97 
sphere in fluid, 209 
symmetric rigid body, 111 
total, 55 
two-body, 76 
weighted string, 156 
Kirchhoff, 364 
Kronecker delta, 141 


Lagrange’s equations, 63, 66, 153 
and Hamilton’s principle, 130 
continuous string, 171 
coupled system, 136 
examples, 67 
symmetric rigid body, 113 

Lagrangian, 66, 92, 121 
charged particle, 399 
continuous string, 165 
coupled system, 135 
for oscillator, 67 
generalized, 397 
in normal coordinates, 145 
two-body, 76 
weighted string, 156 

Laplace’s equation, 198, 246, 249, 251, 

272, 275 


Laplace’s equation, and TEM mode, 326 
for steady currents, 270 
in cylindrical coordinates, 199 
in polar coordinates, 256 
in rectangular coordinates, 251 
in spherical coordinates, 199 
solution in spherical coordinates, 254 
uniqueness of solution, 199 
Laplacian, 15, 199, 251, 256 
Law of reflection, 363 
Law of refraction, 363 
Laws of motion, 23 
Light, speed of, 23, 286 
Linear dielectric, 256 
Linear oscillator, see Oscillator 
Line integral, 18 
and circulation, 205 
of electric field, 221 
Line of nodes, 110 
motion of, 114 
Lines of force, 244 
Local field, 262, 357 
Lorentz condition, 332 ff. 
Lorenz-Lorentz law, 358 
Low-pass filter, 179 


Magnetic dipole, 229 
induced, 401 
of electron, 401 
of sphere, 273 
Magnetic field, 229, 234 
Magnetic flux, 235 
and inductance, 278 
Magnetic force, 225 
Magnetic induction, 224 
Magnetic poles, 274 
density, 234 
Magnetic scalar potential, 227 
Magnetic susceptibility, 272, 400 
Magnetization, 229, 230, 332 
current density, 233 
Magnetostatic energy, 279 
Mass, 24 
conservation of, 197 
effective, 209 
Mass current density, 197 
Mass point, 21, 28 ff. 
Maxwell, 236, 237, 286 
Maxwell’s equations, 213, 256, 283, 
313, 345, 350, 362 





Maxwell’s equations, boundary condi- 
tions, 238 
for electrostatics, 242 
for plane waves, 288 
for wave guide, 316 
general form, 237, 330 
Membrane, 186 ff. 
rectangular, 190 
Metals, 269 
electron theory of, 359 ff. 
Meteorology, 118 
Micron, 310 
Mks units, 28, 214 
Modulation, 177 
Moment, electric dipole, 218 
magnetic dipole, 229 
Moment of inertia, 96, 98 
general form, 103 
principal, 101 
Momentum, charged particle, 399 
conservation of, 29, 52 
generalized, 71 
particle, 29 
system of particles, 52 
Mutual inductance, 277, 280 


Near zone, 337 

Newton, 22, 37, 66, 83 

Newton, unit of force, 28, 214 

Nodal lines, 191 

Node, 169 

Nodes, line of, 110, 114 

Non-linear system, 49 

Non-periodic orbit, 88 

Normal coordinates, 134, 136, 144 
continuous string, 164 
coupled pendulums, 152 
weighted string, 161 

Normal frequencies, 134, 136, 138, 311 
continuous string, 163 
coupled pendulums, 147 
double pendulum, 154 
exponential string, 186 
membrane, 190 
non-uniform string, 186 
rectangular cavity, 313 
weighted string, 158 


; Normal modes, 133, 139 


and boundary conditions, 167 
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Normal modes, continuous string, 163 
coupled pendulums, 149 
electromagnetic field, 310 
general string, 181 
membrane, 191 
weighted string, 158 


Obliquity factor, 368 
Ohm, 269, 290, 293 
Ohm’s law, 269 
Operator, D’Alembertian, 332 
del, 14 
Laplacian, 15 
Orbit, 131 
equation of, 81 
for inverse square force, 88 
Orthogonal functions, 183 
Orthogonality condition, 141 
Orthonormal condition, 142, 144 
and boundary conditions, 182 
continuous string, 164 
general string, 182 
membrane, 191 
use of, 143 
weighted string, 160 
Oscillator, 34, 67, 123 
and electron theory, 345 
anharmonic, 47 
damped, 37 
energy of, 50 
forced, 41 
frequency of, 36 
general, 46 
Hamiltonian for, 123 
Lagrangian for, 67 
period of, 36 
undamped, 35 
Oscillators, and continuous string, 165 
and normal coordinates, 145 
Overtones, 191 


Parabola, 85, 88 
Parallelogram law, 5, 94 
Paramagnetism, 402 
Particle, 21 
freely falling, 119 
mechanics of, 28 
Pendulum, coupled, 146 
double, 75, 154 
simple, 60, 69, 72 
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Period, 36 Potential, of current whirl, 228 Real part of complex solution, 137, 138 Scalar potential, electric, 222, 330 
damped oscillator, 41 of dipole, 222 Rectangular coordinates, acceleration magnetic, 227, 272 
oscillator, 36 polarization, 334 components, 22 Scalar product, 9, 142 
planetary orbit, 88 retarded, 333 Laplace’s equation, 198 Scattering, 346 
simple pendulum, 70 scalar, 222, 330 separation of variables, 251 by gas molecules, 352 
wave, 175 vector, 274, 330 Reduced mass, 76 cross section, 347 
Periodic orbit, 88 velocity, 196 Reflection, at normal incidence, 296 Rayleigh, 348 
Permeability, 272 Potential energy, 31, 66 law of, 293, 363 resonance, 349 
Permittivity, 257 and equilibrium, 33 of plane waves, 293 Thomson, 348 
Perturbation theory, 183 continuous string, 165 total, 303, 310 Scleronomous constraints, 59 
Phase, change upon reflection, 305 coupled pendulums, 146 Reflection coefficient, 297, 308 Secondary inertial system, 22 
coherence of, 351 coupled system, 134 Refraction, complex index of, 306, 353 Secondary maxima, 382 
reversal, 298, 303 effective, 80 double, 257 Self-inductance, 278 
Phase angle, 37, 40, 44 gravitational, 67 index of, 286, 345 Semi-infinite strip, 252 
Phase velocity, 176 in normal coordinates, 145 law of, 293, 302, 363 Semimajor axis, and energy, 88 
exponential string, 181 internal, 57 of lines of force, 258, 269 Separation of variables, 188, 251 
Plane, charged, 243 inverse square force, 83 of plane waves, 293 Shadow, 362 
Planetary motion, Kepler’s laws, 78, 83, of charges, 264 origin of, 353 Simple pendulum, 60, 69, 72 
88 total, 56 Refractivity, 361 period, 70 
Plane waves, 283, 346 weighted string, 156 Relativity, classical, 28 Skin depth, 307, 310 
fields of, 287 Poynting’s theorem, 280 Repulsive force, 86 Sky, color, 348 
in a conductor, 306 Poynting vector, 281, 291, 297, 304, Resistance, 269 polarization of scattered light, 350 
Point charge, 214 329, 347 and capacitance, 270 Snell, 296 
and current element, 224 dipole radiation, 340 radiation, 341 Solar constant, 293 
in a dielectric, 259 time average, 291 Resistivity, 269 Solenoid, magnetic energy, 280 
Poisson’s equation, 246, 256, 275, 332, Precession, 108, 110, 114 of glass, 270 magnetic field, 271 
364 Pressure, 118, 194, 201 of silver, 310 self-inductance, 278 
for dielectrics, 258 atmospheric, 202, 204 Resolution, minimum angle of, 378 Solid angle, 216, 226 
solution in bounded region, 250 Primary inertial system, 22, 23 Resolving power, of a grating, 384 Space cone, 116 
Polar coordinates, 64, 77 Principal axis, 99, 138, 142 of a telescope, 377 Speed of light, 23, 286 
solution of Laplace’s equation, 256 Principal maxima, 382 Resonance, 43, 154, 171 Sphere, capacitance, 248 
Polarizability of sphere, 255 Principal mode, 325 Resonance curve, 44 conducting, 254, 262, 268 
Polarization (electric), 218, 219, 332 Principal moments of inertia, 101 Resonance scattering, 349 dielectric, 260 
energy density, 266 Principle of virtual work, 62 Retarded potentials, 333 magnetized, 272 
of dielectric sphere, 261 Products of inertia, 98 Reversed effective force, 63 moving in fluid, 206 
of gases, 354 Propagation constant for wave guide, Rheonomous constraints, 59 Spherical coordinates, 75, 335 
Polarization (of vectors), 302 315 Right-hand rule, for cross product, 10 Hamiltonian, 125 
and scattering, 349 Propagation vector, 289 for line integral, 18, 227 Laplace’s equation, 199, 254 
circular, 310 Rigid body, 57, 89 ff. velocity components, 209 
degeneracy, 314 Quantum theory, 125, 155, 162, 238, degrees of freedom, 89 Square root of complex number, 284 
elliptical, 305 361, 378, 397 symmetric, 106 ff. Standing wave, 169, 174 
linear, 302, 305 Rotating coordinate system, 117 Statistical mechanics, 125, 238 
Polarization charge, 218 Radiation, electric dipole, 335 Rotation, about fixed axis, 98 Steady flow, 203 
Polarization potential, 334 from accelerated charge, 341 axis of, 101 Steady state, continuous string, 172 
Polarizing angle, 302 Radiation resistance, 341 instantaneous axis, 91 forced oscillator, 43 
Pole, magnetic, 234, 274 Radiation zone, 338 of earth, 109 Stokes’ theorem, 17, 32, 227 
Position vector, 21 Radius of electron, 348 of rigid body, 90 Streamline, 196, 205 
of center of mass, 51 Rayleigh criterion, 378 Stress, shearing, 194 
Potential, generalized, 397 Rayleigh scattering, 348 Scalar, 6 String, continuous, 162 
magnetic scalar, 227, 272 Real current, 233 gradient of, 12 exponential, 179 
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String, varying density, 185 
weighted, 155 
Successive approximations, 48 
Superposition, 143, 170, 362 
of normal modes, 134, 311 
of standing waves, 175 
Superposition principle, 350 
Surface charge density, 240 
bound, 259 
Surface current, 325 
density, 231 
Susceptibility, diamagnetic, 401 
electric, 257 
magnetic, 272, 400 
tensor, 257 
Symmetric rigid body, 106 
angular momentum, 112 
force-free motion, 113 
kinetic energy, 111 
Lagrange’s equations, 113 
Symmetry axis, 102 
Symmetry properties, and cyclic coor- 
dinates, 73 


Taylor series, 127, 134 
Telescope, resolving power, 377 
TEM mode, 321, 326 
TE mode, 317, 329 
rectangular guide, 321 
Tension, 155, 187 
Tensor, susceptibility, 257 
Test charge, 263 
Thomson scattering, 348 
Time average energy flow, 291 
T™ mode, 317, 329 
rectangular guide, 325 
Toroidal solenoid, 271 
Torque, 52, 64, 96 
on electric dipole, 238 
Torricelli’s law, 204 
Total reflection, 303, 310 
Transformation equations, 60 
Transient oscillation, 43 
Transmission coefficient, 298 
Transverse electric mode, 317 
Transverse electromagnetic mode, 321 
Tranverse magnetic mode, 317 
Transverse waves, 288, 339 
Traveling waves, 173 
Triple product, 12 


True charge, 218 
True current, 233 
Turning point, 83 
Two-body problem, 75 


Uncertainty principle, 378 
Units, systems of, 28, 214 
Unit vector, 7, 142 

along principal axis, 105 


Variation, 128 
Variational principles, 132 
Varied path, 126 
Vector, addition, 5, 6, 94 
area element, 15 
components, 7 
cross product, 10 
curl, 14 
definition, 5 
direction angles, 9 
divergence, 14 
negative of, 7 
normal, 15 
position, 21 
propagation, 289 
rate of change of, 106 
scalar derivative of, 12 
scalar product, 9 
square of, 10 
subtraction, 7 
unit, 7 
Vector potential, 274, 330 
and energy, 279 
for uniform induction, 400 
Vector product, 10 
Velocity, angular, 93 
areal, 78 
definition, 21 
efflux, 204 
generalized, 66 
group, 177 
of electromagnetic waves, 285 
of light, 23, 286 
phase, 176 
rectangular components, 22 
spherical coordinate components, 209 
wave, 174 
Velocity-dependent force, 397 
Velocity potential, 196 
sphere in fluid, 208 





Virtual displacement, 61 
Virtual work, 62 
Viscosity, 194, 197 
Volt, 235 


Watt, 281 
Wave, electromagnetic, 283 
_ Standing, 169, 174 
traveling, 173 
Wave equation, 284, 332 
one-dimensional, 166 
three-dimensional, 210, 311 
time-independent, 189 
two-dimensional, 188 
Wave guide, 314 
propagation constant, 315 
Wavelength, 175, 285 
cutoff, 316 
free space, 311 
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Wavelets, 363 
Wave velocity, 174, 285 
Weber, 224, 235 
Weight, 67 
Weighted string, 155, 162, 176 
as filter, 179 
Weighting function, 182 
Whirl, current, 228 
Wiener, 346 
Wind, 118 
Work, 30 
electrostatic, 264 
for system of particles, 54 
virtual, 62 


X-rays, 348, 350, 353 


Young, 363, 380 


